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PREFACE

OBJECTIVES AND ORGANIZATION

This book covers several related topics: the displacement method with matrix formulation, theory
and analysis of structural dynamics as well as application to earthquake engineering, and seismic
building codes. As computer technology rapidly advances and buildings become taller and more
slender, dynamic behavior of such structures must be studied using state-of-the-art methodology
with matrix formulation. Analytical accuracy and computational efficiency of dynamic structural
problems depends on several key features: structural modeling, material property idealization,
loading assumptions, and numerical techniques.

The features of this book can be summarized as follows. Three structural models are studied:
lumped mass, consistent mass, and distributed mass. Material properties are presented in two
categories: damping and hysteretic behavior. Damping is formulated in two types: proportional
and nonproportional. Hysteretic behavior is studied with eight models suited to different con-
struction materials such as steel and reinforced concrete. Loading comprises a range of
time-dependent excitations, for example, steady-state vibration, impact loading, free and transient
vibration, and earthquake ground motion. Numerical techniques emphasize two areas:
eigensolution and numerical integration. The former covers fundamental as well as advanced
techniques for five predominant methods; the latter covers five well-known integration techniques.
Structural dynamics theory is used to substantiate seismic building-code provisions. Represen-
tative codes are discussed to illustrate their similarities and differences.

This book is intended for graduate students as well as advanced senior undergraduates in civil,
mechanical, and aeronautical engineering. It is also intended as a reference tool for practitioners.
In the preparation of this text, six organizing principles served as guidelines.

1. The book functions as a self-study unit. Its technical detail requires the reader to be
knowledgeable only in strength of materials, fundamental static structural analysis,
calculus, and linear algebra. Essential information on algebraic matrix formulation, ordi-
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nary and partial differential equations, vector analysis, and complex variables is reviewed
where necessary.

2. Step-by-step numerical examples are provided. This serves to illustrate mathematical
formulations and to interpret physical representations, enabling the reader to understand
the formulae vis-a-vis their associated engineering applications.

3. Each chapter discusses a specific topic. There is a progression in every chapter from fun-
damental to more advanced levels; for instance, eigensolution methods are grouped
accordingly in Chapter 2, numerical integration techniques in Chapter 7, and hysteresis
models in Chapter 9. This approach may help the reader to follow the subject matter
and the instructor to select material for classroom presentation.

4. Topic areas are covered comprehensively. For example, three structural models are
studied for uncoupling and coupling vibrations with longitudinal, flexural, and torsional
motions. Flexural vibration extends from bending deformation to bending and shear
deformation, rotatory inertia, P-A effect, and elastic media support. The reader can
attain greater understanding from this integrative approach.

5. 3-D building structures are treated in one chapter. Comprehensive formulations are
developed for member, joint, and global coordinate transformation for general 3-D
structures. Building systems in particular are extensively analyzed with consideration
of floor diaphragms, bracings, beams, columns, shear walls, and the rigid zone at con-
necting joints. These elements are not collectively covered in a structural dynamics text
or a static structural analysis text; this book can supplement the latter.

6. Examples are designed to help the reader grasp the concepts presented. Contained in the
book are 114 examples and a set of problems with solutions for each chapter. A detailed
solutions manual is available. Computer programs are included that further clarify
the numerical procedures presented in the text.

SCOPE OF TEXT AND TEACHING SUGGESTIONS
The text can be used for two semesters of coursework, and the sequence of 10 chapters is organized
accordingly. Chapters 1-6 compose the first semester, and Chapters 7-10 the second. Fundamen-
tal and advanced topics within chapters are marked as Part A and Part B, respectively. If the
book is used for one semester, Part B can be omitted at the instructor's discretion.

The scope of the text is summarized as follows. Chapter 1 presents single degree- of-freedom
(d.o.f.) systems. Various response behaviors are shown for different types of time-dependent
excitations. Well-known solution techniques are elaborated.

Chapter 2 is devoted to response behavior of multiple d.o.f. systems without damping. The
significance of individual modes contributing to this behavior is the focus, and comprehensive
understanding of modal matrix is the goal of this chapter. As a function of computational accu-
racy and efficiency, eigensolution methods are examined. These methods include determinant,
iteration, Jacobian, Choleski decomposition, and Sturm sequence. Response analysis extends
from general problems with symmetric matrix and distinct frequencies to unsymmetric matrix
as well as zero and repeated eigenvalues for various fields of engineering.

Chapter 3 examines the characteristics of proportional and nonproportional damping.
Numerical methods for eigenvalues and for response considering both types of damping are
included, and solutions are compared.

Chapter 4 presents the fundamentals of distributed mass systems. Emphasis is placed on
dynamic stiffness formulation, steady-state vibration for undamped harmonic excitation, and
transient vibration for general forcing function including earthquake excitation with and without
damping.

Chapter 5 continues the topic of distributed mass systems to include longitudinal, flexural,
and torsional coupling vibration. Also included are bending and shear deformation, rotatory
inertia, and P-A effect with and without elastic media support. Vibrations of trusses, elastic
frames, and plane grid systems are discussed.
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Chapter 6 introduces consistent mass model for finite elements. Frameworks and plates are
studied with emphasis on isoparametric finite element formulation. Advanced topics include
tapered members with Timoshenko theory and P-A effect. Note that the structural model of
a distributed mass system in Chapter 4 yields the lower bound of an eigensolution while the model
in Chapter 6 yields a solution between a lumped mass and a distributed mass model. Solutions are
thus compared.

Chapter 7 covers structural analysis and aseismic design as well as earthquake characteristics
and ground rotational movement. Well-known numerical integration methods such as
Newmark's, Wilson-0, and Runge-Kutta fourth-order are presented with solution criteria for
error and stability behavior. Procedures for constructing elastic and inelastic response spectra
are established, followed by design spectra. This chapter introduces six components of ground
motion: three translational and three rotational. Response spectra are then established to reveal
the effect of those components on structural response. Modal combination techniques such as
CQC (Complete Quadratic Combination) are presented in detail. Computer program listings
are appended for the numerical integration and modal combination methods so that they can
be used without sophisticated testing for possible bugs.

Chapter 8 focuses on 3-D build structural systems composed of various steel and reinforced
concrete (RC) members. The formulations and numerical procedures outlined here are essential
for tall building analysis with P-A effect, static load, seismic excitation, or dynamic force.

Chapter 9 presents inelastic response analysis and hysteresis models such as elasto-plastic,
bilinear, curvilinear, and Ramberg-Osgood. Additional models for steel bracings, RC beams
and columns, coupling bending shear and axial deformations of low-rise shear walls, and axial
hysteresis of walls are provided with computer program listings to show calculation procedures
in detail. These programs have been thoroughly tested and can be easily implemented for struc-
tural analysis. Also included are nonlinear geometric analysis and large deformation formulae.

Chapter 10 examines three seismic building codes: the Uniform Building Codes of 1994 and
1997 and the International Building Code of 2000. IBC-2000 creates uniformity among the
US seismic building codes, and replaces them. This chapter relates code provisions to the ana-
lytical derivations of previous chapters. It explains individual specifications and compares them
across the codes. Since the IBC departed from the UBC format in organization of sections, figures,
tables and equations, the chapter concludes with summary comparisons of the codes. Numerical
examples in parallel form delineate the similarities and differences.
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Characteristics of Free and Forced Vibrations of
Elementary Systems

1.1. INTRODUCTION
A study of the dynamic analysis of structures may begin logically with an investigation of elemen-
tary systems. It is quite often that a complex structure is treated as if it were a simple spring-mass
model for which various available mathematical solutions of dynamic response can be found in
textbooks that deal with vibrations. An understanding of the dynamic behavior of elementary
systems is essential for the practising engineer as well as for the student who, with the aid of
high-capacity computer programs, intends to use matrix methods for the solution of structural
dynamics problems.

1.2. FREE UNDAMPED VIBRATION

1.2.1. Motion Equation and Solution
Consider the spring mass model shown in Fig. 1.1 a. This model, which consists of a mass of
weight, W, suspended by means of a spring with stiffness, K, is idealized from the accompanying
simple beam. The spring stiffness, K, is defined as the force necessary to stretch or compress
the spring one unit of length; therefore, the force caused by a unit deflection at the center of
the simple beam is 48EI/ L , where E is the modulus of elasticity, / is the moment of inertia
of the cross-section, and L is the span length. Similarly, the spring-mass model shown in Fig.
Lib is idealized from the accompanying rigid frame for which the spring stiffness should be
JAEIIL3. In Fig. l.la, the mass is in equilibrium under the action of two equal and opposite
forces: the weight, W, acts downward and the spring force, Kxsl, upward. The term xsl denotes
static deflection, which is the amount of movement from the undeformed position to the equi-
librium position where the displacement of the mass is usually measured.
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FIG. 1.1 Structures and spring-mass models.

|%%i|—: ——— Equilibrium Position

Suppose now that the mass is forced downward a distance, x, from its equilibrium position
and then suddenly released. The mass moves upward with a certain velocity, and when it reaches
the equilibrium position it continues to move because of its momentum. Beyond this point,
the spring force is greater than the upward force, and the mass moves with decreasing velocity
until the velocity becomes zero. Now the mass reaches its extreme upper position. In a similar
manner, the mass moves downward until it reaches its extreme lower position. At this point,
the mass completes one cycle and begins another. Because the motion is performed under the
action of the restoring force, starting from the initial displacement of x0 at t = 0, without
any external forces, the motion is called free vibration.

The equilibrium of a mass in motion is described by Newton's second law as

I,F = Mx (1.1)

in which ZFis the sum of the forces acting on a mass, M, and x is the acceleration of the mass. For
the present case, we have

M^=-Kx (1.2)

where x is positive downward. Because the downward force is positive, the upward force exerted
on the mass by the spring is negative. Thus Eq. (1.2) can be rewritten as

MX + Kx = 0

Now introduce the quantity

(1.3)

(1.4)

and write Eq. (1.3) in the following form:

x+p2x = (1.5)
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The solution of the homogeneous second-order differential equation can be written as

x=Ceyt (1.6)

Substituting Eq. (1.6) for the corresponding term in Eq. (1.5) yields

a = ±^\p (1.7)

Let i = ./(— 1). Eq. (1.6) then becomes

x = ci^1" + C2e~ipt (1.8)

The above exponential form can be expressed as the trigonometric functions

elP' = cos pt + i sin pt (1.9)
e~lpt = cos pt - i sin pt (1-10)

Substituting Eqs. (1.9) and (1.10) for the corresponding terms in Eq. (1.8) yields

x = A sin pt + B cos pt (1.11)

in which A = \(C\ — C2), B = C\ + C2,p is a constant called angular frequency, andpt is an angle
measured in radians.

1.2.2. Initial Conditions, Phase Angle and Natural Frequency
Let T be the period in units of time per cycle; then pT = 2n. The integration constants A and B
should be determined by using the information of motion as the known displacement, x, and
velocity, x, at any time, t. The displacement and velocity may be given at the same time, say
x,o and x,o, or at a different time, x,o at to and x,\ at t\. To illustrate the procedure of evaluating
initial conditions, let us assume that x and x are given as x,0 and x,o at t0. From Eq. 1.11,
we have

X,Q = A sin pto + B cos pto (1-12)
xto = pA cos pto — pB sin pto (1-13)

Solving for A and B and then substituting the answers for the corresponding terms in Eq. 1.11 gives
the motion equation

x = I x,o sin pto +—'— cos pto } sin pt + I x,o cos pto —— sin pto } cos pt (1-14)V P / V P )
which can be expressed in a condensed form

x = x,0 cos p(t- t0) + — sinp(t - t0) (1-15)

If x and x are given as XQ and XQ and at t = 0, Eq. (1.15) becomes

x = XQ cos pt + —sin pt (1-16)
P

When the original time is measured from the instant that the mass is in one of the extreme
positions, XQ = X (X denotes amplitude) and the initial velocity is zero (as the physical condition
should be), the displacement, x, velocity, x, and acceleration, x, can be expressed directly from
Eq. (1.16). These are plotted in Fig. (1.2a).
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FIG. 1.2 Relationships between x, x and x.

When time is measured from the instant that the mass is in the neutral position, the initial
conditions are x = 0 and X = XQ. The relationships between x, x, and x are shown in Fig. (1.2b)
according to Eq. (1.16). In Fig. (1.2c), the origin is located at t0 units of time after the mass passes
the neutral position with the initial conditions of x = x,0. The equations for x, x, and x are also
obtained from Eq. (1.16). The general expression of x is given as

x = x,0 cos (pt - 7) + — sin(pt - 7)
P

(1.17)

or

(1.18)

in which

and 7 = pt0

Fig. 1.2 indicates that the amplitude of a motion depends on the given initial conditions and
that all the motions are in the same manner except they are displaced relative to each other along
the t axis. The relative magnitude in radians along the t axis between x, x, and x is called
the phase angle. For instance, in Fig. 1.2a, the velocity has a phase angle of 90° ahead of the
displacement. This is because

x = -x0p sin pt = / n\coslpt + -\ (1.19)

where the displacement, x = Xcospt, is used as the reference curve. Similarly, the displacement in
Fig. 1.2b may be said to have a phase angle of 90° behind the displacement in Fig. 1.2a. This is
because

x = —
P (1.20)
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FIG. 1.3 Example 1.2.1.

The natural period, T, in Fig. 1.2 is related to the natural'frequency/and the angular frequency
P, as

~ = ̂T 2n

I = ̂/ P

(1.21)

(1.22)

(1.23)

EXAMPLE 1.2.1 Consider the rigid frame shown in Fig. 1.3 with its infinitely rigid girder, which
is disturbed horizontally by the initial conditions of XQ = 0 and XQ = 10 ft/sec (3.048 m/sec) at t
= 0. Find (a) the natural frequency and period and (b) the displacement and velocity at t =
2 sec. Let g = 32.2 ft/sec2 (9.815 m/sec2), / = 166.67 in4 (6,937.329 cm4), and E = 30,000
ksi (20,684.271 kN/cm2).

Solution: (a) The spring stiffness, K, is the amount of force needed to cause a unit displace-
ment of the girder, BC. This force is equal to the total shear at the top of the columns

\2EI and 3EI
(a)

From the accompanying diagram, the equilibrium equation of the spring force and mass inertia is

(b)
20w /12£7 3£7\
—— x+ I ——— + —— )jc = i

Substituting the given structural properties for the corresponding terms in the above equation
yields

20(0.025).. 30,000(166.67) T 12 3 1
32.2 X+ 144 L(HJ)T + (12)3JX~ I

The final differential equation becomes

0.0155* + 476.9 .x = 0

(c)

(d)



6 CHAPTER 1

The angular frequency is

^=^/I=\/oll=175-4rad/sec (e)

from which the natural frequency and period are calculated by using

* = 2^ = 2n (f)
= 27.92 cycles/sec

T = — = 0.0358 sec/cycle (g)

(b) Substituting the given initial conditions of XQ = Oand^o = 1 Oft/sec (3.048 m/sec) for the
corresponding terms in Eq. (1.16) yields the motion equation

x = — sin pt
(h)

and the velocity

X = X0 COS pt

= 10(12) cos(175.40

At t = 2 sec

x= -0.5962 in (-1.514 cm) (j)
x = -58.83 in/sec (-149.43 cm/sec) (k)

By knowing the displacement and velocity at any time, the shears and moments of the constituent
members can be calculated.

1.2.3. Periodic and Harmonic Motion
Note that the motion of the structure discussed above is periodic as well as harmonic; in general,
vibrations are periodic but not necessarily harmonic. A typical periodic motion can be illustrated
by adding two harmonic motions, each of which has a different frequency

x\ = X\ sin pit
X2 = X2 sin p2t

If;?, = p and p2 = 2p, the resultant motion becomes

x = Xi smpt + X2 sin 2pt (1-24)

In Fig. 1.4 the resultant motion represents an irregular periodic motion. The resultant motion can
be harmonic if and only ifpi and/>2 are the same. In other words, the sum of harmonic motions with
the same frequency is itself a harmonic.
EXAMPLE 1.2.2 Add the harmonic motions of x\ = 4 cos (pt + 32°) and x2 = 6.5 sin (pt +
40°) for a resultant motion expressed in a sine function.
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FIG. 1.4 Periodic motion.

Solution: The combined motion is the vector sum of x\ and x2 because

x = x\ + x2 = 4 cos (pt + 32°) + 6.5 sin (pt + 40°) (a)

By trigonometric transformation, Eq. (a) becomes

x = sin pt(6.5 cos 40° - 4 sin 32°) + cos pt (4 cos 32° + 6.5 sin 40°) (b)

It is desired to express the resultant motion in a sine function as

x = X sin(pt + a)
(c)

= X cos a sin pt + X sin a cos pt

A comparison of the terms involving sinpt and cospt in Eq. (b) with the identical ones in Eq. (c)
gives X cos a and X sin a. X and a can be obtained through a simple trigonometric operation.
The combined motion then becomes

x = 8.09 sin(pt + 69° - 19') (d)

Equations (a) and (d) are graphically represented by Fig. 1.5.

1.3. FREE DAMPED VIBRATION

1.3.1. Motion Equation and Viscous Damping
In the previous discussion, we assumed an ideal vibrating system free from internal and external
damping. Damping may be defined as a force that resists motion at all times. Therefore, a free
undamped vibration continues in motion indefinitely without its amplitude diminishing or its
frequency changing. Real systems, however, do not possess perfectly elastic springs nor are they
surrounded by a frictionless medium. Various damping agents—such as the frictional forces
of structural joints and bearing supports, the resistance of surrounding air, and the internal
friction between molecules of the structural materials—always exist.

It is difficult if not impossible to derive a mathematical formula for damping resistance that
represents the actual behavior of a physical system. A simple yet realistic damping model for
mathematical analysis is that the damping force is proportional to velocity. This model can rep-
resent structural damping of which the force is produced by the viscous friction of a fluid
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FIG. 1.5 Harmonic motion.
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FIG. 1.6 Spring-mass and viscous damping model.

and is therefore called viscous damping. Fig. 1.6 shows a vibration model consisting of an ideal
spring and dashpot in parallel. The dashpot exerts a damping force, ex, proportional to the relative
velocity, in which c is a proportionality and is called the coefficient of viscous damping. How to
evaluate damping is further discussed in Section 1.3.3 and later in Section 1.6.

The governing differential equation for free vibrations accompanied by damping is

MX + ex + Kx = 0

of which the standard solution is

(1.25)

(1.26)

where C\ and C2 are integration constants, and a\ and «2 are two roots of the auxiliary equation
which can be obtained by using x = Deat. Substituting x, x, and x into Eq. (1.25) yields

Ma2 + ca + K = <

which gives

c
'2M~

c
"2~M

K
4M2

4M2
K_

"M

(1.27)

(1.28)

(1.29)

After substituting Eqs. (1.28) and (1.29) for the corresponding terms in Eq. (1.26), three possible
solutions can be obtained for the cases of c2/4M2 = KIM, c2/4M2 > K/M, and c2/4M2 <
K/M. Each of these three cases is now discussed in detail.
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1.3.2. Critical Damping, Overdamping and Underdamping

1.3.2.1. Critical Damping
When c2/4M2 = K/M, the value of c is called critical damping and takes the form

ccr = I^JKM = 2Mp = IK (1.30)

The ratio of c/ccr is called viscous damping factor or simply damping factor, p, and may be
expressed as

cp
cer 2Mp 2

When p = 1, Eqs. (1.28) and (1.29) become

0.1=0.2 = -PP = -P

(1.31)

(1.32)

Substituting Eq. (1.32) for the corresponding element in Eq. (1.26) with consideration of repeating
coefficients a\ and a 2 yields

x = (Ci + C2t)e -pi (1.33)

in which the arbitrary constants C\ and C2 should be determined by using the initial conditions of a
motion. If XQ = 0 and XQ = p at t = 0 are inserted into Eq. (1.33), then

x=ptQ-pt (1.34)

This is plotted (x vs. pt) in Fig. (1.7) for p = 1. It can be seen that the critical damping produces a
sluggish motion, and the mass moves very slowly back to the neutral position.

0 1 2 3 4 5

FIG. 1.7 Motion with overdamping.

10
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1.3.2.2. Overdamping
When c2/4M2 > K / M o r p > 1, the damping is called supercritical. A structure with such a

damping coefficient is said to be over damped. For this case, Eqs. (1.28) and (1.29) become

-^ (1-35)

^T (1.36)%2 = —pp — PV P — 1

Substituting a\ and 0.2 for the corresponding terms in Eq. (1.26) yields

e (1.37)

If the initial displacement and velocity are given as XQ = 0 and XQ = p at t = 0, Eq. (1 .37) becomes

_ e (1.38)

The effect of overdamping on a motion is shown in Fig. 1.7 for p = 2, 3, and 4. When the damping
factor is large, the mass moves more slowly back to the neutral position and the system exhibits
larger displacement after a certain length of motion.

1.3.2.3. Underdamping
When c2/4M2 < K / M o r p < 1, the damping is called subcritical or underdamping. In most

structural and mechanical systems, the assumption of underdamping is justified. For this case,
Eqs. (1.28) and (1.29) become

«i = —pp +

«2 = —pp —

- P2 (1.39)

(1.40)

Substitute the above for the corresponding terms in Eq. (1.26), which is then transformed into a
trigonometric function as

x = eTpp'(A cos v7! - P2pt + B sin ̂ 1 - p2pt\

where A = C\ + C2 and B = i(C\ — C2). A compact form of Eq. (1.41) is

x = Ce-ppt cos (j\-P
2pt - a)

The relationship between C, v. and A, B is

(1.41)

(1.42)

-i B
a = tan —A

Then the given initial conditions of x and x can be used to determine either A and B from Eq. (1 .41)
or C and a from Eq. (1.42).

The oscillatory motion of Eq. (1.42) has the period which may be called damped period in
order to differentiate from undamped period, T, as

2n (1.43)



FREE AND FORCED VIBRATIONS OF ELEMENTARY SYSTEMS 11

FIG. 1.8 Motion with underdamping.

of which the associated frequency, called damped frequency, is

P = P\ (1.44)

Observe that the difference between p*, T* and p, T is slight. The terms p and T may be used
instead of;?* and T* in damped vibrations without introducing a serious error.

If the given initial conditions of XQ = 0 and XQ = p at t = 0 are inserted into Eq. (1.42), we
obtain

cos (1.45)

which is plotted in Fig. 1.8 for various damping factors of 0.05, 0.10, 0.25, and 0.35. It can be seen
that the amplitudes of successive cycles are different and the periods of successive cycles are the
same; strictly speaking, the motion is not regarded as being periodic but as time-periodic. In most
engineering structures, p may vary from 0.02 to 0.08. Of course, the damping factor for some
buildings may be as high as 0.15, depending on the nature of the material used in their construction
and the degree of looseness in their connections.

1.3.3. Logarithmic Decrement and Evaluation of Viscous Damping Coefficient
Let

P = (1.46)

Then Eq. (1.42) can be rewritten as

x = CQ-p'p"' cos(p*t - a) (1.47)

which is plotted for x vs. p*t in Fig. 1.9, showing that the displacements xn and xn+\ -dtp*tn and
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-5..

-10..

FIG. 1.9 Logarithmic decrement.

p*tn+i are maximum because

cos(p*tn — « ) = ! = cos(p*tn+\ — a)

and the period between these two displacements is

p*(tn+l - tn) = 2n

for which the corresponding amplitudes are

Xn = Ce

Therefore, the ratio between any two consecutive amplitudes can be expressed by

From Eqs. (1.46) and (1.50)

-2n = In
•^n-t

(1.48)
(1.49)

(1.50)

(1.51)

/J is called the logarithmic decrement, a measurement of the damping capacity of a structure, and is
particularly useful in experiments designed for measuring the coefficient of viscous damping. As
noted, other methods of evaluating damping coefficients are presented in Section 1.6.

EXAMPLE 1.3.1 The displacement-time record of a structure subjected to free vibrations has
an exponentially decaying cosine curve for which the measurement indicates that the amplitudes
decrease 90% after 10 cycles. Find the logarithmic decrement and the viscous damping factor.
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FIG. 1.10 Example 1.3.2.

Solution: Assume that the 10 consecutive cycles start at any cycle n; then, by using Eq. (1.50),
the result is

Xn +1 Xn +8 Xn +9

^K+l Xn+2 Xn+9 Xn+10

Inserting the 10% of amplitude decrease into the above equation gives

Xn Xne —
Xn+iQ 0.1 Xn

= 10

then

10 j81n(e) =

Therefore, the logarithmic decrement is

= 023026

and the viscous damping factor is

0.23026
V39.48 +0.053

= = 0.0366

(a)

(b)

(c)

(d)

(e)

EXAMPLE 1.3.2 Find the motion equation for the vibrating model shown in Fig. 1.10. The
model consists of a mass, M = 0.1 Ib sec2/in (1.240 kg sec2/cm), a spring stiffness, K =
100 Ib/in (1.751 104 N/m), and a coefficient of viscous damping, c = 2 Ib sec/in (350.254 N
sec/m). Initial displacement and velocity are XQ = 1 in (2.540 cm) and XQ = 0 at t = 0.

Solution: The critical damping coefficient and the damping factor are

ccr = 2-JKM = 2v/100(0.1)
= 6.32 \b sec/in (1, 106.801 N sec/m)

(a)

P= —— = 0.316

The angular frequencies with and without consideration of damping are

p = i/T-- = 31.6 rad/sec

(b)

p* = J\ - (0.316)2 (31.6) = 30 rad/sec (d)

Displacement of the free underdamped vibration is given by Eq. (1.47) for which a general
expression of the displacement motion can be found for the arbitrary initial conditions of x
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= XQ at x = XQ at t = 0. Thus the phase angle and the amplitude are

_lx0p*p*+xoa = tan ——£———
XOP*

- 2x(,xo p*p -

For the given x0 = 1 and XQ = 0, from Eq. (e), the phase angle becomes

_! (1) (30) (0.3339)+ 0a = tan - = 0.322 rad

The amplitude can be calculated from Eq. (f) as

C = —
(1)2(30)2 31.6

~W
,,„,, - = ——= 1.053in(2.675 cm)
30^ 1-(0.316)2 ™

Inserting the values for a and C into Eq. (1.47) gives the motion equation

x= 1.053e-10' cos(30? - 0.322)

(e)

(0

(g)

(h)

(i)

1.4. FORCED UNDAMPED VIBRATION

From the previous discussion, a system in time-dependent motion is due to an initial disturbance of
either displacement or velocity, or a combination of both. This motion, due solely to the action of
the restoring force and free from external forces, is called free vibration. Now the topic is forced
vibration, which results from the action of various types of time-dependent excitation that
may be sinusoidal forces, foundation movements, or impulsive loads. The response of a system
may or may not involve the effect of free vibration resulting from an initial disturbance.

1.4.1. Harmonic Forces
Consider the spring-mass model shown in Fig. 1.11 where the mass is subjected to a harmonic
force F sin cat with forced frequency o>. Let F sin cot be considered positive to the right of
the equilibrium position from which displacement, x, is measured. The differential equation
of motion is

MX + Kx = F sin cot (1.52)

for which the homogeneous solution is x^ = A sin pt + B cos pt; the term, p = ^/(K/M), is
independent of the forced frequency, o>. The particular solution may be obtained by trying
the following

= Ci sin cot + €2 cos a>t (1.53)

K
M

.0. C)

F sin cot
Kx-

F sin cot

FIG. 1.11 Spring-mass model with harmonic force.
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Substituting xp and xp for the corresponding terms in Eq. (1.52), and then collecting the terms,
yields

[(-Mm2 + K)Ci - F] sin cot + (K - Mw2)C2 cos cot = 0 (1.54)

Since it is unnecessary for sin a>t and cos a>t to be zero for any time, t, Eq. (1.54) can be satisfied
only if the terms associated with sin mt and cos wt are each equal to zero. Consequently, the
constants C\ and C2 are

(L55)

C 2 =0 (1.56)

The complete solution of Eq. (1.52) finally becomes

x = x-t, + xp
F . (1.57)

= A sm pt + B cos pt + —————r- sm cot
K — Ma>z

in which A and B should be determined by using the initial conditions of free vibration. When the
force F sin cot is applied from a position of rest, ignore x^ (free vibration due to XQ and XQ). The
response of forced vibration corresponding to the third term of Eq. (1.57) is

T? I IS

—j-^:—j^sin cot = H sin cot (1.58)

which indicates that the motion is periodic with the same frequency as that of the force and may
endure as long as the force remains on the mass; this is called steady-state vibration.

In general, the application of a disturbing force can produce an additional motion
superimposed on steady-state motion. This additional motion is from the homogeneous solution
of the free vibration. Consider the initial conditions of XQ = 0 and XQ = 0 at t = 0 in Eq. (1.57).
The result is

and

sin cot — — sin pt ) (1-59)

Comparing Eq. (1.59) with Eq. (1.58) reveals that there is another term associated with sinpt. This
is due to the fact that the application of a disturbing force produces some free vibrations of the
system as represented by the integration constant A shown above. Thus the actual motion is
a superposition of two harmonic motions with different frequencies, amplitudes, and phase angles.
In practical engineering, there is always some damping. So free vibration is eventually damped
out, and only forced vibration remains. The early part of a motion consisting of a forced vibration
and a few cycles of free vibration is called transient vibration, which can be important in aircraft
design for landing and for gust loading [1,2].

1.4.2. Steady-State Vibration and Resonance
Now examine the behavior of the steady-state vibration of Eq. (1.58). The plot of the absolute
value of amplitude, H, as \H\ vs a> in Fig. 1.12 shows that when a> = 0, the amplitude is equal
to static deflection, FlK, and when co -> oo , the amplitude is equal to zero. In the neighborhood
of p, the amplitude approaches infinity.
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o P

FIG. 1.12 Resonance.

2p 3p 4p

When the forced frequency is equal to the natural frequency, as co = p, the vibratory dis-
placement becomes infinitely large; this phenomenon is called resonance. The infinite amplitude,
however, cannot build up in a finite length of time. To see how the amplitude behaves in resonance,
we may find that Eq. (1.55) does not work for co = p because using the trial solution shown in Eq.
(1.53) yields Eq. (1.55) which becomes infinitive when co = p. Thus, Eq. (1.53) should be rewritten
as

xp = C\ t cos pt

Substituting xv and xp for the corresponding terms in Eq. (1.52) yields

F
C, =- 2Mp

The complete solution of Eq. (1.52) is

F
x = A sin pt + B cos pt — -—— t cos pt2Mp

For the initial conditions of x = XQ and x = XQ at t = 0, we have

XQ . Fx = XQ cos pt + — sm pt — -——p 2Mp t cos pt —sin pt

(1.60)

(1.61)

(1.62)

(1.63)

which shows that an infinitely large displacement of x can be obtained only when the force is
applied for an infinitely long period of t. Practically, structural engineers are not interested in
resonance but in a natural frequency in the neighborhood of forced frequency that may cause
objectionable deflections and stresses.
EXAMPLE 1.4.1 A machine of mass, M\, weighs 5000 Ib (2267.962 kg) and is supported by two
beams as shown in Fig. 1.13. Each beam has / = 2094.6 in4 (87,184 cm4) and S = 175.4 in3 (2874
cm3), and weight of 76 Ib/ft (113.1 kg/m). This machine has a vertically reciprocating piston of
mass, m, weighing 15 Ib (6.804 kg) that is driven by an eccentric with 6 in (15.24 cm) eccentricity.
Motion of the piston may be written as e cos cot, where co is the angular velocity of the eccentric,
and e is the eccentricity. The motion of the system is denoted by x measured downward from
the equilibrium position, and total motion of the piston is x + e cos cot. Assume that the beam
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Center of Piston

e cos wt

(7.315m)
(a) Given System

m -j-y (x + e cos ot)

(M,+M 2 -m)x

Kx
(b) Free-body Diagram

FIG. 1.13 Example 1.4.1.

mass, MI, is half the beam weight and is concentrated at the beam center, the allowable bending
stress, Fb, equals 20 ksi (13.789 kN/cm2), and the modulus of elasticity, E, is 30,000 ksi (20,684.271
kN/cm2). Find the desirable forced frequency.

Solution: From the free-body diagram shown in Fig. 1.13b, the differential equation of motion
is

(Mi + M2 - m)x + m—-r(x + e cos cot) + Kx = 0at1

Let M = M\ + M2; then Eq. (a) becomes

MX + Kx = mem2 cos cot

which is identical to Eq. (1.52). Thus the steady-state vibration is

mem2

x = —————^ cos cotK - Moo2

When cos cot = ±l, Eq. (c) yields

XK
mem2•=±-

1
1 -

(a)

(b)

(c)

(d)

Let mem2 be interpreted as a static force; then XK/mem2 represents the ratio of the dynamic force,
XK, to the static force, mem2, or the ratio of the amplitude, X, to the static deflection, mew2IK.
This ratio relationship is called amplification factor:

The spring stiffness, K, is the inverse of the deflection, 8 = (l)L3/48£7, which is obtained by
applying a unit load at the center of the simple beam (at the mass). Thus,

K = 48£7 = 48(30, OOP, OOP) (2094.6)2
H ~ 1728(24)3

= 252,532 Ib/in (3685.427 kN/m)
(e)
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Therefore the angular frequency is calculated as

= 17.7 Ibsec2/in(2.195kgsec2/m)

17.7 (g)
= 119.5 rad/sec

Because the displacement, x, is measured from the equilibrium position, the bending moment of
the beam at any time during the motion should be the result of the effect of the deflection caused
by the combined weight of beams and machine and that of the dynamic displacement. Let
XK be an equivalent force called Pequ; then the total force causing the bending moment is P
= Pequ + half the weight of the beams + machine weight, for which the bending stress is

moment PL

where S is the section modulus. Solving for P yields

^ 45/ ̂  4(175.4) (2) (20, OOP)
~ ~L ~ 24(12) (i)
= 97, 500 Ib (433.701 kN)

Therefore, the equivalent force becomes

Pequ = 97, 500-1824-5000
= 90, 676 Ib (403.347 kN)

From Eq. (d), we have

r /«A2iXK\ 1- - \=±meoj2 (k)
L vv J

in which

mew2 = 32 2(121 (6)ft)2 = °-233c°2 0)

Thus,

90, 676 - 9°' 6?6
7 cu2 ± 0.233cu2 = 0 (m)

(119.5)2

of which the solutions are

a;2 = 13,775 or o>i = 117.4 rad/sec (n)
K>\ = 14,823 or o>2 = 121.7 rad/sec (o)

The frequencies between w\ and co2, being close to/> = 119.5 rad/sec, produce bending stress
greater than allowable.
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^^^^^ F(t)

K(XI + x2)

M

Xl = Xst

FIG. 1.14 Spring-mass model with rectangular impulse.

1.4.3. Impulses and Shock Spectra

1.4.3.1. Rectangular Force
When a mass is subjected to a suddenly applied force, the amplitude of the motion may be of

considerable magnitude. Maximum amplitude may occur during or after the application of
the impulsive load, and its amount depends on the ratio of natural period of the structure to
the period of the force. Consider that the spring-mass system shown in Fig. 1.14 is subjected
to a constant impulsive load as rectangular force F with a period of £. The differential equation
of motion is

Mx + Kx = F (1.64)

of which the homogeneous solution is

jth = A sin pt + B cos pt

For the second-order differential equation, the particular solution can be obtained by using the
polynomial equation with three constants as

xp = C\ +C2t+C3t2

Substituting xp and xp for the corresponding terms in Eq. (1.64) yields

(1.65)

The complete solution of Eq. (1.64) is

X = Xh + Xp

F (i.e
= A sin pt + B cos pt + —

When initial conditions are given as x = XQ and x = XQ at t = 0, Eq. (1.66) takes the form

(1.67)

If the mass is at rest until the force is suddenly applied, the motion including the initial condition

x = XQ cos pt + — sin pt + —(l — cos pt)
P K
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due to the application of the force becomes

* = £( l -cos /«) (L6g)

= jtst (1 — cos pi)

It is important to find the vibration's maximum amplitude because it may occur during or after the
pulse. Take the first case of maximum displacement that occurs during the pulse for which the
velocity is

x = xstp sin pi = 0 (1-69)

where jtst =£0 andp ^0. Then sin pt = Qorpt = nn,n = 1,2, . . . , oo. If« = 1, substituting n forp t
in Eq. (1.68) and solving for the amplification factor yields

Tf

Am = — = 1 — cos 7i
xst (1.70)

= 2

Because t = nip and/) = 2nlT, we obtain

> 1/2 (1.71)

It may be concluded that if the natural period is less than or equal to twice the forcing period, then
the maximum amplitude occurs during the pulse, and the amplification factor is 2.

When the maximum displacement occurs after the pulse, the relationship between T and ( is

!<l/2 (1.72)

for which the motion equation is

x = A sin pt\ + B cos pt\ (1-73)

where t\ originates at t = £ (see Fig. 1.14). Initial conditions of the free vibration in Eq. (1.73) are x
= XQ and x = XQ at t\ = 0, and should be the displacement and velocity obtained from Eq. (1 .68)
at t = C as

x0 = xst(l - cos X) (1-74)
io = xslp sinX (I-75)

Inserting Eqs. (1.74) and (1.75) into Eq. (1.73) gives

x = xst sinX sin pt\ + xst (1 — cos p£)cos pt\ (1-76)

of which the amplitude may be obtained by using x = X cos(ptj + a) as

Thus the amplification factor is

(1.78)

Note that the amplification factor varies from zero to two and depends solely on the magnitudes of(,
and T.
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1 ' / / I— p^During Pulse

H -
0 0.5 1 4 C / T

FIG. 1.15 Shock spectra for rectangular impulses.

F(t).

F(t)

I
FIG. 1.16 Spring-mass model with triangular impulse.

EXAMPLE 1.4.2 Find the amplification factors corresponding to various ratios of (/ T and plot
a curve for Am vs (/ T.

Solution: From Eq. (1.71), it is known that when £/T> J; the amplification is always 2. When
< i the amplification factors are calculated from Eq. (1.78) as follows

Am Eq. (1.78) 0

0

l
8

0.765

i
6

1

SIT

l l l
4 3 2

1.414 1.73 2

The plot of maximum values of amplitude X (or X/xsl) vs structural period T (or £/ 7) for a
given disturbance is called the response spectrum. If the disturbance is an impulsive type, the
plot of the response is usually referred to as a shock spectrum. Fig. 1.15 shows the shock spectra
for two rectangular impulses.

1.4.3.2. Triangular Force
Consider Fig. 1.16, in which the mass is subjected to a triangular impulse. The force varies

linearly from a maximum value of F at t = 0 to a minimum value of zero at t = £; the forcing
function is described by

F(t) = F(\-- (1.79)
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Complete solution of the vibrating system is

F tx = A sin pt + B cos pt + — I 1 — -
K

For x0 = 0 and JCQ = 0 at t = 0, the motion equation is

1 /sin pt
X = Xsl 1 — COS pt + j\ ————— — t

(1.80)

(1.81)

in which xsi = F/K. Suppose that the maximum displacement occurs during the pulse; then the
time, t, corresponding to the maximum displacement can be determined from Eq. (1.81) for zero
velocity. Thus, from Eq. (1.81)

— (I — cos pt) = p sin ptc
After a simple trigonometric manipulation, substituting/) = 2 re/7" yields

f = co S 2; t* =
l~(2*(yT))2

cosp cos 7i ̂

sin pt =

Let ?m be the time when the maximum response occurs; the time can be obtained from

I—— =COS

(1.82)

(1.83a)

(1.83b)

(1.84)

(tm/T) vs (C/T) is plotted in Fig. l . lVb. By inserting Eq. (1.83a or b) into Eq. (1.81), the ampli-
fication factor is

XAm= — = 2--
xsl 4

(1.85a)

Note that t must satisfy Eq. (1.83a,b) and that the amplification factor varies from 1 to 2. The

I During Pulse
I

—I After Pulse

VL C

C/T

0.50-

0.45

0.40-

0.35

0.30-

0 0.371 0.3

tm/T

(a)
0.05 0.10 0.20 0.5 1.0 2

(b)
5 10

FIG. 1.17 Shock spectra for triangular impulses.



FREE AND FORCED VIBRATIONS OF ELEMENTARY SYSTEMS 23

general expression of the amplification factor should be based on Eq. (1.81) as

Am = \-cospt + S-^-t- (1.85b)
X C

EXAMPLE 1.4.3 Find the relationship between the natural period, T, and the forced period, (,
of the impulsive load shown in Fig. 1.16 for the condition that the maximum displacement occurs
during the pulse.

Solution: Since the amplification factor in Eq. (1.85a,b) is derived for the maximum displace-
ment occurring at t < (, t = £and/> = 2n/ T can be substituted for the corresponding terms in Eq.
(1.83) for the relationship of £/ T. Solving by trial and error yields an equality condition that when
C/r = 0.371

-0.6905 =
l+(2re)(0.371)

= -0.691

Thus, it is concluded that when C/T> 0.371, the maximum displacement occurs during the pulse.
For the case when maximum displacement occurs after the pulse, the motion equation is

x = A sin pt\ + B cos pt\ (a)

in which t\ originates at the end of the pulse, i.e. t = C, t\ = 0. The terms A and B can be deter-
mined by using the displacement and velocity from either Eq. (1.80) or (1.81), whichever is
appropriate, at t = (. If Eq. (1.81) is used, the result is

/ . „ cos p £ 1 \ . /sin p £ \
x = xst{ sin X + —— — - — I sin pt\ + xst —— — - cos/>( cos pt\ (b)

V X X/ V X /

or

x = -7 [sin p(t\ + 0 - sin pt\] - JCst cos p(t\ + Q (c)
X

First find the amplitude from Eq. (b) and then the amplification shown below

1———2if^ + -^(1-COS^> (d)

N ^
which is valid for 1,1 T < 0.371. From Eq. (c), the amplification factor can also be

Am = -p[sin p(ti + Q - sin pti] - cos p(t{ + Q (e)
X

EXAMPLE 1.4.4 Find the amplification factors for £/ T = 0, 0.25, 0.371, 1, 2, 3, and 4, and then
plot a curve for Am vs £/T.

Solution: When (/ T = 0, the forcing function in Eq. (1.79) does not exist; consequently, there
is no motion, and Am = 0. The amplification factor for £/ T = 0.25 may be obtained from Eq. (d)
of Example 1.4.3

- —————— + ———.(I — cos Ti/2) = 0.737 (a)
t/2 (7i/2)2
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When (/ T = 0.371 , either Eq. (1 .54) or Eq. (d) of Example 1 .4.3 yields Am= I . When £/ T =
1, obtain t from Eq. (1.83a)

1 - (2n)2

COS pt = ————————— r-
1 + (2;i)2 (b)

= -0.95

or

pt = 2.8, ? = ^(2.8) = 0.446 r (c)

which is corresponding to tm = 0.4467" in Fig. 1. lib. Inserting t into Eq. (1.85a) gives

Am = 2 — — —2n (d)
= 1.548

Similarly, Am may be obtained from Eq. (1.85aorb)as 1.76, 1.84 and 1.88 for £/T = 2, 3, and
4, respectively. The curve for Am vs £/T is shown in Fig. l . lVa, where two other spectra are also
shown.

1.4.4. General Loading—Step Forcing Function Method vs Duhamel's Integral

1.4.4.1. Step Forcing Function Method
As discussed above, the behavior of dynamic response is derived from the differential

equation of motion for the purpose of observing the relationship between the amplification factor
and the ratio of the forced period to the natural period. Now a general method of superposition of
integrals is presented for the purpose of describing the action of dynamic response to various
regular and irregular forcing functions.

Let F(f) be a step function of amplitude Fas shown in Fig. 1.18; the motion equation is given
by Eq. (1.67). If initial displacement and velocity are both equal to zero, and F = 1, then

x = A(t) = ̂ -j(l - cos pt) (1.86)

This represents the displacement response of a single-degree-of-freedom system subjected to a
force described by the unit step function.

F(t)

FIG. 1.18 Unit-step forcing function.
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FIG. 1.19 Series of forcing functions.

Suppose that the arbitrary forcing function shown in Fig. 1.19 consists of a series of step
increases, AF's. Response to the total force can be evaluated as the cumulative action of the
individual increases. Thus, a force consisting of n step increases is formulated as

(1.87)

Hence, in the limit, replacing t\ by A as a dummy variable leads to

[
f F'x = FA(t) + F'(A)A(t - A) JA

When initial displacement and velocity are not zero, the motion equation becomes

x = XQ cos pt + — sin pt + ——,r (1 - cos pt) + ——rp Mp2 Mp2

When initial displacement and velocity are zero, the motion equation becomes

F
X = -——; (\-COS Pt)+——— F'(&)[1 -COSP(t-

Mp Mp2 (1.90)

As discussed in Section 1.4.1, the application of a disturbing force can induce free vibration. Eq.
(1.90) includes the free vibration resulting from the impulse. When the disturbing force cannot
be represented by an analytical expression, use the approximate method of integration directly
from Eq. (1.87). Let two step forces, F\ and F2, be applied at t\ and ti, respectively, with initial
conditions of XQ and XQ; then the displacement at any time, t, can be obtained as

x = x0 cos pt + — smpt + — [1 -cos p(t - t\)\ +— [1 - cos p(t - ^)
p K K

(1.91)

EXAMPLE 1.4.5 Find the motion equations for the step forcing function shown in Fig. 1.20 for t
< £ and t > (. Assume that the initial conditions are XQ and JCQ at t = 0.
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FIG. 1.20 Finite step forcing function.
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FIG. 1.21 Force consisting of series of impulses.

Solution: For t < (, using Eq. (1.89) leads to

Fsin pt +px = XQ cos pt + — sin pt + —— ;•(! — cos pt)Mp2 (a)

When t > £, the displacement response in Eq. (a) for the force ,F beyond £ should be eliminated by
a superposition technique as

= x0 cos pt + -
p

F F-cos pt) -—^Mpz ~Mpz (b)

1.4.4.2. Duhamel's Integral
Assume that the forcing function F(i) in Fig. 1.19 consists of a series of impulses as shown in

Fig. 1.21. When a single impulse, F, is applied to a one-degree-of-freedom system, Newton's
second law gives

FAt = MAx (1.92)

If FAt is numerically equal to 1, then MAx = 1. For the mass that is at rest with x = 0 and
x = 0, when a unit impulse is applied, there will be an instantaneous change in the velocity in
the amount of Ax without an instantaneous change in displacement as

Ax = -
J_
~M (1.93)

After this short interval At, no further external force is applied to the mass, and free vibration
results. For x = A cos pt + B sin pt with initial conditions of x = \/M and x = 0 at t = 0,
displacement becomes

x = h(f) = —— sin ptMp
(1.94)
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Displacement resulting from the effect of the total force divided into n impulses can be expressed
by

x = F\h(t - t\)At{ + F2h(t - t2)At2 + ••• + Fnh(t - tn)Atn = FiAtih(t - tt) (1.95)
1=1

In the limit with A being used as a dummy variable, Eq. (1.95) yields

/

= —— f F(A)smp(t-A)dA (1.96a)
Mp J

or

t

= — f
K J

(1.96b)

The complete solution of x is

Mp

t

x = x0 cos pt + — sin pt + —— I F(A) sin p(t-A) dA (1 .97)J
o

The integral in Eqs. (1 .96a,b) and (1 .97) is called Duhamel's integral or impulse integrals. It can be
directly derived from Eq. (1.88) using integration by parts, which will be shown in Section 1.5.3.
Thus, both the step function method and Duhamel's integral possess similar mathematical
characteristics.

EXAMPLE 1.4.6 Find the motion equations for t < (and? > ( by using Duhamel's integral for
the forcing function shown in Fig. 1.20. Initial conditions are x = XQ and x = XQ at t = 0.

Solution: The displacement for t < C is

XQ .
X = XQ COS pt + — Sin pt +—— I F sin p (t - A) dA

MP J ,,o (a)
F_

p "'"'" ' Mp>
= XQ cos pt + — sin pt+ 2(1 — cos pt)

For t > C, the displacement becomes

£ f

.X = xo cos />? + — sin pt + —— I F sin p (t — A) dA + —— I (o) sin p (t — A) dA
p Mp J Mp J

XQ F= XQ cos pt + — sin pt + ——= [cos p (t — Q — cos />(]
/> M/i

Eqs. (a) and (b) are identical to Eqs. (a) and (b) of Example 1.4.5, respectively.

EXAMPLE 1.4.7 Find the displacements at t = £ and t = d for the triangular impulse shown in
Fig. 1.22 by using both the step function integrals and the impulse integrals with the initial con-
ditions of XQ = 0 and XQ = 0 at t = 0.
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F(t)
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F(A)

FIG. 1.22 Triangular impulse.

Solution: The forcing function can be expressed as F(A) = FA/t, for the following step func-
tion integrals:

Integrating the above equation for t < ( gives

/
x = ̂ - f [\-cos p(t-A)]dA

&(:J

F 1 .

Displacement at t = £ is

When t > C, a superposition technique should be employed for subtracting the force between t and
C encountered in the integration

x = —

F r i i
= -=7 K + - sin X* - 0 - - sinK(, I p p

p
— A)]a?A — —[1 — cos p(t — ()]

1 _F_
\ ~K -^PV-t

When t = C i , the motion becomes

x = Trp- [sin p (Ci - Q - sin pC cos /? (Ci - Q] (b)

For the impulse integrals, we have

Mp

Inserting F(A) = FA/t, into the above equation and performing integration gives the displacement
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for t < C

x = —— I —— sin p(t - A) JA
MpJ C

F [t 1
— —^ sin pt

P2

29

Displacement at t = £ is

(c)

Displacement for t > C may be obtained through the following integration:

C '
-i- /"(0)sin/>(*M/> JM/7

which gives the motion equation at f =

cos p (Ci - Q + - sin XCi - 0 - - sin /) Ci (d)

1.5. FORCED DAMPED VIBRATION

1.5.1. Harmonic Forces
Consider the spring-mass model shown in Fig. 1.23. It is subjected to a harmonic force, F sin wt,
with a frequency of co. Displacement, x, from the equilibrium position is considered positive
to right, as is the velocity and the acceleration jc. Based on equilibrium conditions, the differential
equation can be expressed as

MX + ex + Kx = F sin cot (1.98)

By using the notations p = c/ccr and xsi = FlK, Eq. (1.98) can be rewritten as

x + 2ppx+p2x =p2xst sin wt (1-99)

For the general case of underdamping, the homogeneous solution of Eq. (1.99) is the same as Eq.

M -Fsinut "Fsincot

, 97~ P,111111

FIG. 1.23 Damped force vibration with harmonic force.
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(1.41). The particular solution of Eq. (1.99) can be obtained by using

xp = C\ sin cot + €2 cos cot (1.100)

Inserting 5cp, JCP, and xp into Eq. (1.99) and collecting the terms yield

Q =——(P -<*>)P *st— (1.101)
(p2-co2)2+ (2 ppco)2

C2=———-2pV*st (1.102)
(p2 — co2) + (2 p/>co)

After putting C] and €2 into Eq. (1.100), the complete solution of Eq. (1.99) is

P2x— e-ppt (A cos p*t ̂  B sin ^,*;) -j- —————^!———— r^,2 _ fj)2} sin cot — 2 ppco cos ou]
O2 - co2) + (2ppco)

(1.103)

For the transient vibration, A and 5 should be determined from the initial conditions due to the
application of F sin cot when the system is at rest. When initial conditions are disregarded,
the motion is called steady-state forced damped vibration.

1.5.2. Steady-State Vibration for Damped Vibration, Resonant and Peak
Amplitude

As noted in Section 1.3, the effect of free vibration on displacement is of short duration and is
damped out in a finite number of cycles. The resultant motion is a steady-state vibration with
a forced frequency, co. Thus, for most engineering problems, the particular solution in Eq. (1.103)
suffices. Let xp in Eq. (1.103) be expressed in a compact form as

x = X cos(wt — a) = X (cos cot cos a + sin cot sin a)

, 2 2X • , , ,1 ((p — co sin cot — 2 ppco cos cot
^ ' ™ J————— = —————— =-

(p2 -co2)2 + (2 ppco)2

Collecting the terms associated with sin cot and cos cot leads to the amplitude

X= *st = (1.105)
^/[l-(co/P)2]2+(2pco/p)2

and the phase angle

2 (1.106)V '

(1.107)

Equation (1.107) is plotted in Fig. 1.24, Am vs co/p, for various values of p. It is seen that the
peak amplitude, defined as the amplitude at d(Am) / d(co / p) = 0, is greater than the resonant
amplitude, defined as the amplitude at co/p = 1. Because they occur practically at the same fre-
quency and it is easy to find the resonant frequency, engineers usually overlook peak amplitude.

2p(co/p)

The amplification factor can be obtained from Eq. (1.105):
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peak amplitude
resonant amplitude

2. 3. 4. ro/p

FIG. 1.24 Am vs (aIp for various values of p.
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FIG. 1.25 Example 1.5.1.

EXAMPLE 1.5.1 A rigid frame shown in Fig. 1.25, subjected to a harmonic force, Fsin wt, is
analyzed for displacement response for which the initial conditions are XQ = 0 and XQ = 0
at t = 0. Plot the curve, x/xsl vs ait, for p = 0.1 when a>/p = 0.5 and a>/p = 1, respectively.

Solution: Substituting Eq. (1.104) for Eq. (1.103) yields

x = e~ppt (A cos p*t + B sin p*f) + X cos(wt - a)

The given initial conditions lead to

A = —X cos a
B = —XIp* (pp cos a + w sin a)

(a)
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2.

3.

FIG. 1.26 Example 1.5.1.

After inserting the constants A and B into Eq. (a), the equation of displacement response becomes

/,, i~\ ~ — nnt

cos(wt - a) cos(p*t - a0)

in which X and a are as shown in Eqs. (1.105) and (1.106), respectively, and

= tan

(b)

(c)

Comparing Eq. (1.103) with Eq. (b) reveals that the second term in Eq. (b) is associated with free
vibration resulting from the application of the disturbing force. Based on Eq. (b), the curves,
x/xsl vs tat, are plotted in Fig. 1.26 for p = 0.1 when a>/p = 0.5 and 1, respectively.

Note that the amplitude corresponding to co/p = 0.5 is decreasing; the decrease is mainly due
to amplitude decay of the free vibration part. The response becomes stable as a steady-state
vibration after the free vibration is damped out in a few cycles. The amplitude corresponding
to co/p = 1, however, is increasing. The increase will gradually build up because of the resonance.

1.5.3. General Loading—Step-Forcing Function Method vs Duhamel's Integral
1.5.3.1. Step-Forcing Function Method

Damped forced vibration for a nonperiodic forcing function can be studied by using either the
unit step increases or the impulse integrals as presented in Section 1.4. Consider that the rigid
frame sketched in Fig. 1.27 is subjected to a suddenly applied force, F, at t = 0, for which
the initial conditions are x0 = 0 and x = 0 at t = 0 and the damping coefficient, c, is less than
the critical damping, ccr. The differential equation is

MX + cx + Kx = F (1.108)
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FIG. 1.27 Damped force vibration with impulsive load.

Using xsl = Ft K and x\ = x — xsi in Eq. (1.108) leads to

xi + cx\ + Kxi = 0 (1.109)

which is a differential equation for free vibration. Initial conditions are x1(0) = -xsi and x^o) = 0
at t = 0. Taking the initial conditions in Eqs. (a) and (b) of Example 1.3 for a and C, and inserting
into Eq. (1.42), gives the motion equation

where

^- e-«" cos(p*t -n-R)

and R = tan"1 p*

(1.110)

Expressing the displacement in x leads to

X = X\ + Xsi

" -e-«" cosO*?
(1.111)

= - [l - — e-«" cos (p*t - R)]Kl P J

When F = 1, Eq. (1.111) becomes the displacement response for a unit step increase

x = A(t) = 1 Fl - ̂  e-«" cos(p*t - R)] (1.112)

For the forcing function shown in Fig. 1.19, the unit step increase can be used through a
superposition technique similar to Eqs. (1.87) and (1.88) to find the total displacement

x = FA(t) + dF(A)
dA

(1.113)

Substituting F'(A) = dF(A)/dA and Eq. (1.112) for the corresponding terms in Eq. (1.113) yields

x = -\l-^e-'*»cos(p*t-K)
A | p

P
cos(p* - A) - .

(1.114)

When the initial conditions JCQ and Jc0 are not zero, the displacement of free vibration shown in Eq.
(1.42) should be added to Eq. (1.114).
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1.5.3.2. Duhamel's Integral
An equivalent expression can be obtained from Eq. (1.113) by using integration by parts

x = FA(t) - '(t - A) JA

[
= FA(t) + F(t)A(G) - F(0)A(t) + f F(A)A'(t - A) JA

(1.115)

From Fig. 1.19, it follows that F(Q) = F and ^4(0) can be obtained from Eq. (1.112) as

Therefore, Eq. (1.115) becomes

/

= /

Using Eq. (1.112), leads to

A'(t-^ = -4r(^ - A) -

cos(p*(t _A)_
Kp

+ sm(p*(t - A) - R)]

The terms in the brackets of Eq. (1.117) can be simplified as

^ [p COS(p*(t - A) - R) + V l -p 2 sin p*((t - A) - /?)]

= A'sin(^*(;-A)-^ + a1)

in which

=tan-'

Thus, Eq. (1.117) becomes

sin p*(t - A)

The insertion of Eq. (1.120) into Eq. (1.116) gives the Duhamel's integral

/
P f e-p*p*('-
- p2}J

(1.116)

(1.1 19a)

(1.120)
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For practical structural engineering problems, the damping factors are usually small (p < 15%). p*
and p* may be replaced by p and p, respectively. Thus, Eq. (1.121a) becomes

X = K

Free vibration resulting from the application of a disturbing force is included in Eq.
(1.121a,b). It is apparent that Eq. (1.121) can be derived independently from the impulse integrals.

When p = 0, as in the case of undamped forced vibration, Eq. (1.121a,b) becomes Eq. (1.95a
or b). Equations (1.95) and (1.121) are in function of forcing frequency, natural frequency,
magnitude of the applied force, and damping ratio, if any. Force magnitude and stiffness can
be combined as a static displacement, xsi = Ft K. The Duhamel's integral can be used to find
the maximum response for a given forcing function, natural period, and damping ratio during
and after the force applied. Maximum responses may be plotted in a shock spectrum as discussed
in Section 1.4.3. The spectra of two typical forces are shown in Fig. 1.28. For the force rising
from zero to F at £, if ( is less than one-quarter of T, then the effect is essentially the same
as for a suddenly applied force. In practical design, the rise can be ignored if it is small. When
C is a whole multiple of T, the response is the same as though F had been applied statically.

For the structure subjected to earthquake excitation, the motion equation of a single-mass
system shown in Fig. 1.29 is

MX + ex + Kx = - (1.122)

in which xg is the earthquake record expressed in terms of gravity, g. Fig. 1.29 shows the ground
acceleration in N-S direction of the El Centro earthquake, 18 May, 1940. Numerical procedure
of the Duhamel's integral can be used to generate an earthquake response spectrum (numerical
integration methods are given in Chapter 7). In using Eq. (1.121), the forcing function should
be expressed as F(A) = —Mxg. In view of the nature of ground motion, the negative sign
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FIG. 1.29 N-S component of El Centra earthquake, 18 May, 1940.

has no real significance and can be ignored. Thus one may find the velocity response with or
without considering damping [Eqs. (1.96a,b) or (1.121a,b)). Using Eq. (1.121b) leads to the dis-
placement response spectrum as

. „, ~ sin p(t — A) dA = -
K J p

.X

Spectra for velelocities, Sv, and accelerations, S&, are

o o 2r>
Aa = p Av = /» ^d

Maximum spring force may be obtained as

-PX'-A) s in^_A)JA (1.123a)

max

(1.123b)
(1.123c)

(1.124)

Response spectra computed for the earthquake shown in Fig. 1.29 are given in a tripartite log-
arithmic plot as shown in Fig. 1.30. Note that, when the frequency is large, the relative displace-
ment is small and the acceleration is large, but when the frequency is small, the displacement
is large and the acceleration is relatively small; the velocity is always large around the region
of intermediate frequencies [3,4]. Also note that the response given by Eq. (1.123a,b,c) does
not reflect real time-history response but a maximum value; thus the response is called
pseudo-response, such as pesudo-displacement, pseudo-velocity, and pseudo-acceleration. More
detailed work on spectrum construction is given in Chapter 7.

1.5.4. Transmissibility and Response to Foundation Motion
Consider the structure shown in Fig. 1.31 with a harmonic force Fcos mt acting on the mass. The
motion equation is

MX + cx + Kx = F cos (at

As shown in Eqs. (1.99)-(1.105), the steady-state vibration is

x = X cos(wt — a)

(1.125)

(1.126)
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FIG. 1.30 Response spectra for N-S component of El Centre earthquake 18 May, 1940.
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FIG. 1.31 Transmissibility.

in which the amplitude and the phase angle are

F
X =

a = tan"

- (m/p)2] +(2p(m/p)f

2pw/p
Note : sin a = • 2pm/p

(1.127a)

(1.127b)

The force transmitted to the foundation through the spring and dashpot is

Substituting Eqs. (1.126) and (1.127a,b) into Eq. (1.128) yields the desired equation

(1.128)

F( = X[K cos(cot -a) ~ca) sin(wt - a)] = X^K2 + c2w2 cos(wt - (1.129)
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FIG. 1.32 Tr vs w/p for transmissibility.

Amplitude and phase angle of the transmitting force are

A{ = X^K2 + c2(a2 = F, (2pco/pY
^2^2(1 - (co/pYY + (2pco/pY

= tan" 2p(co/p)i

1 - (co/p)2 + (2pm/p)2

(1.130)

(1.131)

From Eq. (1.132), the transmissibility, which is defined as the ratio between the amplitude of the
force transmitted to the foundation and the amplitude of the driving force, can be found as

* (2cop/pY
[1 - (co/pYY + (2wp/PY

(1.132)

Transmissibility for p = 0 to p= 1 is depicted in Fig. 1.32.
A few interesting features of vibration isolation can be observed from the figure: Tr is always

less than 1 when wjp is greater than ^/2 regardless of the damping ratio; when m/p is less than
V2, Tr, depending on the damping ratio, is always equal to or greater than 1; and Tr is equal
to 1 when m/p equals ^/2 regardless of the amount of damping.
EXAMPLE 1.5.2 Find Af, /?, and Tr for the simply supported beam shown in Fig. 1.33 subjected
to a harmonic force at the mass. Let F = 22.24 kN (5k), m = 45 rad/sec, IV = 44.8 kN (10k), / =
1.7478 x 10~3 m4(4199in4),£' = 1.9994 x 10n N/m2(2.9 x 107lb/in2),p = 0.05, andL = 14.63
m (48 ft).

Solution: For this structure, the stiffness, mass, and angular frequency are

48E7 !~K
K = —jj- = 5.3568 x 106N/m, M = 4534.1 Nsec2/m, and p = J— = 34.372 rad/sec

(a)

Frequency ratio is m/p = 45/34.372 = 1.309; amplitude of the transmitting force can now be
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obtained from Eq. (1.130) as

At = 22.24. 1+ [2(0.05) (1.309)]2

(1 - (1.309)2]2 + [2(0.05) (1.309)]2

= 22.24(1.933)
= 42.99 IkN

The phase angle is calculated from Eq. (1.131) as

= tan~ 2(0.05) (1.309)3

f [2(0.05) (1.309)]2

= 162.146°

and the transmissibility, from Eq. (1.132), is

T r= 1.933

If co = 90 rad/sec, then co/p = 2.618, and the solutions become

A{ = 3.923 kN, p = 162.146°, and Tr = 0.1764

(b)

(c)

(d)

(e)

which reflects that the effect of the frequency ratio on the transmissibility is obviously significant
as shown in Fig. 1.32.

Another important vibration isolation is the relative transmission from support motion to
superstructure at which some mechanical equipment might be placed. The superstructure and
the machinery, if any, must be protected from the harmful motion of the support.

Let the frame shown in Fig. 1.34 be subjected to a prescribed ground motion as

xi =Xi cos cot (1.133)

Relative displacement between the mass and the foundation may be expressed as x = x^—x\. The
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motion equation of the mass becomes

Mx2 + cx + Kx = 0 (1.334)

Expressing the motion equation in terms of the relative displacement leads to

MX + ex + Kx = Ma>2Xi cos mt (1.135)

of which the steady-state vibration is

((a/p)2Xl cosjcot - 0)
2 2 2- (w/p)2]+[2p(a)/p)]2

If the motion equation is expressed in terms of x2 of the mass displacement, then

Mx2 + c(x2-xl) + K(x2-xl) = Q (1.137)

Substituting Eq. (1.133) in the above yields

Mx2 + cx2 + Kx2 = KXi cos (at - cX\ w sin cot (1.138)

For simplicity, the force on the right side of Eq. (1.138) is condensed as

KX\ cos tat — cX\w sin mt = F cos(cot — a)

in which

F = XK2 + (ca>)2 = X\K\ + (2pa)/p)2 (1.139)

a = tarr1 = t<ur\-2p(Q/p) (1.140)

Thus the solution of Eq. (1.138) is

xJ\+(2p(o/p)2
V -n.-

where

When cos(cat-a-ft) = 1 , the amplitude ofx2 is signified by X2. Transmissibility is defined as the ratio
of the amplitude of the mass motion, X2, to the amplitude of the support motion, X\, as

Y " '< ' ' ^^ • '*• ' •+"> ll--'^-/

Note that Eqs. (1.132) and (1.142) are identical.
EXAMPLE 1.5.3 The frame shown in Fig. 1.35 is subjected to a ground displacement
jc, =0.01016 cos(1700 m (0.4 cos(1700 in). Let / =6.9374 x 10'5 m4 (166.67 in4), £=2.0684
x 108 kN/m2 (30,000 ksi), ^=22.24 kN (5k), p = 0.05, L, = 3.048 m (10 ft), and L2 = 3.6576
m (12 ft). Find (1) maximum displacement of the girder, (2) maximum relative displacement
between the girder and the foundation, and (3) shear transmitted to the foundation.
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Solution: From the given data, we can calculate

_ \2EI 3EI
/C — /CAR ~1~ jCpr> — ——T— 4~ —T~~7 j 7 j

-^1 -^2

= 6080.9 + 880.2 = 6961.1 kN/m

M = — = 22.24 kN sec2/m

p = J— = 55.42 rad/sec

^=3.067

The solutions are
(1) From Eq. (1.141a) for Xl = 1.016 cm, when

.016^1+ [2(0.05) (3.067)]2

- (3.067)2]2 + [2(0.05) (3.067)]2

= 1.016(0.12431) = 0.1263 cm

(2) From Eq. (1.135), when cos(wt-0) = 1.

(a)

(b)

(c)

(d)

(e)

X = •
/[I - (3.067)2]2 + [2(0.05) (3. 067)]2

= 1.016(1.118)= 1.136cm

(3) Shear transmitted from the columns to the foundation is

(0

= (6080.9 + 8 8 0 . 2 ) - = 79.08 kN (g)

Note that if the frequency ratio, a>/p, approaches 1, then X increases and a large shear results.
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FIG. 1.36 Resisting force vs displacement.

1.6. EVALUATION OF DAMPING

1.6.1. Equivalent Damping Coefficient Method
In Section 1.3, a technique called logarithmic decrement was introduced to evaluate the viscous
damping coefficient. As noted, the viscous damping is of a linear type, namely a force proportional
to velocity, which is a mathematical model for simple dynamic analysis. In reality, the mechanism
causing damping in a system could be many sources such as solid friction, joint friction, air or fluid
resistance. Solid friction is one of the most important mechanisms; it occurs in all vibrating sys-
tems with elastic restoring forces. It is a function of amplitude only and is due to stress reversal
behavior. When stresses are repeated indefinitely between two limits, the stress has a slightly
higher value for the strain increasing than that corresponding to the strain decreasing. The increas-
ing and decreasing strains are of the same magnitude and the maximum stress is below the elastic
limit [5]. The equivalent damping coefficient method is to determine the viscous damping coefficient
on the basis of the relationship between the energy dissipated by the viscous damping and the
energy dissipated by the nonviscous damping. The nonviscous damping could be due to various
mechanisms regardless of the characteristics of linearity and nonlinearity.

Consider a vibrating system with elastic restoring force, KX, shown in Fig. 1.36; the force and
displacement relationship is shown in the accompanying figure. Resisting force, Q, consists of
restoring force, f± and damping force, /<j. The shaded area is the energy due to the elastic force;
the elliptical area is the energy dissipated by damping, also a typical representation of solid
friction. When the mass moves to the right (from 0 to A), x > 0, the resisting force is Q = /k+/d
and when the mass moves to the left (from A to 0), x < 0, the resisting force is Q = f^-fd- This
means that, besides the restoring force, f±, there is always a resisting force, /<j, opposite to
the motion. To find the equivalent viscous damping, ceq, first calculate the energy dissipated
by viscous damping, Ev, during one cycle of steady state vibration, x = X cos(a>t-a), as

271

Er = I /a dx = I cxdx = I a)cX2 sin2 (mt — a) d(cof) = ncwX2 (1.143)

Knowing the energy dissipated by nonviscous damping, Em, based on the experimental results, let

Ev=Em, (1.144)
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Then the equivalent viscous damping is obtained as

ceq=-^ (1.145)

The evaluation of Env is illustrated by the following example for a nonlinear damping force.
EXAMPEE 1.6.1 For a damping force proportional to the square of the velocity,/a = qx2, find
(a) the energy Env, dissipated by the force, (b) the equivalent viscous damping ceq, and (c)
the equivalent damping peq.

Solution: (a) The dissipated energy for one cycle is

X 2n 2n

Em, = 2 I qx2dx = — qx3 d(a>t) = -2qa>2X3 / sin3 a)td(a>t) = -qa)2X3 (a)
-X n n

(b) From Eq. (1.145)

(8/3) gm
2X3 8

(b)eq ~ ncoX2 ~ 3

(c) Using p = c/cr, ccr = 2 K/p, let

re c co X2 = n co X2 peq(2 K/p) (c)

and

--^q<»x (d)
3

Then

4
Pe<l = 3nKqpmX (e)

1.6.2. Amplitude Method and Bandwidth Method
The amplitude method and the bandwidth method are based on the resonance behavior of a
vibrating system with moderate damping. If a structure is applied with steady-state vibration
with the forcing frequencies closely spaced, then a resonance curve may be shown in Fig. 1.38.
When co/p = 1 at resonance, the amplitude may be found from Eq. (1.107) as

Am=^- (1.146)2p

and, in turn, the damping ratio

P=g (1.147)

x=Xcosut

FIG. 1.37 Example 1.6.1.
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Using Eq. (1.147) to determine p requires knowing the dynamic amplitude X and the static dis-
placement xsl. Thus the amplitude method is named. The dynamic amplitude can be easily obtained
by applying a vibrating equipment to excite with different frequencies. The static displacement,
however, must be carefully obtained because static experiments are relatively difficult.

The bandwidth method is also based on the resonance curve and can be derived from Fig. 1.38.
Let Xal o)/p = 1 be divided by V5; then X\ = X2 = X/\/2 and the corresponding frequency ratios
are (co/p)i and (w/p)2. The bandwidth is the difference between two frequencies corresponding to the
same response amplitude. From Eqs. (1.105) and (1.147), we have

(1.148)

from which

Since p is very small, the higher order term, p2, can be neglected; then

using binomial expansion leads to

(1.149)

(1.150)

(1.151)

Thus,

= 1 - p, and (m/p)2 = 1 + P (1.152)
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The damping ratio can now obtained as

p = (m/P)> ~ (W/P)1 (1.153)

EXAMPLE 1.6.2 From Fig. 1.38, let (a>/p)i = 0.8 and (co/p)2 = 1.1 corresponding to X/V2,
where X = 3.28 xsl. Find the damping ratio based on (a) the amplitude method and (b) the band-
width method.

Solution: (a) From Eq. (1.147)

(b) From Eq. (1.153)

1.7. OVERVIEW

This chapter is designed to emphasize the fundamental behavior of free and forced vibrations of a
single-degree-of-freedom system. Several integration techniques such as unit step function and
Duhamel's integral are discussed, and the effects of damping and various forcing functions
on dynamic response are observed. The motion equation is derived on the basis of Newton's
second law for which the solution is based on the integration of differential equations.

Note that the motion equation can be established by using different methods such as
d'Alembert's principle, Hamilton's principle, and the principle of virtual displacement. Also
the solution for motion can be obtained by employing Laplace transforms. Readers may refer
to the texts of fundamental vibration and dynamics for such mathematical formulations in
references [2] and [6].
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Eigensolution Techniques and Undamped
Response Analysis of

Multiple- Deg ree-of - Freedom Systems

PART A FUNDAMENTALS

2.1. INTRODUCTION
In order to comprehend response behavior and solution procedures for structural dynamics, this
chapter was developed to introduce the modal matrix method for free and forced vibrations
of lumped mass (discrete parameter) systems without damping. Several well-known eigensolution
techniques of iteration method, Choleski's decomposition, Jacobi method, Sturm sequence method,
and extraction technique are presented in detail. The characteristics of the eigensolutions are dis-
cussed for symmetric and nonsymmetric matrices and for repeating roots. Response analysis deals
with rigid-body and elastic motion as well as repeating roots. All mathematical formulations are
accompanied by numerical examples to illustrate detailed procedures and to examine response
behavior.

2.1.1. Characteristics of the Spring-Mass Model
To understand the following discussion, a structure—which is assumed to be a discrete parameter
(lumped mass) system—must be conceived of as a model consisting of a finite number of masses
connected by massless springs. The spring-mass model, depending on the characteristics of
the structure, can be established in different ways. An example is shown in Fig. 2.1, where
M\ and M2 are masses lumped from girders and columns, and k\ and k2 represent column stiffness.
When the girder is infinitely rigid, the structure has no joint rotations; this spring-mass model is
shown in Fig. 2.1b. When the girders are flexible and structural joint rotations exist, the
spring-mass model differs, as shown in Fig. 2.1c. Note the reason for the difference: if x2 is dis-

47
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FIG. 2.1 Spring-mass models for rigid frame.

placed and the girders are rigid, no force is transmitted to the support. However, with flexible
girders, the joints at the first floor rotate, the column below is distorted, and force is transmitted
to the support.

2.1.2. Advantages of the Lumped Mass Model
The method is approximate because it is assumed that the masses of the floors and the columns are
lumped at the floor levels, and that the columns are massless springs. In practical engineering,
these assumptions are acceptable because they offer the following advantages to structural ana-
lysis:
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1 . Tall buildings have masses that are concentrated on the floors, and the columns can be
practically considered as massless springs. This simplification makes it possible to replace
a continuum system with a discrete system that has few degrees of freedom.

2. Most structural members do not have constant cross sections; if they do, they may also
have other attached construction material which essentially causes the members to be
nonuniform. The lumped parameter method can be used to solve this type of problem.

3. The numerical technique generally used to analyze a lumped parameter system with finite
degrees of freedom can be used to surmount the mathematical obstacle in solving con-
tinuum problems that comprise infinite degrees of freedom.

2.2. CHARACTERISTICS OF FREE VIBRATION OF TWO-DEGREE-OF-FREEDOM
SYSTEMS

2.2.1. Motion Equations, Natural and Normal Modes
Differential equations of motion for the structure shown in Fig. 2.1b can be established from the
accompanying free-body diagram in which x\ and x2 represent both static and dynamic degrees
of freedom (d.o.f.). Because the dynamic displacement, x, is a combination of time function, g(t),
and shape function, X(x), that is, x = g(t)X(x); x\ and x2 are actually the coordinates of the
shape function. According to Newton's second law, the motion equation is expressed as

I'XI +k\x\ - k2(x2 - x\) = 0 (2. la)
M2x2 + k2(x2 - x i ) = 0 (2.1b)

Similarly, the differential equations associated with the free-body diagrams of Fig. 2.1c are

MI'XI +kiXl -k2(x2-xl) = Q (2.2a)
M2x2 + k2(x2 - x i ) + k3x2 = 0 (2.2b)

Note that, due to joint rotations, k\ and k2 in Eq. (2.1a,b) are numerically different from those
values in Eq. (2.2a,b), although member sizes are the same for both structures.

As discussed in Chapter 1 , the general solution of a second-order equation, MX + Kx = 0, of a
lumped mass is

x = A cos pt + B sin pt (2.3a)

A convenient, alternate method of expressing Eq. (2.3a) is

x = g(t)X(x) = X cos(pt - a) (2.3b)

The relationship between X, a and A, B can be expressed as

X2 = A1 + B2 and tan a = B/A (2.3c)

The physical aspect of X is an arbitrary amplitude of the mass from its equilibrium position, and
the constant, a, is the arbitrary phase angle between the motion and the reference motion,
cos pt.

Let the time dependent displacements of the masses be expressed as

x\ = X] co$(pt — a) and x2 = x2 cos(pt — a) (2.3d)

Substituting x\ and x2 for the corresponding terms in Eqs. (2. la) and (2.1b), and cancelling the
common factor, cos(pt— a), yield

p2MiXi +kiXi- k2(Xi -X2) = Q (2.3e)

P
2M2X2-k2(X2-Xi) = 0 (2.3f)
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Assume that k\ = k2 = k and MI

I-

CHAPTER 2

M; then Eqs. (2.3c) and (2.3d) become

(2'4a)

(2'4b)

The above homogeneous equations have variables, X\ and X2, for which nontrivial solutions exist
if and only if the determinant of X's vanishes. This is stated as

A =
2 _2k k_

k M 2M kJL rjz — JL
M t> M

which leads to the following frequency equation

The two roots, p\ and p\, in Eq. (2.5) are

or

(2-5>

(2.6a)

(2.6b)^ = 2.618Âf

The lower of the two natural frequencies is called a fundamental frequency. Substituting;?2

in Eq. (2.4a) or (2.4b) yields two relationships for X\ and X2, which are called natural modes of
vibrations. The first natural mode corresponding to p\ is denoted by X^ and X^ as

X =0.618 X

The second natural mode is

*i = -0.61 8 i '

(2.7a)

(2.7b)

Mode shapes of Eqs. (2.7a) and (2.7b) are shown in Fig. 2.2a and b, respectively. Depending on the
form of the initial disturbance, the system can vibrate in either of the two modes or in a periodic
motion resulting from a combination of the two modes. For instance, if the initial displacements
are applied according to Eq. (2.7a), then the structure vibrates in the mode shape shown in Fig.
2.2a; however, if an arbitrary initial disturbance is applied to the structure, then the motion
can be considered as being composed of appropriate amounts of the natural modes (modes 1
and 2) as shown in Fig. 2.2c.

A determination of the system's motion at any time after the initial disturbance is presented as
follows. Let A^1' be the amplitude of the first natural mode; we can then write

Af > =

where a' and

(2.8)

are coordinates of the first normal mode. A normal mode results from
normalization of the natural mode in which the largest component of that mode becomes unity
and the rest of the components are proportional to the unit. The method of obtaining a normal
mode is demonstrated later in this chapter for various eigensolution techniques. Since
a'/' = 1, the coordinates become relative amplitudes, and a^ = X2^/X^\ Similarly, let
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X2<"n
0.618X2'

-0.618X,<2>

(a) Free Vibration in First Natural Mode

, T2=T>T

en
t

X2

(b) Free Vibration in Second Natural Mode

*2

Timet

Timet

Timet

Timet

Timet

(c) Free Vibration due to Arbitrary Initial Displacement of M! and M2

FIG. 2.2 Mode shapes.

be an arbitrary amplitude of the second natural mode; we can then write

yW — vK2)//2' — v(2) (1 10}A, —A a, —A \^-itJ)
y(2) _ y(2) CA2 — A c/2

,(2)

(2.11)

1where af ' and a^2) are coordinates of the second normal mode. In the present example, o1 = 1 .6 1 8
and <42) = -0.618. These results are obtained from Eqs. (2.7a) and (2.7b).

The complete solution for the system of equations in Eqs. (2. la) and (2.1b) should be the
resultant of X\ and X2, and can be written in the form

- a(2)

X2 = X^ cos(pi/ - a(I

(2.12)

(2.13)

where a\l\ af\ aj\ and a(? are known coordinates of the normal modes, and X^l\ A^2), a(I), and
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a(2) are four arbitrary constants that should be determined using the initial conditions of dis-
placement, x\, X2, and velocities, jci(same as dx\/dt), x2 at time, t = t0, when the disturbance
is applied. From Eqs. (2.12) and (2.13), it may be noted that the general solution is a sum of
two harmonic motions with associated frequencies p\ and p2.

2.2.2. Harmonic and Periodic Motion
The resultant motion of Eqs. (2.12) and (2.13) can be harmonic or periodic, depending on the given
initial conditions. Generally the result is not harmonic, but periodic because motions of different
frequencies, as discussed in Section 1.2.3, are added. The following examples serve to illustrate.
EXAMPLE 2.2. 1 (a) Harmonic motion in natural mode — knowing the coordinates of the normal
modes from Eqs. (2. la) and (2.1V) as a\l) = 1, a(

2
l} =1.618, a(2} = 1.0, and af = -0.618, the dis-

placement solutions in Eqs. (2.12) and (2.13) are formulated as

xi = X(Y) cos(pi t - «(1)) + X(2) cos(p2t - «(2)) (a)
x2 = 1.618JT(1) cos(^-a(I)) -0.618JT(2) cos(p2t - a(2)) (b)

from which the velocities can be expressed as

x, = -p\X(l) sin(pi* - a(1)) - p2x(2} sm(p2t - a(2)) (c)
(2) sm(p2t - a(2)) (d)

Substituting initial conditions x\^) = 0.618 ft (0.188 m), x2(o) = 1-0 ft (0.305 m), xiy,) = 0, and
jc2(0) = 0 at t = 0 for the corresponding terms in Eqs. (a)-(d) yields

0.618 = Xm cos(-a(1)) + X^ cos(-a(2)) (e)
1.0= 1.618^(1) cos(-a(1)) -0.618JT(2) cos(-a(2)) (f)
0 = -P] X^ sin(-a(1)) - ̂ (2) sin(-a(2)) (g)
0 = -1.618/>i Xm sin(-a(I)) +0.6 18^2 ̂ (2) sin(-a(2)) (h)

A comparison of Eq. (g) with Eq. (h) leads to

2.236^2^(2) sin(-«(2)) = 0 or 2.236PlX(l) sin(-a(1)) = 0 (i)

Pi, p2, X^l\ and X(2) cannot be zero; therefore

a(1) = a(2) = nn, n=l,2,...,oo G)

Inserting nn into Eqs. (e) and (f) gives

X(l) = -0.61 8 ft (0.1 88m) and X(2) = 0 (k)

Thus the displacements in Eqs. (a) and (b) become

xi =0.618cos/?i? (1)
x2 = cos pit (m)

Eqs. (1) and (m) are plotted in Fig. 2.3, showing that, because of the given initial conditions, the
displacement response is the first natural mode of the vibration. This behavior has been demon-
strated in Fig. 2.2.
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x(ft) (m)
0.305

-1.0- -0.305

FIG. 2.3 Harmonic motion.

(b) Periodic motion—substituting the arbitrary initial conditions of x\^) = 1 ft (0.305 m), x2(0)
= 0, ^i(O) = 0, and x2(Q) = 0 at t = 0 for the corresponding terms in Eqs. (a)-(d), and then solving
the constants, yields

a(1) = a(2)«7i, n = l , 2 , . . . ,oo

X(l} = -0.276 ft (0.084m) and X(2} = -0.724 ft (-0.221 m)
(n)
(o)

The displacement solutions become

xi = 0.276 cos pi t + 0.724 cos p2t
x2 = 0.447 cos pi t - 0.447 cos p2t

(P)
(q)

Eqs. (p) and (q) are plotted in Fig. 2.4.
(c) Periodic motion—for initial conditions x1(0) = 0, jci(0) = 1 ft/sec (0.305 m/sec), x2(0) = 0>

and ±2(0) = 0 at t = 0, the displacement response can be similarly expressed as

0.276 . 0.724 .
x\ = ——— sin pi t + ——— sin pit

Pi Pi
0.447 . A X Xx2 = ——— sin p\ t — 0.447/>2 sin p2tPi

Numerical results of Eqs. (r) and (s) are shown in Fig. 2.5.

(r)

(s)



54 CHAPTER 2

FIG. 2.4 Periodic motion of case (b).

t(sec)

-1.0- -0.305

FIG. 2.5 Periodic motion of case (c).

2.3. DYNAMIC MATRIX EQUATION
The linear equations in Eqs. (2.la) and (2.1b) can be expressed in a matrix notation:

-k2
X2

or symbolically

[M] [x] + [K] {x} = 0

(2.14)

(2.15)

where \M\ and [K\ are called the mass matrix and structural stiffness matrix, respectively. To find
the natural frequencies of the system, imagine that the masses are displaced by the amount of x\
and x2 signified by {x0} and suddenly released at time t = 0. As a result, the instantaneous
velocities of the two masses, x\ and x2, are zero, or {x0} = 0; this value and {x0} represent
the intial conditions of the equations of motion for which the solution can be simplified to x
= X cos pt, while the arbitrary constant B in Eq. (2.3a) or a in Eq. (2.3b) vanishes as a result
of one zero initial condition.
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Let the displacement vector be expressed as

{x} = (cos pt) (X} (2.16)

of which the accelerations are

[x] = (-p2 cos pt) {X} (2.17)

The term in parentheses is a scalar multiplier. By inserting Eqs. (2.16) and (2.17) into Eq. (2.15), we
have either

-P2[M\[X}+[K\[X}=0 (2.18)

or

"~ ~1 \
4 \ - [ S ] [ M ] } { X } = Q (2.19)
P\\ I

where h . denotes a diagonal matrix. Equations (2.18) and (2.19) are called dynamic matrix
equations where [d] is the flexibility matrix, an inversion of the structural stiffness matrix [K\.
Equation (2.18) can be obtained directly from the matrix formulation, discussed in later chapters
for various structural systems.

2.4. ORTHOGONALITY OF NORMAL MODES

Let {X}u and [X}v be the normal modes corresponding to the two different natural frequencies pu
and pv; then, from Eq. (2.18)

pllM]{X}u = [K]{X}u (2.20)

and

rf[M\(X}v = [K\(X}y (2.21)

Postmultiplying the transpose of Eq. (2.20) by {X}v yields

(^(.M\ iX}u)T {*}, = ([*] [X}U)T (X}v (2.22)

or

P2
U{X}1[M?{X}V = [X}l[K?{X}v (2.23)

Premultiply Eq. (2.21) by [X}1; then obtain

tfWl M (*}, = {X}llK\ {X}v (2.24)

Let [M\ and [K\ be symmetric; then [M]T = [M] and [ff = [K\; subtracting Eq. (2.24) from Eq.
(2.43) gives

Wv = 0 (2.25)

Since u ̂  v, Eq. (2.25) is satisfied only if

[X}l[Af\[X}y = Q for u^v (2.26)

which is the orthogonality condition for the uth and vth eigenvectors with respect to mass matrix
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[M]. Thus Eq. (2.24) becomes

{X}l[K]{X}v = Q for u^v (2.27)

which is the orthogonality condition with respect to stiffness matrix [K].
For a system having an unsymmetric matrix or repeating natural frequencies, orthogonality is

discussed in Sections 2.7 and 2.8, respectively.
EXAMPLE 2.4.1 Formulate the matrix product Eqs. (2.26) and (2.27) by using the mode shapes
obtained in Section 2.2, where the frequencies and normal modes are

/ > . = 0.618^ /* = 1.618^

m _ (0.618) _ | 1.000
{*h-| 1.000 J {X}2~ 1-0.618

Solution: By substituting the above information into Eqs. (2.26) and (2.27), the othorgonality
conditions become

= 0 (a)

and

= 0 (b)

2.5. MODAL MATRIX FOR UNDAMPED VIBRATION

2.5.1. Modal Matrices and Characteristics
Let {<!>}„ and {<!>},, be modal displacements corresponding to wth and vth mode, respectively, such
that

{<B£[M] {<&}„ = 1 (2.28)

Modal displacements, {<!>}„, are evaluated to satisfy Eq. (2.28) and at the same time to keep the
elements in the same proportion as those in [X}u. The characteristic vector is then said to be
normalized. Note that Eq. (2.25) has not been violated: if u = v, then/?^ — p2

u = 0; the remaining
terms may be given any desired value. Let

(X]l[M]{X}u = L2
u (2.29)

where Lu is called length vector at the wth mode. If the right and left sides are divided by L2
U, then

l = l £ [ M ] i « (2.30)

Comparing Eq. (2.28) with Eq. (2.30) yields

{<&}„= H!* (2.31)
'-'U

When the modal vectors are collected in a single square matrix of order n, corresponding to n
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modes, the resulting matrix is called modal matrix, [<D]. Hence

[<D] = [<Di, 02, . . . . 0B] (2.32)

From Eqs. (2.26) and (2.31), the orthogonality condition is expressed as

{<D£[M]{d>}v,=0 for M / V (2.33)

By using the definition in Eq. (2.28) and the orthogonality condition in Eq. (2.33), properties of the
modal matrix, [<t>], are derived as

(2.34)g[M] {(D}2 ... {(D}J[

}J[M] {(D}2 . . . {<D}J[

Another relationship involving stiffness matrix, [K\, can be obtained by inserting Eq. (2.31)
into Eq. (2.20)

[K]{^}u=p^[M]{<I>}u (2.35)

Premultiply both sides of the above equation by {®}^, then on account of Eq. (2.33) we have

{^iTt-K] (flu = P2
U{®}H[M] {®}u = 0 (2.36)

and

{^[K]{^}u=p2
u for M / V (2.37)

Therefore

(2.38)

EXAMPLE 2.5.1 Refer to Eqs. (2.34) and (2.38) and find the characteristics of the modal matrix
for the example shown in Section 2.2 and Example 2.4.1.

Solution: From Eq. (2.29) the length vector can be calculated as

or

LI = 1.1755-s/M

The modal vector can be obtained from Eq. (2.31)

m» = W i = 1 [0.5257J
1 LI VM10.8506J

(a)

(b)
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Similarly, L2 and {<&}2 can be found as

L\ = OTI[M]OT2 = { J^ }T[£ °M] {^y = 1.3819*

or

L2 = 1.1755 VM (c)

Thus

0.8506_
{ } 2~ - -0.5257

Using Eq. (2.32), the modal matrix is constructed as follows

1 |~ 0.5257 0.8506 1
.8506 -0.5257 J

|~ 0. .
[ 0. - (e)

The relationship involving the mass matrix and modal matrix is

5257 °-8506 irM °i^r°-
_ | | _ 0 M_| VAf 1.0.

0 I
.oj

•v/M 1 0.8506 -0.5257_||_0 M_| VAf 1.0.8506 -0.5257J
1.0 0 ( }

o i.
while that involving the stiffness matrix and modal matrix is

T _ J T 0.5257 0.8506 I f 2k -k 1 ["0.5257 0.85061
t®] [K]m=-j^ [0^8506 _o.5257_| [-A: k \ [ 0.8506 -0.525?]

= _^r0.3819 0 1
~M|_ o 2.6177]

The resulting elements in Eq. (g) correspond to p\ and p\.

2.5.2. Response to Initial Disturbances, Dynamic Forces and Seismic
Excitation

The modal matrix method is presented here for structural response to initial velocities and dis-
placements, dynamic loads, or seismic excitation resulting from free and forced vibrations.
The applicability of the method is limited to elastic systems. Let a rigid frame be subjected
to dynamic loads

[F(t)} = [F}f(t) (2.39)

where (F(f)} represents various forces, {F}, with time function, f(t). The differential equations of
motion in the matrix notation are

{M}{x} + [K]{x} = {F(t)} (2.40)

We can convert the above equation into a set of uncoupled equations by letting structural response
vector {x} be expressed in terms of generalized response vector {x1} [further discussed in Section
4.9.1 and 4.9.4; see Eqs. (4.114) and (4.139a)]

M = [$]{*'} (2.41)
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whose accelerations are

{x} = [<P] {x'} (2.42)

Substituting Eqs. (2.41) and (2.42) into Eq. (2.40) yields

[M] [<D] {x1} + [K] [<D] {x'} = {F(t)} (2.43)

Premultiplying the above by [<I>]T gives

[<D]T[M] [<D] {x} + [<P]T[^] [<D] {x'} = mT{F(t)} (2.44)

Using the orthogonality condition shown in Eqs. (2.34) and (2.38) leads to the following
uncoupled equation

(2.45)

where a typical equation in row /' is

(2.46)

This is similar to the differential equation of motion for a system with a single d.o.f. Based on
Duhamel's integral in Eq. (1.97), the solution of Eq. (2.46) becomes

x'i =4o cos pi (t - fo) + — sin pi(t - t0)

+ / 1 < D V A } I -t-AdA ^^
J Pi ' SmP'
to

where x'it<> and x'ilo should be expressed in terms of jt,-,0 and xito which are the initial conditions
actually given. Premultiply Eq. (2.41) by [<t>]T[M]; we then have

[O]T[M] {x0} = [ffiM] [<£] {x'0} = {x'0} (2.48a)

Similarly, x'0 can be expressed as

[<D]T[M] {x0} = [<P]T[M] [<P] {x'0} = {x'0} (2.48b)

Expressing Eq. (2.47) in matrix form, and using the initial conditions shown above, leads to

{x'} =[\ cos />*\][(l)]T[Af| {xa} + [\ sin pt\\ [V\] t®]7^] {-^ol

(2.49)
sinp(t - A)J [V\J [®

o

where ?0 = 0. Use Eqs. (2.39), (2.41) and (2.45) to obtain the dynamic displacements and
accelerations at any time, A,

{x} = [<P] {x'} (2.50)

{x} = [d>] [x'}

- [0][X][0]T[M]
(2.51)
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In the forced vibration part of Eq. (2.49), the uncoupling displacement xft corresponding to rth
mode is associated with normal mode {O},-, and the force {/""(A)} applied at the dynamic d.o.f. as
{<t>}J {F(A)j, which represents a vector of applied forces in normal coordinates. Consider a force,
F((A), acting at lih dynamic d.o.f. only. Then the uncoupling displacement corresponding to
the ;th mode is

Pi o
- /V€(A) sin Pi(t - A) dA (2.52)

o

and the displacement at mth dynamic d.o.f. in the original coordinates is

sin Pi (t - A) dA (2.53)

Now consider a force, Fm(A), acting at mth dynamic d.o.f.; the uncoupling displacement cor-
responding to the zth mode is

x f i = _ H « F(n(A) sin p. (t _ A)dA (2.54)
Pi J

0

t
_!L<j),,<j) (y^^LJnL I (

tr ^ J

and the displacement in the original coordinates at the £th dynamic d.o.f. is

n(A) sin/>,-(f-A) rfA (2.55)

If Fe(A) = Fm(A), then

xt,m = xmj (2.56)

which states that the displacement response at the tth dynamic d.o.f. due to the time-dependent
force applied at the mth dynamic d.o.f. is equal to the displacement response at the mth dynamic
d.o.f. due to the same force applied at tth dynamic d.o.f. This is reciprocal theorem for dynamic
loads which is similar to Maxwell's reciprocal theorem for static loads.

EXAMPLE 2.5.2 Formulate displacement expressions for Example 2.5.1 for the following
initial conditions at t0: {XQ} = [2 l]Tyo, {XQ} = [1 — 1]TJ0.

Solution: from Example 2.5.1

0.8506 -\\M 0 1 ( 2 ] ,— [1.9020]
-0.5257JLO Mji- i r = V^0ll.l755i (a)

0.8506 1 \M 0 1 f 1 ] ,— f-0.3249)
-0.5257J [ 0 M\ \-l\^ = ̂ ° { 1.3763 } (b)
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The equation of motion may be obtained from Eqs. (2.49) and (2.50) as

sin p(t — to)\ [V\] t̂ ]1"^] [XQ] + ^ cos p(t — to)\ [^^[M] {XQ}}

0.8506 1/pnl 0 I /Mf 1.618 0 1 ,—. f-0.32491
-0.5257J \[ 0 SK2_|VT[_ 0 0.618J y° I 1.3763)

(c)

-0.2761sKl+0.7235s«2l . M I" csl +0.9969c.y2 1
-0.44725K1 -0.

where snl = sin 0.618 ^/k/M (t - t0), sn2 = sin 1.618 ^/k/M (t - to), csl = cos 0.618
Jk/M (t - t0), and cs2 = cos 1.618 Jk/M (t - t0).

EXAMPLE 2.5.3 Formulate the displacement response of the structure given in Example 2.5.2
at A = 1 sec and A = 2 sec. Initial conditions are {XQ} = 0 and {x0} = 0, and applied forces
are {F(t)} = [10 20]T kips, lasting for 1.5 sec.

Solution: From Eqs. (2.49) and (2.50), the displacement equations are expressed as

{x} = [<P] / | \sinp(t - A

(a)

Substituting the dynamic characteristics obtained in Example 2.5.2 into the above yields the
following expression of the displacement response at A = 1 sec

1 p0.640(l - csl) - 0.662(1 - cs2)l
~ I [49.577(1 - csl) + 0.409(1 - cs2)J ( '

where csl = cos 0.618 ^Jk/M and cs2 = cos 1.618 ^/k/M. The second term in Eq. (a) must be zero
because {/""(A)} for A >1.5 sec. Therefore, the displacement response at A = 2 sec becomes

1 p0.640(c5'l' - csl") - 0.662(cs2' - cs2")l
~ k [49.577(csl' - cs2") + 0.409(cs2' - cs2")\ ^

where csl' = cos[0.618 Jk/M (t - 1.5)], csl" = cos(0.618 jk/M t), cs2' = cos[1.618
Jk/M (t- 1.5)], and cs2" = cos(1.618 Jk/M t).

EXAMPLE 2.5.4 For the structure shown in Fig. 2.6, we havep, = 2.218 rad/sec,/?2 = 10.781
rad/sec, {X}\ = [1.0 0.863]T, and {X}2 = [-0.863 1.0]T. Applied forces are F\(t) = F\f(t) =
Fif(f), where F\ = 2Qk, F2 = 30k, and/(0 = 1 — 0 / 0 as snown m the accompanying figure.
Find the displacement contributed from each individual mode and the total response. Assume
initial conditions are zero. Modal matrix [$] is also given.
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10'

10'

1=00

I I
7.

12'

f(t)
-X2

£=0.4 sec t

FIG. 2.6 Example 2.5.4.

Solution: From the given information, the frequencies, normal modes and modal matrices are

(a)

(b)

pi = 2.218rad/sec, p2 = 10.781 rad/sec
.000 -0.8631 0.340 -0.2931
.863 1.000 J'

T 1.
L 0.8

r 0.
[ 0.1.293 0.340 J

Based on Eqs. (2.49) and (2.50), the displacement response is

sin p(t — A

(c)

x\
X2[ x\ (due to 1st mode) + x\ (due to 2nd mode)!

(due to 1st mode) + X2 (due to 2nd mode)J

Numerical solutions of Eq. (c) can be obtained as previously shown, and the results are illustrated
in Figs. 2.7 and 2.8.

x2 (in)

1 0.2 0.3 0.4

0.1 0.2 0.3 0.4 sec

FIG. 2.7 x\ and X2 influenced by individual modes.
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x(in)

0.1 0.2 0.3 0.4 sec

FIG. 2.8 Displacements x\ and X2.

When the frame is subjected to ground excitation,3cg, then Eq. (2.40) becomes

(2.57)

where the negative sign may be dropped as discussed in Eq. (1.122). Following the aforementioned
procedures, Eq. (2.57) may be decoupled as

(2.58)

Note that Eq. (2.58) is identical to Eq. (2.45) with (F(t)} = {M}xg. Consequently, the solution of x!t
above is the same as Eq. (2.47), except for the last term, which should be (for simplicity, let t0 = 0)

(2.59a)

or

t
f

J
-xs sin Pi(t
Pi

(2.59b)

Comparison of (Eq. 2.47) with Eq. (1.97) reveals that the solution of free vibration for the single
mass system is the same as that of the uncoupled equation except the term associated with forced
vibration. The solution of the forced vibration in Eq. (1.97) is

/

x = —— I F(A) sin p(t - A) JA
MpJ

o
(2.60)
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Using Xjt = F/K and F(A) = Ff(t) in the above gives

t
x = xslp //(O sin p(t - A) JA = xstAm (2.61)

o

From Eq. (2.47), the forced vibration solution is

4 = -mJ{FW} sin Pi(t - A) JA
J Pi

(2.62)
n (D -F f

= X)^V~ / #
'•=' P/

where x'sli ispseuso-static displacement and Ami is the amplification factor corresponding to the ;th
mode. Similarly, Eq. (2.59b) can be expressed as

x'i = V* "2 / pixg sin pi(t - A)JA = x!siipiSVi
,.=i /*/ ^

(2.63)

where Sv;- may be obtained from the velocity response spectrum as discussed in Section 1.5.3.
Note that the modal matrix formulation shown in Eqs. (2.49) and (2.62) is based on the

assumption that f(f) is the same for all forces acting on the structure. When f(t) differs among
individual forces, the modal matrix equation can be solved by using numerical integration.

2.5.3. Effect of Individual Modes on Response
Note that the decoupling procedures presented previously can be manipulated by using
eigenvectors directly and are not necessarily dependent on the modal matrix, as already shown.
Recall that the displacement was expressed in the modal matrix as {x} = [<I>] {x'}, where
{(D} = [X}/L. The orthogonality conditions are {1>)T[M] (d>) = [/] and {^[K] {d>} = [V\]. If
{X} is not normalized and is directly used to uncopuple the equation, then
[X]T[M][X] = [\Li] and [X]r[K\[X] = [\L*][\p*\. For simple notation, let [\L^] = [\M\]; the
orthogonality conditions can be rewritten as

(2.64)

(2.65)

Thus the uncoupled equations shown in Eq. (2.46) and (2.47) become

(2-66)

?i =4o cos Pi (t - f0) + — sin Pi (t - t0)
Pi

f y,T ,f, 'f (2-67)

+ -i / /(A) sin Pi(t - t0) dk
Mipt J

o
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777-

F (t)

M2

M,

22' 77T

14'

14'

14'

FIG. 2.9 Example 2.5.5.

and the displacements in Eqs. (2.62) and (2.63) are now expressed, respectively, in Eqs. (2.68) and
(2.69) as

(2.68)

(2.69)

Observation of Eqs. (2.62) and (2.63) or (2.68) and (2.69) reveals that a displacement response
can be obtained by using spectra and that a force, which excites a particular mode, can significantly
dominate the total response. In Eqs. (2.62), (2.63), (2.68), and (2.69), d>n-/v, Q>riMr, XriFr, and
XnMr, are called participation factor(s), measuring how much the rth mode participates in
synthesizing the structure's total load.
EXAMPLE 2.5.5 The structure shown in Fig. 2.9 is subjected to a harmonic force at the top floor
without initial conditions. The stiffnesses, (El/L), of members 1,2,3 and 4 are 7084.82 k ft, 5220.24
k ft, 3547.62 k ft, and 3212.12 k ft, respectively. The lumped masses are MI = 0.88716 k sec2/ft,
A/2 = 0.87697 k sec2/ft, and Mj = 0.85738 k sec2/ft. The natural frequencies and normal modes
of the structure are given as:

Normal mode

Xi
X2

X3

pi = 7.3068

0.25710
0.67747
1.00000

p (rad sec)

P2 = 23.6255

0.94263
1.00000

-0.94372

p3 = 44.4920

1 .00000
-0.73140

0.24080

If applied force is F(t) = 10 sin wt kips and the forcing frequency, o>, is assumed to be O.Spj and
1.2/>3, find the displacement response induced by individual modes.

Solution: For the given harmonic forcing function, steady-state vibration is given in Eq.
(1.58). Thus, using Eq. (2.68) yields the following displacement response in the rth degree of
freedom:

(a)
] [X

'' Mifi
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where i signifies the contribution of that mode; the amplification factor of the zth mode is

1
- (a>/Pi)z (b)

Substituting the given numerical values, we have

1.3185
2.4255

1.4060 1 10.0000
-9.4372
2.4080

(c)

When w = 0.8

Ami=———-———~ = 2.778, 1.065, 1.018 for / = 1 , 2 , 3
_ /0.8" x 2 (d)

When co = 1.2/73,

• = 0.0191, 0.7424, 1.2727 for z = l, 2, 3 (e)

Substituting Eqs. (c) and (d) into Eq. (a) yields

( 0.25710
W, = | 0.67747

10
1.00000 1-3185(7.3068) 1 0.1014

0.2673
0.3945

Similarly

{X}2=
-6.990 )
-7.415 [ x
6.998

8.804 I
-6.439 i x 10~4

2.120

For w = 1.2/73, the identical procedure can be used to find the following displacements:

1 -0.6970
-1.8365
-2.7108

x 10"
1.5977 1
1.6947 \ xlQ-

-1.5996

f -1.9643)
= | 1.4381 | x 1Q-3

I -0.4735 \
(g)

The superposition of displacement response resulting from individual modes may be summarized
as:
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Displacements
(ft)

Xl

X2

X3

CO

0.8pi
1.2/73

0.8,0,
1.2/73

0.8/7]
1.2/73

1st mode

0.1014
-6.970 x 10-4

0.2673
-1.837 x 10~3

0.3945
-2.7108 x 10~3

1st + 2nd mode

9.441 x 10~2

9.007 x 10-4

0.2599
-1.416 x 10~4

0.4015
-4.3104 x 10~3

1st + 2nd + 3rd
mode

9.529 x 10~2

-1.0656x 10-3

0.2592
1.2965 x 10~3

0.4017
-4.7839 x 10~3

(h)

From the results we may conclude that the fundamental mode can always significantly influ-
ence the total response; the higher modes, however, may also remarkably affect the response
behavior when a structure is excited in the neighborhood of that natural mode.

If Ami in Eq. (a) is determined from the shock spectra of Fig. 1.28, then for co = 0.8/>i, and
C = re/Co = 0.5314 sec, we have

Aml = l.69; for C/r1= 0.6251 (i)
Am2=\.lA, for C/r2 = 2.021 (j)
^m3 = 1.18, for £773 = 3.807 (k)

For co = 1.2/73 and £ = n/a> = 0.05884 sec

A,,,i=Q.2, for C/7/! = 0.0684 (1)
Am2 = 0.9, for C7 ?2=0.22 13 (m)
Am3 = lA5, for C/T3 = 0.4167 (n)

Comparing Eq. (d) with Eqs. (i), (j) and (k) and Eq. (e) with Eqs. (1), (m) and (n) shows some
significant differences. This is because Eqs. (d) and (e) are based on the mathematical resonance
formulation, while Eqs. (i)-(n) are based on the shock spectrum of half-cycle loading with con-
sideration of maximum response during and after pulse.

Note that solutions obtained from Eq. (a) are always the maximum for each mode during the
vibration. The displacements are apparently overestimated and conservative. One technique to
level off the overestimated response is called root-mean-square method or square-root-of-the-
sum-of-the-squares (SSRS). Let displacement Xj result from vibrations of n modes; the method is
then expressed as

)\ + (xt)l + ... + (xi)2
n (o)

The example of x^ associated with co = 0.8/>i becomes

X3 = ^(0.3945)2 + (0.007)2 + (0.0002)2

= 0.39456

which is less than 0.4017 as given in Eq. (h). Another technique of the CQC modal combination
method, along with the SSRS method, is discussed in Sections 7.6.1 and 7.6.2.

2.5.4. Response to Foundation Movement
Time-dependent foundation movement may be due to displacements, accelerations or a combi-
nation of both at some or all of the supports of a system. The support movement may induce
inertia forces from the super structural mass, Ms, and from the foundation mass, Mf.
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'^"---Tr^ xc, MG

FIG. 2.10 Foundation movement.

In general, for a given set of foundation accelerations, [xf], foundation displacements,
and externally applied loads, (Ps(f)}, as shown in Fig. 2.10, the motion equation may be

Mrf

Mfs Mf{
(2.70)

in which the subscripts, sf, signify the forces as s d.o.f. of the super structure resulting from the
actions at / d.o.f. of the foundation, similarly for the subscripts, fs; and [Pf (t)} represents the
reaction at the foundation. Using the matrix partition in Eq. (2.70) gives

[Msf] {xf} {xs} + [Ksf] {xt} = {Ps(t)} (2.71)

or

[Mss] {xs} + [Kss] {xs} = (Ps(t)} - ([Msf] {xf} + [Ksf] {xf})
= F(A)

(2.72)

and

[Mfs] {xs} + [My] {xf} + [Kfi] {xs} + [Kff] {Xf} = {Pt(t)} (2.73)

Since (Ps(f)}, {xf}, and {xf} are given, the super structure displacements can be obtained by using
the usual modal matrix texhnique from Eq. (2.72). The reactions can then be directly obtained
from Eq. (2.73).

When the inertial force of the foundation mass is not considered, [Mff] {3cf} should be dropped;
but [A/,/] {3cf} can be dropped only for the lumped mass model, but should be included for con-
sistent mass and distributed mass models. Distributed mass and consistent mass formulations
are presented in Chapters 4 and 5, respectively.

EXAMPLE 2.5.6 Determine the displacements and accelerations of the shear building shown in
Fig. 2.11 subjected to foundation movement of Xf = —0.1 sin 2t ft. Also find the reaction and make
equilibrium checks at t = n/4. Eet M = 60 k sec2/ft, El = 50,000 k ft2, k = 24 £7/(10)3 = 1200
k/ft.



EIGENSOLUTION TECHNIQUES AND UPDAMPED RESPONSE ANALYSIS 69

M

El

El

7"

El

M

El

, Xf r 77
20'

10'

Xs2

10'

Mxsl

(X,, -Xs2)

k (xs2 -xf)

MX..

FIG. 2.11 Example 2.5.6.

Solution: For the lumped mass model, [Ms/\ and

o l s l * -
-k 2kXs2 -kxf

or

For the given structural parameters, we obtain

110982 -0.06787]
).06787 0.10982 J

"2.764 0
0 7

'-2.946 sin It
-1.821 sin It

and then formulate the response as

° 17.236J

= [<£]

- A)\] [

-0.809415(2.764 sin It - 2 sin 2.764?)]r-o.
L-o.-0.037655(7.236 sin It - 2 sin 7.2360 J

Substituting ? = jr/4 into Eq. (f) yields

[-0.077611
-0.09578

ft

j] are zero; Eq. (2.72) becomes

(a)

(b)

(c)

(d)

(e)

(f)

(g)
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From Eq. (2.51), the accelerations at t = re/4 are

2
/sec

-0.3635
0.2790

Using Eq. (2.73) gives the following reaction at the foundation

= [Kfs]{xs] + [Kff][x(}
= 1200[-0.09578 - (-0.1)] = 5.064 k

(h)

(i)

The equilibrium checks may be obtained from the free-body diagrams of Fig. 2.11 for the top
girder

60 (-0.3635) + 1200 (-0.07761) - 1200 (-0.09578) = 0

and for the lower girder

60(0.279) - 1200 (-0.07761) + 2 (1200) (-0.09572) - 1200 (-0.1) = 0

G)

(k)

EXAMPLE 2.5.7 Analyze the structure shown in Fig. 2.12 for (a) consistent mass model and (b)
lumped mass model. Let the mass of the super-structure be Ms = 1 k sec2/ft and the mass of the
foundation be M{ = 4 k sec2/ft. The mass of the supporting member is m = 0.015 k sec2/ft2

and the flexural rigidity is El = 360,000 k ft2. The excitations are the ground acceleration,
3cf = 0.4 sin 2t ft/sec , and the ground displacement, Xf = —0.1 sin 2t ft. Assunme that no exci-
tation is applied to the susper-structure mass and that the mass has translational motion only.

Solution: (a) Based on the consistent mass model (see Chapter 5 for details), the elements of
the mass matrix in the general motion equation given in Eq. (2.70) are

Mss = Ms+—mL = 1 + — (0.0 15) (10) = 1.056 k sec2 /ft (a)

(b)

Mff = Mf+^mL = 4 + ^(0.015) (10) = 4.056 k sec2/ft (c)

Since the supporting member does not rotate at the top because of the restraint imposed from the

Msf = Mfs = — mL = — (0.015) (10) = 0.019 k sec2/ft

l^mL = 4 + ^(0.015) (10) = 4.056 k sec2/ft

super-structure

xf

* foundation

FIG. 2.12 Example 2.5.7.
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super structure, the stiffness elements are

Kss =Kff = -^- = 4320 k/ft (e)

Note that the stiffness at the foundation includes the member stiffness only. It could include soil
stiffness, which supports the foundation and is neglected here. Substituting the mass and stiffness
coefficients into Eq. (2.70) yields

[1.056 0.019] ps j [ 4320 -4320] Uj _ f 0 1
|_0.019 4.056J f jcf j [-4320 4320 J \Xf\ ~ [Pt(t)\

From the first row of Eq. (f) with 3cs and Xf as given, the motion equation of the superstructure is

1.0563cs + 4320xs = -432.0076 sin 2t (g)

which is identical to Eq. (1.52) whose solution shown in Eq. (1.59) can be used here as

-432.0076 / . „ 2 . ^ nsm 2t - ,, „ sin 63.9.
4320-1.056(2)2 \ 63.96

where p = V4320/1.056 = 63.96. At t = n/4, the responses are

jcs = -0.1001/i!, is = 0.8011/f/sec2 (i)

From the second row of Eq. (f), the reaction at the foundation is

Pf(t) = 0.019 xs + 4.056 Xf - 4320;cs + 4320jcf (j)

Based on xs and 3cs found in Eq. (i) and Xf and Xf as given, the reaction at t = n/4 is

Pr = 2.0696 kips (k)

Applying the equilibrium check to the free-body diagram shown in Fig. 2.12 yields:
At the mass [first row of Eq. (f)]

1.056(0.8011)+ 0.019(0.4)+ 4320(-0.1001)-4320(-0.1) = 0 (1)

At the foundation [second row of Eq. (f)] and from Eq. (j), the equilibrium condition is

0.019 (0.8011) + 4.056 (0.4) - 4320 (-0.1001) + 4320 (-0.1) - 2.0696 = 0 (m)

(b) For the lumped mass model, Eq. (2.65) becomes

Mss 0 ] J3csl \KSS Ksf1 \xs] [ 0
0 Mff \\xfl+ [K/S Kff

where the masses are Mss = 1 k sec2 /ft and Mff = 4 k sec2 /ft.
The solution may be obtained as shown in Eq. (h)

-432 0
s 4320-1(2)? ~ 6^726

where p = ^(4320/1) = 65.726 rad/sec. At t = n/4

jcs = -0.0971/1! and 3cs = -12.4524 ft/sec2 (p)
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The reaction at the foundation is obtained from the second row of Eq. (n) as

P( = 4 x( - 4320 xs + 4320 x{ = -10.9282 k (q)

Note that the significant difference between /V in Eqs. (p) and (q) is influenced by the sensitive
sinpt values.

2.6. EIGENSOLUTION FOR SYMMETRIC MATRIX

2.6.1. Iteration Method for Fundamental and Higher Modes
In Section 2.2, the natural frequencies were obtained by a classical method of solving the frequency
equation. The polynomial frequency equation can be of very high order for a structure with a large
number of d.o.f.; then the process of solving the natural frequencies and normal modes can be
extremely difficult. In this section, several general numerical methods suitable for matrix formu-
lation are discussed. First is the iteration method, which can be applied to both symmetric
and unsymmetric matrices of mass and stiffness. This section deals with the symmetric case
and the unsymmetric case is discussed in the next section. Numerical procedures of the method
are: (a) iterate the dynamic equilibrium matrix for eigenvalues and eigenvectors of the fundamen-
tal mode; (b) modify the original dynamic equilibrium matrix to a new matrix called the reduced
dynamic matrix, for which the iteration procedures are repeated for the second mode; and (c)
modify the reduced dynamic matrix in (b) and then iterate the modified matrix for the third mode.
As a result, the reduced dynamic matrix for the highest mode is the one modified from the previous
mode. Proof of convergence for the numerical procedure is given in Section 2.6.2.

2.6.1.1. Fundamental mode
To simplify the expression shown in Eq. (2.18), let

[D] = [K]-1 [M], /.= !//

Then the original and simplified equations become

^{X} = [5][M]{X}- ;.{X]=[D][X} (2.74a,b)

The iteration procedures can be applied to either of the above equations and are presented as
follows. A first approximation of the column vector, {X}, can be chosen with some numerical
values that may be close to the mode shape. Normally {X} is assumed as a unit vector, say
]{X], where the superscript at the upper left corner signifies the number of iterations. Then
eigenvector is computed with a common factor R or /. as

R2{X}=p2[5][M] ]{X} or /2{X] = [D] 1{X} (2.75a, b)

The ansolute maximum vector component, Xt, of 2{X] is taken as unity, and the numerical values
of the rest of the components are less than 1. A column vector, 2{X}, will be used for the approxi-
mation for the new eigenvector as

R3{X}=p2[5][M]2{X} or }.3{X} = [D]2{X] (2.76a, b)

The iteration procedures are repeated for the succeeding approximation until the difference
between r~l{X] and ''{X} at the rth iteration is within a required tolerance. Then fundamental
frequency, p, can finally be obtained in the form of
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FIG. 2.13 Trial vector {X}.

In Eq. (2.77a), the unit component r~\X)t = the element in the rth row of r~l{X] at (r - l)th
iteration, and ([<5] [M] r{X})i = the product of the elements in zth row of the matrix at the rth
iteration. A similar procedure may be applied to Eq. (2.77b).

Since ''{X} is not necessarily equal to r~' [X},p2 or /. can be somewhat different if different rows
are used in Eq. (2.77a,b). Therefore, another approximation can be used as shown below

_
P ~

sum of elements of r~l{X]
sum of elements ([6] [M] >'{X}) °r

sum of elements ([£>] ''{X})
sum of elements of r~ ' {JT} *'

Note that the convergence of eigenvectors is much slower than the convergene of eigenvalues. If
[K]~l is used in the iteration, then the first solution yields the fundamental mode. If[K\ is used
in the iteration, then the first solution is the highest mode. Proof of this is given in the next section.

2.6.1.2. Higher modes
The matrix equation in Eq. (2.74b) at the qih mode may be expressed as

[D]q_l{X}q=>.q{X}q (2.79)

in which the matrix [D]q_\ is unknown but is related to the eigensolution of the (q - l)th mode. The
discussion below shows how to find [D]q_\ and the [D]q and [D]q_} relationship. Since {X}q must be
orthogonal to {X}q_l, let

{X}q = {X} - a{X}q_{ (2.80)

where {X} is a trial vector and a is a scalar, which is chosen so that {X}q is orthogonal to [X}q_l.
The above equation may be expressed in Fig. 2.13.

Premultiply Eq. (2.80) by [X^^Af]

{X}q = [X] - (2.81)

which yields

(2'82)

Substitute a into Eq. (2.80)

m{X} n «T.\(2.83)
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which can be symbolically writeen as

[X}q = [a] {X}

Substitute the above into Eq. (2.79)

Let

Then

(2.84)

(2.85)

(2.86)

[D}q =

Since

(2.87)

, !

_
[ ]?"[ Vl (2.88)

where [/)]? is called the reduced dynamic matrix for the qth mode. When q = 2, is the
original matrix of [^]~
{X}'Tq_l[M]{X}q=0 yield

Postmultiplying Eq. (2.87) by {X}q and recognizing that

(2.89)

Relate Eq. (2.79) to the above; the dynamic matrix equation for the qih mode becomes

[D}q{X}q = }.q{X}q (2.90)

Thus the [D]q and [D]q_} relationship is shown in Eq. (2.88), and [D}q can be calculated using the
previous eigensolution. The aforementioned iteration procedure is similar to the sweeping matrix
(see Example 2.7.1) and can be applied here to obtain the qih mode. Continuing the process,
we may obtain all possible n modes. When searching for (n + 1) th mode, [D}n+{ will become
zero because it does not exist. Note that [/>]„+! = [0] can be further explained by analogy of solving
n homogeneous equations as follows. Applying an othogonal condition to two homogeneous
equations results in one equation; three equations become two which then become one after appli-
cation of orthogonality once more. Consequently, n equations can have n — 1 successive
applications of orthogonal conditions for n eigensolutions. Thus, in matrix form, [D]n+l implies
n ortghogonality applications that simply do not exist mathematically for n d.o.f.
EXAMPLE 2.6.1. To illustrate the method described above, the example in Section 2.2.1 is again
used to solve for natural frequencies and normal modes. Let Eqs. (2.4a) and (2.4b) be written as
follows:

' M M
T T
M_ 2M_

. K- K

(a)

or

(b)
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First mode—as a first approximation to [X], we choose

T
(c)

The eigenvector, 2{X}, associated with Eq. (2.75a,b) is

where the common factor, R is 3/>2 M/k (or /. = 3M/k) and the column vector, 2{X}, is
[0.667 1.000]T. Because the 2{X} value is different from the assumed vector 1{X], the second
assumed vector should be 2{X], which is inserted in Eq. (2.75a,b) for the iteration process; con-
sequently, the eigenvector is

oo)
Again, the vector, 3{X} = [0.625 1.000]T, different from 2{X], is used here. For the third assumed
vector, 4{X} becomes

n/r in £ioi
(0

For further convergence, we use

0.619
1.000

and then we have

(h)

If the required tolerance is i(X)t -i~l (X)i < |0.001], the 5(X)l -4 (X)] = 0.618 - 0.619 = 10.001 1.
Therefore, the first normal mode can be determined from Eq. (h):

0'618
i.ooo

and the fundamental frequency can be determined from Eq. (2.77a) as

2=
 4W 1 k

([8\[M]5{X})2 2.6l9(M/k) M

Alternately, the eigenvalue can be derived from Eq. (2.77b) as

from Eq. (2.78a) as

^ = 2.169(M//t)(0.618+l) = °'382 M
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and from Eq. (2.78b) as

2.619(M/fc)(0.618
0.619+1 - = 2.617 M

T or = 0.382- (1)

Second mode —for analysis of the second mode, the reduced dynamic matrix should be for-
mulated according to Eq. (2.88) as

= 2.619

M (0.6181 (0.618
TIi.oooj ii.ooo
M2r0.382 0.6181

T l~Af 0 I
[ 0 M\ (m)

k [0.618 l.OOOj

and

{X}1[M\ {X}} = [0.618 1.000][^f .°.l |°-6181 = 1.381
L ° M\ 11-000 J

Then the reduced dynamic matrix can be constructed as

[D]2 = ([S\ [M])2= ([S\

(n)

\A j ,

VM 01
[ 0 M\

'i r
k k

I ^
_ K. K.

M\ 0.2762 -0.17131
.-0.1713 0.1047 J

Inserting Eq. (o) into Eq. (2.90) leads to

, M T 0.2762 -0.1713

2.619(M2/^)r0.3819 0.6181
1.381 M [ 0.618 l.OOOj (o)

T 0.2
l-o.1713 0.1047 (P)

The iteration procedures can be similarly applied by first assuming that 1{X] = [1 1]T for which
the eigenvector is

or

Eet the second assumed vector be 2{X} = [1.0000
becomes

where

3 m = f 1-000°1
1 ' I-0.6178 J

(q)

— 0.6349]T; then the new column vector

(r)

(s)

Since \X)2 -2 (X)2 = [-0.6178 - (-0.6349)] = |0.0171| > |0.001|, further convergence is
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necessary. By using ^{X}, 4{X] can be calculated as

Now the difference between 4{X] and ^{X} is within the required tolerance; thus the second normal
mode coordinates are

The associated frequency from Eq. (2.77a) is

0.3820(M//t)

and from Eq. (2.77b)

= 0.3820 or ^ = 2.618 (w)
{ -A 1 1 1 /C -/K/

Note that (JfJi , [X}2,p^,p^ obtained by the iteration procedures can be checked satisfactorily
with the results in Section 2.2.

Zero dynamic reduced matrix — if [D]2 (or ([<5] [M])2), {X}2, and/>2 (or /,2) are inserted into Eq.
(2.88), then a zero reduced dynamic matrix can be obtained as follows:

= 0.3800^| L00° -°'6- I (x)
'- '.-0.6177 0.3815 J V '

i (y)

The reduced dynamic matrix becomes

0.2762 -0.17131 0.3820(M2//t) \ 1.000 -0.16771
| 1.3814 M |_-0.1677 0.3815 J

(0.2762 - 0.2765) - (0.1713 - 0.1708) 1 =

k [(-0.1713 + 0.1708) + (0.1047 - 0.1054)J ~ ^ J

The zero matrix signifies that the third mode does not exist in the present example.

2.6.2. Proof of Iterative Solution
2.6.2.1. Proof of Convergence

The numerical method discussed in the previous section by using iteration procedures for
eigensolution. Now, we can determine why the iterative solution can converge to the eigenvalue
and eigenvector of the first mode: in other words, how we can be sure that the first solution
is the fundamental frequency and normal mode.

Let us rewrite the dyanmic matrix equation as follows:

± { X } - [ S ] [ M ] { X } = 0 (2.91)

where [5] [M] is an n x n nonsingular matrix. The distinct characteristic roots of Eq. (2.91) are
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assumed to be

From Eq. (2.34) we have

or

Also, we have shown in Eq. (2.38) that

which can be inverted to

1

CHAPTER 2

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

Substituting of Eq. (2.94) into the above and replacing [K]~ by [<5] yields

p\ (2.97)

Eet [gi] denote an n x n diagonal matrix, which is associated with the left side of Eq. (2.97) by
tied as

(2.98)

using 1 in place of 1 //>? and 0 in place of 1 //>? for every i / j. Then an identity matrix is obtained as

and Eq. (2.97) can be rewritten as

Pi P2 Pn

or

-2
P\

-2 m fe
P2 Pn

(2.99)

(2.100)

Eet us introduce a new notation that is defined as

Using the characteristics given in [gy], we can prove that

[gif = Igi] and

Therefore

j] = 0 where / / j

(2.101)
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and

= [<p] \gi]
= gt g j r ' = [0]

By using Eqs. (2.101) and (2.102), Eq. (2.100) can be reformulated as

([<?] [M])2 = [
P2 Pn Pl Pi Pn

(2.103)

For r powers, the above equation becomes

i Pi

the expansion of which is

i rrl r r l, rrl mo«= [Gi\ + 77^7 L^J + • • • + 77-27 IA«J (2.105)

Based on the conditions given in Eq. (2.92) (i.e. \l/p\\ > 11//>21, i > 1), when r —>• oo, all the terms
on the right side of the above equation except the first term approach zero. Thus

([d][M])r=-^-[Gi] (2.106)
P\

or

([d] [M]Y+l= -^77ry[Gi] =^([d] [M]Y (2.107)

showing that, if we compute the successive power of [d] [M] until we reach a power of ([5] [M])'+1,
which is nearly equal to a scalar multiple of the proceeding power, ([<5] [M]Y, then the scalar
is the approximate value of \/p\ as the largest characteristic root of Eq. (2.91). Thereforep\ must
be the smallest of all p's and is the fundamental frequency. By using [M]~'|7r] {X} —
p2{X} = {0} it can be proved that the iteration solution gives the highest frequency.

2.6.2.2. Iteration for Eigenvalues and Eigenvectors
Since we are interested in both natural frequencies and normal modes, the iteration pro-

cedures may be modified to obtain the eigenvalues (p's) and eigenvectors ({X}) simultaneously.
Let 1{X] be any nonzero column vector so that [<5][Af] ]{X] ^ {0}. Define

r{X}=r([d][M\)l{X} (2.108)

where r is the product of the matrix manipulations (or the number of iterations). Therefore, from
Eq. (2.104), ([6][M]Y and r([<5][M]) are the same; substituting Eq. (2.104) into Eq. (2.108) yields

1 ?2 1 /" ' 1 , (2'109)

p2'' ' p2'' 2 p2''
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Dividing both sides by l/p\r yields

r{X}=^[G\]l{X} (2.110)

Following Eq. (2.107) leads to

[Gl]l{X}=\r{X} (2.111)
Pi Pi Pi Pi

Thus, if we compute successive products, such as
2{X} = [5][M] ]{X} (2.112)
3{X} = [d][Af[ 2{X] (2.113)

until we find
r+l{X} = [d][M] r{X] (2.114)

which is approximately a scalar multiple of the preceding vector,' {X}, then the scalar factor is the
approximate value of l/p2. Thus p\ and {X} are the fundamental frequency and normal mode,
respectively. Recall that in Section 2.6.1 the largest number in the column vector was used as
1 by removing the scalar factor from all the coordinates of [<5] [MJfA'J for the purpose of preventing
the coordinates of {X} from increasing without bound when the number of iteration increases.

2.6.3. Extraction Technique for Natural Frequencies
In some structural dynamic problems, only the natural frequency in a certain region is of interest,
and it may not be the fundamental frequency. It can be time-consuming if the particular frequency
is determined by means of the iteraction method starting from the fundamental mode. Actually,
the frequency can be directly obtained by using the eigenvalue extraction technique as follows.
Eet po be the frequency to be extracted and pv the frequency at the region of interest; then
the new frequency can be expressed as

P2=p2±p2 (2.115)

Substituting the above into the dynamic matrix equation yields

[K](X} = ( p 2 ± p 2 ) [ M ] ( X } (2.116)

Consider the positive sign for the case of the desired frequency greater than po; then

([K] - pi [M]) {X} = P
2

V[M] [X] (2.117)

or in the condensed form of [K]v = [K] — pi [M], the result is

[K]v{X}=p2
v[M]{X} (2.118)

The matrix iteration method and the reduced dynamic matrix technique discussed previously
can be directly applied to Eq. (2.118) for the frequency desired as well as for higher frequencies.

Note that the eigenvector associated with/)2 is the same as that corresponding top2. This holds
true because the actual frequency after extraction is p; therefore the mode shape does not change.
Also note that the method is useful for a structure having rigid-body motion; when an eigenvalue
algorithm, such as iteration method, cannot be used to find zero eigenvalue, then the other
eigensolutions cannot be calculated. Using the extraction technique, we can always shift the
stiffness matrix by [K] —pi [M] and then find the eigensolutions.
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2.6.4. Choleski's Decomposition Method
In the iteration method, the stiffness matrix, [K], must be inverted to a flexibility matrix, [6], in
order to obtain the fundamental mode. Apparently, the inversion is time-consuming even with
computer application. Matrix inversion can be avoided by using Choleski's decomposition
method, presented in this section. In the following dynamic matrix equation

-2 [K] {X} = [M] [X] (2.119)

[K] can be decomposed as [K] = [t/]T [\Z>\] [t/]. The term [U] is an upper triangular matrix with
unit diagonal elements, and ]\D\] is a diagonal matrix. Manipulating [K] = [t/]T[^/)\][t/] yields

~k\\ kn .
k2\ k22 .

- k\n'
• k2n =

, 1
= t/B t/23

Uln U2n U3a ...

D22
D33

Dnn

i2 t/13 ... U}tt

1 t/23 ... U2n

1 t/34... t/3B

1

(2.120)

Multiplying the matrices on the right side and equating the corresponding matrix elements on left
side gives

L>\\

n '"kln

A7
D22 = k22 - Dn(Ul2)2

D\\ U\n = k\n\

Ai(t/i2)2 + D22=k22;
U23D22 = k23;
U24D22 = k24;

5Z>i i + U23D22 + D33 = k33; D33 = k33 — U^3D\ \ — U23D22
>n + U23U24D22 + U34D33 = k34; t/34 =-^(k34 - U]3U14DU - U23U24D22)

The above equations can be summarized as

(2.121)

(2.122)

(2.123)

Utj = —— kij - Y] Uri UrjDr, ', i > 2, j > i + 1

(2.124)

(2.125)
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Let Eq. (2.119) be decomposed as

{X}q = [M]{X}q_l (2.126)

where {X}q_\ is the column assumed or computed from the preceding step, {X}q is the unknown
column to be determined, and q is the number of modes. Let

^{X}q = [Q} (2.127)

[M]{X}q_l = {V} (2.128)

Then

(2.129)
(2.130)

Since [V] can be obtained from Eq. (2.128), Eq. (2.130) can be solved by forward substitution:

e-i
Wl=Vt-Y.UmlWm (2.131)

m=\

By substituting [W] in Eq. (2.129) for [Q] through the use of backward substitution, we obtain

Q'=7r- E u*»>&n (2-132)
D" ,n~f+l

Here {Q} can be normalized at the end of each cycle.
For the higher modes, we can similarly follow Eqs. (2.88) and (2.90) as

q-\

(Xrq = (X}q-^Se(X}t (2.133)
t=\

in which

St= —— ̂ - ———— {X}7[M]{X}a; 1 = 1,2,..., q-\ (2.134)
{X}],[M] {X}e

 e L J " * ^ '

InEq. (2.133), [X}q is any trial column and [X}*q is the new column to be inserted in Eq. (2. 128) for
a new cycle. Illustration of the numerical procedure is shown in Example 2.6.2.

2.6.4.1. Iteration Method vs Choleski's Decomposition Method for Higher Modes
Since the calculation of higher modes for Choleski's decomposition method is based on the

formulation of the iteration method as stated in Eq. (2.133), the similarity between these two
formulations is shown as follows. The eigensolution for the gth mode can be obtained through
iteration by combining Eqs. (2.88) and (2.89) as

Since

(2.136a)
(2.136b)
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Eq. (2.135) can be rewritten as

ry, -{A. },, — —~
* (2.136c)

Let

Then

(2.136d)

(2.137)

For the Choleski's decomposition method, the eigensolution of the qih mode is calculated using
Eq. (2.133) as

{X}*q = {X}q -
/ -j

€=1

Comparing Eq. (2.137) with Eq. (2.138) yields the following relationships:

m; = [X}q
q- 1 =i

(2.138)

(2.139a)
(2.139b)
(2.139c)

(}„_, andNote that both {X}^_: [M] {X}'q and {X}} [M] [X}q are scalars which can be placed after {
before [X}t, respectively, as shown in Eqs. (2.137) and (2.138).
EXAMPLE 2.6.2 Find the natural frequencies and normal modes of the shear building shown in
Fig. 2.14 by using Choleski's method of matrix decomposition, given that i = 14 ft (4.2672 m), h
= 22 ft (6.7055 m), MI = M2 = M3 = 0.8431 k sec2/ft (12,304 N sec2/m), E = 30,000 ksi
(206,842.8 xlO6 N/m2), 73 = 238.4 in4 (9.9229) xlO"5 m4), 72 = 350.8 in4 (14601
xlO-4 m4), /j = 476.1 in4 (1.98168 xlO~ 4 m4).

M3

'» M, '>

'' M, ''

I, I.

r n r

FIG. 2.14 Example 2.6.2.
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Solution: For the given frame, the stiffness and mass matrices are

[K\ =
'ki+k2 -k2

symm

0
-Jfc3
k3

1506.74 -639.21 0
1073.61 -434.4

434.4

'MI o o
M2 0

symm M3

'0.8431 0 0
0.8431 0

0.8431
(b)

where k\ = 24EIl/l\ k2 = 24 EI2/i\ and k3 = 24£73/£3. Decomposition matrices [D] and [U]
can be from [K\ by using Eqs. (2.122)-(2.125) as follows:

Du=kn = 1506.74
U\2 = kl2/Dn = -639.21/1506.74 = -0.4241
Ul3=kl3/Du =0
D22 = k22 - U2

12DU = 1073.61 - (-0.4241)2(1 506.74) = 803.66
U23 = (k23 - Ui2DnUi3)/D22 = -434.4/803.66 = -0.5419
D33 = k33 - DuU^ - D22U^ = 434.4 - 803.66 (-0.5419)2 = 199.5

Thus

1506.4 0 0
0 803.66 0
0 0 199.5

[[/] =
1.0 -0.4241 0
0 1.0 -0.5419
0 0 1.0

Knowing [D] and [U], the following four steps are employed for matrix iterations:

Step 1. Calculate {V} from [M] [X}q_{ = {V} as

V\ = 0.843 IJTi; V2 = 0.843 \X2; V3 = 0.843 IX3

Step 2. Calculate [W] from [^{W} = [V] as

W\ = V\; W2= V2 + 0.4241 W\\ W3 = V3 + 0.5419 W2

Step 3. Calculate {Q} from

W "

as

(c)

(d)

23=^3/199.5;

Step 4. Calculate^2 and [X] from Eq. (2.127) as

639.2 IQ2)/ 1506.74
(e)

(0
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For the first iteration, let 1{X} = [1 1 1]T; then Eqs. (c)-(e) become

85

[ V } = \
0.8431
0.8431
0.8431

{W}= •
0.8431
1.2009
1.4939

[2.9158
{Q} = 5.5521

7.4880
10-3.

, ( 0.3894
— 2 [X] = 0.007488 | 0.7414
p 1.0000

For the second iteration, let 2{X] = [0.3894 0.7414 l.OOO]7 the result is

0.3283
0.6251
0.8431

2 { W } =
0.3283
0.7644
1.2574 1 2.0710

4.3665
6.3025

10-3.

, I 0.3286
— 3 [X] = 0.0063025 | 0.2698
p 1.000

For the third, forth, and fifth iterations, proceed likewise; the fifth iteration gives

[V}=\
0.2691
0.5757
0.8431

'{W}= •
0.2691
0.6899
0.2170

r

1.9458
4.1641
6.1000

10-3.

, [0.3190]
— 6{X} = 0.0061 | 0.6826 Ip [ i .ooooj

5{X] is not shown but its values are close to 6{X}. Thus the first natural frequency, p\, and the first
normal mode, {X}i, can be obtained as

p\ = ^1/0.0061 = 12.803 rad/sec, [X] = [0.3190 0.6826 1.000]T

For the second mode, begin with Eqs. (2.133) and (2.134) to sweep out the first mode and then
employ the four steps described above for iteration. Thus,

= 1.3217

] {X}2 = [0.2032 0.4354 0.6379] [X}2
(g)

and

0.9352^ - 0.1389^2 - 0.2034JT3
-0.1389^ + 0.7028^2-0.4354^3
-0.2034^ - 0.4354^2 + 0.362 IX3

(h)
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Let{Jn2 = [1.0 1.0 - 1.0]T; then [X}*2 = [0.997 0.993
tuted in Eqs. (c)-(f) for the first iteration as

0.8428 ] \ 0.8428
0.8425 I; { {W} = \ 1.2002
0.8439 -0.1935

(0 =

CHAPTER 2

1.000]T, which can be substi-

9.700 ]
9.678 i 10~4;

-9.701

1 7
0.9993

— 2 {X}* = 0.00097 I 0.9976
P -1.000

Performing subsequent iterations the results at the 5th and 6th iterations are

-15 {X}*2 = 0.0009695
1.0000
0.9965

-0.9992
— 6 {X}* = 0.0009694
P2

1.0000
0.9964

-0.9991

Thus

P2 = V 1/0.0009694 = 32.11 rad/sec; {X}2 = [1.000 0.9964 - 0.9991]T

For the third mode, Eq. (2.133) becomes

1 0.6008^ -0.4720^2+0.1306^3 1
-0.4720^, +0.3709^2-0.1026^3 i

0.1306^ -0.1026^+0.0284^3 J

in which S\{X] was calculated previously and 5*2 is obtained from Eq. (2.134) as

S2=-
1

\{X}2
^ = [0.3344 0.3331 - 0.3340] {X}3

(i)

G)

Let {X}3 = [\ -1 1]T; then {X}* = [1 -0.7855 0.2176]7. The first two cycles of
iteration become

0.8431 1
-0.6622 I; 2 |

0.1835

0.8431
0.3044
0.0185

2(Q} =
4.2008 ]

-3.2845 i 10~4;
0.9289

1.000
— 3 {X}* = 0.0004201 -0.7819
P 0.2211

The above convergent solution yields

= V 1/0.0004201 = 48.79 rad/sec; [X}3 = [1.000 - 0.7819 0.2211]T
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2.6.5. Generalized Jacobi Method
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The Jacobi method has several versions. The one presented here is the generalized Jacobi method,
based on the iteration technique and applied to solve the following eigenvalue problem:

(2.140)

where [X] and \/>\ include all the modes. This approach is to find a series of orthogonal
transformation matrices which will diagonalize the mass and stiffness matrices. The following
transformation matrix is chosen in order to reduce the off-diagonal elements of [K\ and [M]
to zero.

rth yth columns

1 A
B 1

1

/th

rows

(2.141)

where r represents the iteration number; A and B are constants to be determined in a manner that
eliminates the off-diagonal elements. After premultiplying [K\ and [M] by [T](f^ and
postmultiplying [K\ and [M} by [7](r', the k*» and m'y+ elements produce two equations

(2.142)

and

tf + (1 + AB)mf + Bm,j = m|+1) = 0 (2.143)

Multiplying Eqs. (2.142) and (2.143) by m,y and —ky, respectively, and adding the two new
equations, lead to a single equation

A(kiimij - ky-ma) + B(kijmij - kymy) = 0 (2.144)

which produces the solution (for simplicity, r, the iteration number has been omitted)

A = (kjjmij-kijmjj) (2.145)

and

B = -(kiimij•- k.jm,,) (2.146)

Since Eqs. (2.142) and (2.143) are nonlinear, this is not a solution to either equation, but Eqs.
(2.145) and (2.146) provide a means for a solution. Modifying these two equations to the form

A=-
C

D
C

(2.147)
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and

B =
C

-E
~C

CHAPTER 2

(2.148)

and substituting the above into Eq. (2.144) yields

_Lr _ -^L
c. o - kjjkijmumy + k^

which is a quadratic equation. Dividing by (— ky/C2) gives

-C2 - C[kjjmu - knmjj] + Ik^-m2- - k^m^- - %%»%»%• + fc?.

or

C2 + C[kjjmii - knmjj] - [A:,-/Wy - W,Y%

and C can be written as

/,-] = 0

C = - + sign of bJ\-\ + c

where

b =
c = y] [A:yym,y - = ED

(2.149)

// = 0 (2.150)

(2.151)

(2.152)

(2.153)
(2.154)

Note that this transformation only zeros ky, &//, my, and m,,- for this iteration. The next
transformation will force these elements to become nonzero again. Although the elements become
nonzero, convergence can be guaranteed. The proof can be found elsewhere. For a diagnonal
mass, one only needs to drop the off-diagonal element, my, in A, B, b, and c of the above equations.
The sign in Eq. (2.152) is determined in accordance with the sign of b. The solution is considered
acceptable when

< 10" (2.155)
Pi

and

< 10-

< 10-
i jj

(2.156)

(2.157)

where I0~s is a convergence tolerance, v is the sequence number for checking the convergence of
frequencies, and r is the iteration cycle. Eqs. (2.156) and (2.157) are a means of testing whether
the off-diagonal element are sufficiently close to zero. The eigenvectors are determined as the
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multiplication of all the transformation matrices used as

[X] = [r](1)[r](2)... [7](€) (2.158)

in which (£) indicates the last iteration. Eq. (2.158) should be normalized with respect to the mass.
Detailed procedures of the method may be summarized in the following seven steps.

1. Calculate coupling factors to determine whether the off-diagnonal element needs to be
reduced to zero or not. If both Eqs. (2.156) and (2.157) are less than or equal to a pre-
scribed tolerance, then elements &|+ ' and rr^+r> need not be reduced to zero. Check
other off-diagonal elements in a similar procedure.

2. If the off-diagonal element [K\ and [M] need to be reduced to zero, then use matrix [7]^ to
transform matrices [K\ and [M].

3. Define [K\m = [K\ and [M](1) = [M]; then

[X] = [T](l) [T](2)

[X] = [r](1) [r](2)

4.

, [X] = 1 . . . [7f

For the procedures presented, when (r) approaches an infinite number of cycles, then
and [M]^ converge to diagnonal form. The eigenvalues are obtained as

0
«B

(2.159)

Note that the elements in \p2 are not in the order of modes.
5. Check the convergence of eigenvalues using Eq. (2.155).
6. If eigenvalues are not converged then repeat steps 1-5. If all eigenvalues satisfy the cri-

terion then check whether there is any off-diagonal element required to be reduced
to zero. Use step 1 to check.

7. If all criteria are satisfied, the eigenvectors are scaled by using the following formula

X,,

Xn

(2.160)

EXAMPLE 2.6.3 Rework Example 2.6.2 by using the generalized Jacobi method presented
above. Let the convergence tolerance criterion, s, be 4.
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Solution: Using the structural properties and d.o.f. given in Fig. 2.14, the stiffness and mass
matrices may be taken directly from Eqs. (a) and (b) of Example 2.6.2 as

[K\ =
1506.74 -639.21

1073.61
symm

'0.8431 0
0.8431

symm

0
-434.4
434.4

0
0

0.8431

= [K\ (a)

(b)

The major iteration steps may be classified into two grousp: (a) sweeping cycles in that each
cycle has a number of iterations; and (b) iteration steps, as presented in the aforementioned pro-
cedures, that are within each sweeping cycle.

(al) First sweeping cycle: For i = 1,7 = 2, applying Eqs. (2.156) and (2.157) gives

/ ,(i)Y(M (-639.21)2

(1506.74)(1073.61)
= 0.2526 > = 0

Elements k\2, ki\, m\2, and W2i are required to be reduced to zero in accordance with Eqs.
(2.147), (2.148), and (2.152) as

£•(!> = k(^m($ - m\^k\^ = 1506.74(0) - 0.8431 (-639.21) = 538.92
r ( l ) (1) (0 7 (0 C'JQ m

- /C22^12 ~~ m22 12 = -)->°-^
7^(1)^^(1) iA 'in' ' _ ^^\^ 1 T/C, i (H-t-t — /C-,-1 /T?! ! — JDJ. 1 /

365.17
\ T ^ ) +538-92(538-92) = 751-59

(c)
_ 538.92

4̂ = ——-rr = ——-——- = 0.717

B =

751.59
1 _ -538.92

C0"~ 751.59

From Eq. (2.141)

= -0.717

1 0.717 0'
-0.717 1 0

0 0 1
(d)
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Then

[7]d)T [K]W

~

-0

[r](D

1
.717
0

=
1 -0.717

0.717 1
0

0.717
1
0

0
0"
0
1

=
~ 2975

0
311.4

0"
0
1
4

t8

1506.74 -639.21 0
-639.21 1073 -434.4

0 -434.4 434.4
0 311.48"

931.61 -434.4
-434.4 434.4

(e)

and

1.2766
0
0

0
1.2766

0

0
0

0.8431

For ; = 1, j = 3

k(2)k(2)
Kl\ K33

(311.48)2

(2975.4) (434.4) = 0.075 > M
m(2W2)
m\\ W33

1 = -262.59
= 1953.96

C(2) = _+ sign = 2006.01 (g)

-262.59
2006.01

1 0 - 0
0 1

0.1982 0

. i J\jy,

1309"
0
1

397.58
2006.01 = 0.1982

(h)

3115.9 -86.10 0
-86.10 931.61 -434.4

0 -434.4 403.84
(i)
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= [7]<2 >T[Mp[7f2> =
1.3097 0 0

0 1.2766 0
0 0 0.8650

G)

1 0.717 0'
-0.717 1 0

0 0 1

1 0 -0.1309'
0 1 0

0.1982 0 1
00

1 0.717 -0.1309
-0.717 1 0.9387
0.1982 0 1

For /' = 2, j = 3

V 2

= 0.5016 > JO'8;
23

22 33

K)' = 0

=k$>m<j>- m(k = 554.51
3 ) )

g = 290.32
-43)4) = 375.76

290.32 /290.32 +(554.51) (375.76) = 624.15 (O

-554.51
624.15

' i o
o i
0 -0.

0
0.602

1
(m)

3115.59 -86.10 -51.84
-86.1 2022.3 0
-51.84 0 218.45

(n)

1.3097 0 0
1.9574 0

symm 1.3276
(o)

[X] = [T](l>[T](z> [T](i> =
1.0 0.8333 0.3008'

-0.717 0.9166 0.6959
0.1982 -0.8885 1.0

(P)
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ni °m\{
k22

(4)
22

° ~H"

2378.86 0 0
1032.10 0

symm 164.54

Check convergence of \p\ by using Eq. (2.155); then

2(2) 2(1)
> ] ~ P\ ' - (k\ |2378.86-1787.14|

p*2> 2378.86 2378.86

= 0.2488 > 10~4(no convergence)

(a2) Second sweeping cycle: for i = 1, j = 2 at the fifth iteration,

0.97286 0.88207 0.30076'
-0.74689 0.88166 0.69581
0.22715 -0.87883 1.0

For i = 1, j = 3 at the sixth iteration

0.96756 0.88207 0.31810'
[X]= -0.75914 0.88166 0.68258

0.20954 -0.87883 1.00400

For ; = 2, j = 3 at the seventh iteration

3125.6 0.0445 0.66 x lO"4

2021.3 0
symm 217.59
1.3122 0

1.9625 0
symm 1.3281

(q)

(r)

(s)

0.96756 0.88137 0.31941'
-0.75914 0.88016 0.68389
0.20954 -0.88103 1.00270

(t)

"2381.98

symm

Check the convergence:

2381.98 -2378.*

0 0
1029.98 0

163.84

2381.98 = 1.314 x 10 3 > 10 4 (no convergence)

(u)
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(a3) Third sweeping cycle at the 8th iteration,

3125.6 0 0.66 x lO'6

2021.3 -0.166 x 1Q-8

symm 0 217.59
"1.3122 0 0

1.9625 0
symm 1.3281

0.96758 0.88135 0.31941'
-0.75913 0.88018 0.68389
0.20953 -0.88104 1.00270

(v)

2381.98 0
1029. S

symm

Check the convergence:

0
0

163.84
(w)

The solution is acceptable.
Note that the eigenvalues are not in the order of modes. The first, second and third eigenvalues

are p\ = 163.84, p\ = 1029.98, and p\ = 2381.98. Since 1.1455,

1.4009, ̂ r

r 0.96758
1.1455

-0.75913
1.1455
0.20953

rig = Vl.3281 = 1.1

0.88135 0.31941 -|
1.4009
0.88018
1.4009

-0.88104

1.1524
0.68389
1.1524
1.0027

L 1.1455 1.4009 1.1524 J

524; then applying Eq. (2.

" 0.84468
0.66270
0.18291

0.62913
0.62830
-0.62891

160) yields

0.27717"
0.59344
0.87012

where the order of modes should be determined according to the fundamental and higher fre-
quencies associated with the columns in Eq. (w). Thus the final solutions of the natural frequencies
and normal modes are

p: = 12.8; [X}{ = 0.87012

= 32.09; {X}2= 0.62913

= 48.81; {X}3 = 0.84468

0.31854
0.68202

1.0
1.0

0.99868
-0.99965

1.0
-0.78456
0.21654

(y)

(z)

(aa)
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The Jacob! method has the following special qualities: (1) simple and stable in numerical
procedures; (2) applicable to symmetric matrix; and (3) capable of solving negative, zero, or posi-
tive eigenvalues. However, it must solve simultaneously for all the eigenvalues and corresponding
eigenvectors. For a large structural system, if only some eigenpairs are needed, this method can be
inefficient.

2.6.6. Sturm Sequence Method
The Sturm sequence method is presented with an outline of numerical procedures, which are then
illustrated with an example. Some pertinent comments on the method are discussed afterwards.
Readers can observe the general properties of the method more fully after the specifics are pre-
sented. Since the basic derivation and convergence proof of the method are somewhat lengthy,
and well documented elsewhere, they are not presented here. For a typical eigenproblem shown
below,

the solution procedures may be outlined in the following seven steps:

1. Choose any initial value, /.Q.
2. Compute the leading principle minors of [K\ — /.[M], i.e.

Pr = \[Kr]-/.[Mr]\; r = 0, ! , . . . ,«. (2.162)

The number of agreements in sign between consecutive members of the sequence, Pr, r =
0, 1, 2, . . ., n is the number of eigenvalues greater than /.Q.

3. Repeat step 2 to find a region where only the desired eigenvalue exists. Suppose 7.q is the
gth eigenvalue. Then for i < 7.q < u the number of eigenvalues greater than I is
n — q + 1 , and the number of eigenvalues greater than u is n — q.

4. Employ a bisection procedure to find the new value of /. defined as

5. Compute the leading principle minors of [K\ —p[M], similar to step 2, to determine the
number of eigenvalues greater than p. If it is n — q + 1, then replace I by p.

6. Repeat steps 4 and 5 until the difference between I and u is less than tolerance criterion e;
the eigenvalue /.q is then determined.

7. Calculate the associated eigenvector {X}q, now that the eigenvalue /.q is known, by eval-
uating the following singular matrix:

({K]->.q[M}}{X}q = {Q} (2.163)

Let any element in {X}q be a number, say 1; then the rest of the elements can be expressed
in terms of that element. It is preferable to have the largest number be 1.

EXAMPLE 2.6.4 A three-story shear building illustrate the iteration method in Example 2.6.2,
and the Jacobi method in Example 2.6.3. The same building is now used to demonstrate the Sturm
sequence numerical procedures.
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Solution'. As shown in the previous examples, stiffness and mass matrices are

[K\ =
1506.74 -639.21 0

1073.61 -434.4
symm 434.4

'0.8431 0 0
0.8431 0

0.8431

k/ft

ksec2/ft

(a)

(b)
symm

The seven steps outlined above are applied as follows:

1. Choose initial value, /.Q = 0
2. Compute the leading principal minors.

P\ = 1506.74
1506.74 -639.21
-639.21 1073.61

= det [AT| = 240, 889, 505.0

= 1,209,061.6

(c)
(d)

(e)

(0

The number of agreements in sign between Pr's of Eqs. (c)-(f) is three (i.e. PQ and P\, P\
and ?2, and PI and Pi). Therefore, the number of eigenvalues greater than 0 is three.

3. Try /.Q = 2500, and repeat step 2; the result is

Pl = \ku -/.0Mi| = 1506.74-2500(0.8431) = -601.01

Similarly

ku MI 0
0 M2

= -242, 908, 965.0

-601.01 -639.21
-639.21 1034.14

= 212,939.05

(g)
(h)

(i)

G)

Because the number of agreements in sign between Pr's of Eqs. (g)-(j) is zero, all three
eigenvalues are between 0 and 2500.

4. Use the bisection procedure to find the new /, as /.Q = (0 + 2500)/2 = 1250
5. Repeat step 2

= l; PI =452.865
=-399, 652.13; P3 = 162, 117, 358.2 (m, n)

Since there is one agreement in sign between Eqs. (k) and (1), we have only one eigenvalue
greater than 1250. Therefore 1250 < /.3 < 2500, and 0 < /.,, /.2 < 1250. Try

(o,p)
(q.r)

= 625.00

PQ = \; />!= 979.80
P2 = 127,041.66; P3 = -196, 648, 141.0

Two eigenvalues are greater than 625; thus 0 < /,\ < 625, and 625 < "/.i < 1250.
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Cycle

1
2
3

13
14
15

Interval,
lower, / - upper, u

625-1250
937.5-1250
937.5-1093.75

1029.97-1030.12
1029.97-1030.04
1029.97-1030.01

A

937.5
1093.75
1015.62

1030.04
1030.01
1029.98

Po

1.0
1.0
1.0

1.0
1.0

p\

716.33
584.6
650.47

638.31
638.34

P2

-205,721
-320,040
-267,219.1

-277,621.2
-277,594

PI

-61,936,560
45,780,928

-10,012,480

44,976
18,160

Sign
agreements

for Pr

2
1
2

1
1

(s)

6. Suppose a second eigenvalue is needed. Steps 4 and 5 are repeated to find ~/.2, the results as
calculated appear in (s). Iteration tolerance is assumed to be e = 0.05. In the 15th cycle,
u-l= 1030.01 - 1029.97 = 0.04 < 0.05; then the eigenvalue of the second mode is taken
as

7.

=1029.5 P2 = V/.2 = 32.09 rad/sec (t)

Using similar procedures, eigenvalues of the first mode and third mode are found as

/„! = 163.84;
;.3 = 2381.97;

p\ = 12.8 rad/sec
^3=48.81 rad/sec

Find the eigenvector { X } l , associated with ).\ , by substituting the numerical values of [K\,
/., and [M] into the following:

1368.61 -639.21
935.78

symm

Let X3 = l; from the first row, 1368.61 JS

639.21

0
-434.4
296.27

-639.21 X2=Q

(u)

X\ = 1368.61 = 0.4671^2

from the second row, -639.21 (0.467\X2) + 935.78(JSf2) - 434.4(1) = 0; then X2 = 0.6820.
Consequently, the final result is

{jr}| = [0.3185 0.6820 1] (v)

Some comments pertinent to numerical procedures are summarized as follows.

1. The Sturm sequence method is suitable for calculating a limit number of eigenpairs. It is
time-consuming to search for all individual eigenvalues. However, for large structural
systems only a few fundamental modes are of practical use; the method is therefore very
useful.

2. In the numerical procedure, the determinant of ([Kr] — /.[M,.]) is not necessarily
calculated. Instead, the sign of([Kr] — /.[M,.]) is what we are interested in. For any positive
definite ([Kr] — /.[Mr]), we can transform it to the product of an upper triangular matrix [S]
and a lower triangular matrix [L] as

(2.164)
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where

(2.165)

0

(2.166)

Using the Choleski decomposition technique, the elements of the above matrices can be
found as

Sn = ku i = 1, 2 , . . . , n
£,., =ki\/S\\ i= 1 , 2 , . . . , «

r=l

"
' > 2, j > i +

(2.167)

From Eq. (2.164), det [K] =det [L] det [S] and, from Eq. (2.165), det [L,.] = 1; therefore

(2.168)
det ([Kr] - /.[M,.]) = det[5r] = [ [ Stt

1=1
= 5*11 822 • • • Srr

By using the sign of 51,-,-, the sign of det ([Kr] — /.[M,.]) can be easily determined.
3. Sturm sequence method can be applied to a structure having rigid body motion; that is [K]

can be singular but must be symmetric.

PART B ADVANCED TOPICS

2.7. EIGENSOLUTION TECHNIQUES FOR UNSYMMETRIC MATRIX

2.7.1. Classification of Cases
The eigensolution techniques presented so far for symmetric matrix except the determinant
method. There exist some cases of eigensolution problems for unsymmetric matrices.

2.7.1.1. Case A—Physical Model
This case can be typically described by using the soil-structure interaction shown in Fig. 2.15 in
which k\, MI, and p, represent transverse stiffness, transverse mass, and rotationary mass of
the superstructure, respectively; ki and kg represent transverse stiffness and rotational stiffness
of the soil, respectively; and A/2 and p2 signify transverse mass and rotationary mass of the
foundation. The structure has three d.o.f., x\, x2, and XT,, and may have three externally applied
forces, P\(t), /*2(0> and -^MO- To set up the dynamic equilibrium matrix, the accompanying
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P3(t)

FIG. 2.15 Physical model.

free-body diagrams are used by applying

EF, = 0 at Mi
(2.169)

ZFj = 0 at M2

M23c2 + k2x2 - -x2-
(2.170)

ZM = 0 at p2 (2.171)

where pj = M\R2 + M\l2, R is the radius of gyration about a gravity axis (i.e. central of M\;
pcg = MI J?2); the term associated with M\g represents a moment due to the superstructural weight
that induces the moment. This is called P-A effect, which can be significant in the structural
response for a structure having heavy weight such as a tall building. Using Eqs. (2.169)-(2.171),
form the mass and stiffness matrices as

MI 0 0
0 M2 0

M\i 0 Pi+p2_

x\
x2
3c3

-k\

M\g

-kit x\
x2

Pl(t)

(2.172)

2.7.1.2. Case B— Coordinate Model
Here a coordinate system establishes the dynamic equilibrium matrix and allows a comparison of
eigenvalues to determine the symmetric and unsymmetric case. Let the structure in Fig. 2.16 be
assigned two different coordinate models of absolute coordinates x and relative coordinates u.
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Absolute Coordinate Model Relative Coordinate Model

FIG. 2.16 Coordinate model.

The relationship between x and « is u\ = x\, U2 = xi — x\ and UT, = XT, — x2. Let
M\ = M2 = A/3 = M, dynamic equilibrium matrix for the absolute coordinates is

M

symm

Since

0 0
M 0

M

1 0 0'
1 1 0
1 1 1

'k:+k2 -kz
k2 + k

symm

0
(2.173)

(2.174)

the dynamic equilibrium matrix for the relative coordinate system becomes

M 0 0
M M 0
M M M

u\
U2

-k2 0
k2 -k-,
0 k]

(2.175)

which is unsymmetric. Eigenvalues of both the symmetric and unsymmetric cases should be the
same; the eigenvector can be transferred from one to the other.

2.7.1.3. Case C—Mathematical Model
This case is used mainly to evaluate eigensolutions with consideration of damping. Details are
given in the next chapter.

2.7.2. Iteration Method
Besides using the determinant method to obtain the eigensolution of an unsymmetric matrix, a
general approach—the iteration method—can be used. While its numerical procedures are similar
to those in Eqs. (2.74a,b)-(2.77a,b), details are elaborated in this section. Let

[D] = [S\[Af\, /. = ̂

Then

1

which may be expressed as

[D] {X} = }.{X]

Note that [D] is not symmetric.

(2.176)
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2.7.2.1. Fundamental Mode
Let the trial vector ! {X} be used at the left-hand side of Eq. (2.176); then

}{Y} = [D]*{X} (2.177)

Yet '[7] is not the true eigenvector; therefore

1 { Y } K / . 1{X] (2.178)

I f ' { Y } is the true eigenvector, then eigenvalue /, can be obtained by dividing any element of vector
l [ Y ] by the corresponding element of vector 1{X}. Since l{ Y} is not the true eigenvector, all such
ratios would not be equal. Therefore, the approximation of /. is obtained by taking the ratio
of the sums of all elements in the vectors

i . _ sum of elements of ' { Y }
sum of elements of ' {X}

For convenience, the new trial eigenvector can be scaled to avoid unusually large or small
numbers.

2{X}=:P 1{Y] (2.180)

Perform the next iteration 2 { Y } = [D] 2{X}. Repeat this procedure as many times as necessary
until reaching the desired degree of accuracy. The procedure will converge to the numerically
largest eigenvalue /. (i.e. smallest p2) and the associated eigenvector of the matrix [D].

2.7.2.2. Higher Modes
In order to find the eigensolutions of higher modes, the orthogonality properties of

unsymmetric matrix must be found. Here the derivation is first presented and then the numerical
procedures. Let [E] = [D]T and let {X1} and "/' be the eigenvector and eigenvalue associated with
[£"]; then we have

[D\{X}i = /.i{X]i (2.181)
[E\{X'}J = X{X'}] (2.182)

where ; andy represent two different modes. Premultiply Eq. (2.181) by {X'}J and Eq. (2.182) by

{X'}J[D\ {X}, = ;.i{X'}J{X}, (2.183)
fF! T rF l fF ' l — /'IYI^IY'1 ("> 1 8/T\\A. j: [ijj |-A jj —— /«:\J\ } • \A. J ; {<L.1O'-TJ

Transpose both sides of the above two equations:

f Vl^F J71 f V'\ j ! VlT f Vf~\ /O 1 Q ̂ \{A ); [cj {A )y = /~i{A ); (A Jy (z.lojj

(A"}J[/)] {^}; = ;̂ .{A"}J{Ar},. (2.186)

Compare Eq. (2.183) with Eq. (2.186), and Eq. (2.184) with Eq. (2.185),

(/./ - /.'j}{X'}J{X}i = 0 (2.187)

(}J{X'}, = 0 (2.1
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If i / j and /.,- / A/, we have the following two orthogonality conditions

[X'}J{X}i = 0
{X}J{X'}j = 0

CHAPTER 2

(2.189)

(2.190)

Begin by finding the first mode of [X}1 and ).\ associated with [D]; next solve for {X'}1, and /.[
corresponding to [E]. Use the orthogonality condition {Jf'}|{A'J2 = 0 to modify [D] to [DD] from
which [X}2 and /.i are then established. For the third mode, we need {X'}2 and /.'2, which can
be obtained from [EE]. [EE] should be modified from [E]; the modification is performed through
{Jf}|{Jf'}2 = 0. This procedure can be applied for other higher modes, and is illustrated by
the following example.
EXAMPLE 2.7.1 Find the eigensolutions of the single-story frame in Fig. 2.17 with a flexible
foundation for which the mass and stiffness matrices are

"1
0
0

~

0
2
0

500
-500

_ -6032

0
0

120

2

-500
100, 500
6032.2

-6, 000"
6,000

192, 000 _

(a)

(b)

For the first mode perform [D] = [K\~l[M]

0.00322034 0.00002 0.0120388
0.00001 0.00002 0

0.000100861 0 0.00100323

Follow Eqs. (2.177)-(2.180) and let 1{X}T = [1 1 1],

(c)

= [D] {{X}1 =
0.0152791
0.0000300
0.0011041

= 0.0152791-
1.000

0.0019635
0.0722616

= (

sum of element of 1{Y] 0.0152791+0.00003 + 0.0011041

= 0.1052791 2{X]

sum of element of ' {X} 1 + 1 + 1
= 5.47106 x 10~3

(d)

(e)

X^X3

FIG. 2.17 Example 2.7.1.
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Based on Eqs. (d) and (e), the iteration procedures may be summarized as:

Cycle («) Mode "{y}(10"4) n+>{X] "X(10"3)

2 \rA i

X2
X3

7 y
j\ ]

X2

X3

40.9032
0.1004
1.7336

36.7491
0.1005
1.3873

1.00000
0.00245
0.04238

1.00000
0.00274
0.03775

3.9784

3.6749

Solutions of the seventh and eighth cycles are identical; the iteration is stopped and the results
are

{X}1 = [1 0.00274 0.03775] (g)

/. = 3.6749 x 10~3; pi = J— = 16.4960 rad/sec (h)
Y/. i

For the second mode find {X'}1 and /.\, which may be found by using [E] = [D]T. Try ' {X1}1

= [1 1 1]; then

1 0.003312] f 0.255421 |
0.000040 | = 0.013042 | 0.003067 | = 0.013042 2{X'} (i)
0.013042 J [ 1.000000 J

The other iteration may be summarized as follows:

Cycle (n)

2

7

Mode

Xi
X2
X3

xl
X2
X3

«{y)(io-4)
9.2343
0.0517
40.7818

8.1554
0.04463
36.7491

«+'{*'}

0.22643
0.00127
1.00000

0.22192
0.00121
1.00000

«A'(10-3)

3.9784

3.6749

Again, the results of the seventh and eighth cycles are identical; then the solutions are

[X'}] = [0.22192 0.00121 1] (k)

//! = 3.6749 x 10~3; p\ = hr= 16.4960 (1)
y /-i

Note that ~/\=/.\ and p\=p\. Now use Eq. (k) in {X']\{X}2=Q, which yields
0.22192X\ +0.00121^2 + X3 = 0. Express X3 in terms of X\ and X2 as

X3 = -0.22192Xi - 0.00121X2 (m)
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Use [D] {X} = /.{X} where [D] is given in Eq. (c), and substitute Eq. (m) for X3, leading to

" 5.48689 x 1Q-4 0
0.00001 0.00002 \\X2\ "\X2

f (n)

In symbolic form

[DD] {X} = /.{X} (o)

Let '{^}T = [1 1]; then

, , (0.000548689) (1.00000) ,1 { Y } = [DD] l [X]2 = =0.000548689 = 0.000548689 2 {X} (p)

, . _ 0.00054869 + 0.00003
'"~ F+l

After six cycles, the second-mode eigensolutions are

[ X } 2 = [ 1 0.01891 -0.22194] (r)

/.2 = 5.4869 x 10~4; p2 = ^- = 42.6910 rad/sec (s)

For the third mode we need to find [X'}2 and [EE]. Use [X}1{X'}2 = 0, where [Xjj is given in
Eq. (g); then we have X{ + 0.00274^' + 0.03775^ = 0. Thus,

X( = -0.00274 X2 - 0.03775 X'^ (t)

Substituting X{ into [E] [X'} = ~/![X'} yields

1.99452 x 10-5 -7.550 x 1Q-7 "1 f X2 \ ., f X2
-3.29863 x 10-5 5.48765 x 10~4 J { X'z J ~ /- { ̂

In symbolic form

[EE] {X'}2 = A2 {X'}2 (v)

Let {X'}} = [1 1]; then

0.0000191902 | _ f 0.0372063 1
. 0.000515779 J ~ °-000515779 j L0000000 J

= 0.00515779 2{X'} (w)
0.0000191902 + 0.000515779

-5 c AVH^ „ m-4 M v/ I ~ '• \ v/ f (u)

After six cycles, the results are

[X'}} = [-3.77484 x 10~2 -0.001428 l] (y)
4 = 5.48881 x 10~4; p'2 = 42.6863 rad/sec (z)

To get the third-mode eigensolution, use {X'}^{X}3 = 0 and {X'^X}^ = 0, in which {X1}} and
{X'}1 are known. We then have two linear equations: 0.22192^ +0.00121^2 + ^3 =0 and
3.77484(10-2)JT1 + 0.001428^2 - X3 = 0, from which X3 can be eliminated and

^=-0.010159111^2 (aa)
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Substituting X\ into [DD] {X} = /.{X} of Eq. (n) yields

1.989841 x IQ~5X2 = /.3X2 (bb)

Thus,

/.3 = 1.989841 x 10~5; pi = 224.1769 rad/sec (cc)

Let X2 = \, the X\ and XT, can be calculated and the eigenvector becomes

{A-}} = [-0.010175 1 0.0010437] (dd)

Note that the eigensolution procedure shown in Eqs. (c)-(dd) is based on the sweeping matrix
approach discussed in Section 2.6.1.

2.8. RESPONSE ANALYSIS FOR ZERO AND REPEATING EIGENVALUES

2.8.1. Zero and Repeating Eigenvalue Cases
Sample structural models shown in Fig. 2.18 represent cases having zero eigenvalue(s), multiple
eigenvalue(s), or a combination of both. Case (a) represents a frame structure with roller supports
which has a zero eigenvalue due to the rigid-body motion of the structure. Case (b) symbolizes two
moving bodies connected by a spring; the system has two d.o.f., but one is a rigid-body motion
with a zero eigenvalue. Case (c) is a simple model of an airplane in which Mj and M2 signify
fuel tanks and M2 is the airplane body; this structure has two rigid-body motions and zero
eigenvalues. Case (d) is a column in a three-dimensional space; the motions of x\, x2, and XT,
in this particular case are uncoupled; the three eigenvalues could be the same or different
depending on the stiffness of the column in the x-, y-, and z-directions. Case (e) represents a
system that not only can have a zero eigenvalue, but can possibly have multiple eigenvalues. Case
(f) represents a complex model for which some of the frequencies are repeating. Some of the cases
are discussed in the following numerical examples.

2.8.2. Orthogonality Properties
From Fig. 2.18a, the stiffness matrix may be established as

[K\ =
ki -ki 0

k\ + k2 -k2
symm k2

(2.191)

which is a singular matrix (using row operation as: row 2 + row 1 + row 3 = 0). Therefore, one of
the eigenvalues in ([K] — p2[M])[X] = 0 must be zero, and the associated eigenvector is a
rigid-body motion. Similar behavior of rigid-body motion may be observed for the model in Fig.
2.18b. If a relative coordinate (say u = x\ — x2) is used to express the motion, then the system
becomes one d.o.f and excludes rigid-body motion.

Orthogonality properties can be derived by using the same method as presented in Section 2.4

[D]{X}i = }.i[X}i (2.192)
[D] {X}j = J.j(X}j (2.193)

Premultiply the first equation by [X}J and the second by [X}J; then transpose each of these two
equations and recognize [D] = [D]T as symmetric matrix, leading to

X}j = 0 (2.194)
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M,

k' M,

x2

X]

^

(a)

(c)

(e)

FIG. 2.18 Sample structural models.
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(d)
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-X2

If the eigenvalues are distinct, /.,- ^ /.j, then [X}J [X}J = 0, as discussed in Section 2.5.4. Now

X } J ( X ] j ^ O (2.195)or

In order to solve for response by modal analysis, the orthogonal matrix is needed to uncouple the
motion equation. Therefore, it is essential to use

{X}J{X}j = Q; z / y (2.196)

Since {X}J{X}j = 0 is not always true, some way must be found to establish the orthogonality
condition. A theorem in linear algebra states: if an eigenvalue is repeated n times, then there
are n linearly independent eigenvectors associated with these repeated eigenvalues. Thus the
orthogonality conditions can be found based on the characteristics of independent
eigenvectors. Numerical procedures for Eqs. (2.195) and (2.196) are demonstrated in the next
two examples.

EXAMPLE 2.8.1 Let the structural properties of Fig. 2.18d be ki=k2 = 600 k/ft , k3 = 2000 k
ft/rad, M\ = M2 = MT, = 1.2 k sec2/ft; find the eigenvalues and eigenvectors of the system.
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Solution: The dynamic matrix equation,
three-dimension space is

— p2[M] {X} = (0), of the vertical column in

0 0
k7 0

symm
-P

0 0
M2 0

symm
X2 (a)

Any appropriate eigensolution technique for symmetric matric can be used to find the eigenvalues.
For convenience, let us use the determinant method as follows:

\[D]-
0.002 -;. o o

0.002 -;. o
symm 0.0006 - /.

(b)

= (0.002 -;.) (0.002 -;.) (o.oooe -;.) = o
where [D\ = [K]~}[M] and /. = \/p2. From Eq. (b)

Ai = 0.002; /.2 = 0.002; /.3 = 0.0006 (c)

Using AI and /,2 in ([£>] — /.[/]) {X} = 0, we have X^ = 0, and X\ and X2 can be any arbitrary value.
In this case, {X}\ and {X}2 are arbitrarily chosen as

{X}J = [1 1 0]; Wl = [0 1 0]

The eigenvector corresponding to /.3 is

[X}1 = [0 0 - 1 ]

Checking the orthogonality condition {X}J{X}j = 0 yields

{X}}{X}2 = 1; {X]\{X}, = 0; WlW3 = 0

(d)

(e)

(0

It is apparent that the first two modes are not orthogonal. By knowing that the eigenvectors
corresponding to repeating eigenvalues are always independent; therefore, produce the orthog-
onal eigenvectors by using a linear combination of the original ones. Let * signify new
eigenvector; then

*[X}l = C ] { X } l + C 2 { X } 2

*(X}2 = C3{X}1 + C4{X}2

(g)
(h)

For simplicity, take C\ = Cj = 1. The new eigenvectors should be orthogonal to each other
as

*{*tf*{*}2=l+(l + C2)(l + C4) = 0 (i)

Let C2 = 0 and then find €4 = —2. Thus the true eigenvector of the second mode is

Wl=l[ l 1 0]-2[0 1 0] = [1 -1 0] 0)

It is apparent that {X}{ and [X}2 can be any vector on the X\-X2 plane due to the arbitrary
selection of X\ and X2, and consequently there are infinite pairs of {X}\ and [X}2 that maintain
the orthogonality conditions.
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EXAMPLE 2.8.2 For the structural model shown in Fig. 2.18e, find the sensitivity of k^ which
will cause the system to have repeating frequencies. For simplicity, let M\ = MI = M^ = M,
k\ = &2 = k, and £3 = ek. e is the sensitivity parameter.

Solution: The dynamic equilibrium matrix of[K] [X] — p2[M] [X] = {0} of this system may be
written as

(l+e)k -k -Ek
2k -k

symm (1 + e)k
-P

M O O
M 0

symm M

X\

Let a = (Mp1 /k); the determinant of ([K] — p2[M]) becomes

ff[ff2 - 2<7(2 + s) + 3(1 + 2s)] = 0

from which

(a)

(b)

(c)

Therefore, the first frequency associated with a rigid-body motion is zero. The second and third
frequencies may be repeated if the terms in the square root of Eq. (c) vanish, that is

e)2-3(l+2e) = (d)

from which e = 1. Upon substitution of £ = 1 in Eq. (c), ai = a^ = 3. It can now be concluded that
where k\ = k^ = ki = k, the three natural frequencies are

pi = o, p\=p\ = M (e)

Substituting the above into Eq. (a), and applying the linear combination technique to ensure
orthogonality conditions, yields the correct eigenvectors as

-2 1]; {X}] = [-1 0 1]

The mode shapes are shown in Fig. 2.19.
Note that the general solution of Eq. (c) is

CT2,3 =(2 + e )±(e - l ) = or 2s+l

(f)

(g)

Thus the second frequency is always 3k/M, no matter what stiffness, £3, is used. When e = 1, we
have two repeating frequencies. Any other value of e yields distinct frequencies.

i

K
-r

FIG. 2.19 Mode shapes for zero and repeating frequencies.
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2.8.3, Response Analysis
From Eq. (2.66), the uncoupled equation is expressed as

(2.197)

By knowing that the natural frequency corresponding to rigid-body motion is equal to zero, the
second term on the left-hand side of the above equation should be dropped. Therefore, the
response can be separated into two parts: rigid-body motion, {x}r, and elastic motion, {x}e.

{x} = {x},. + (x}e = [XyA + [X]e{x'}e = [X] {x1} (2.198)

where [X]r + [X]e = [X], and {x?}T + {x'}e = {x1}. Rigid-body motion may be expressed as

(2.199)

(2.200)

tx'0r+x'0r (2.201)
0 0

Displacement associated with elastic motion was presented in Section 2.5.2. Follow Eq. (2.47), but
use [X] instead of [$]; elastic displacement due to initial conditions for Eq. (2.197) becomes

Me(,n) = WeMeOn) = We[X COS pt\] {^}e+ [X}e[\ sin pt\] [ {x'(,}e

= [ X COS pt\] {X0le+[^sin Pt\] [V\]~' (iole

Elastic displacment due to applied force is

A

e(f) = [X}eix'}e({) = [ ^ \ ] ; ' ^ sin p(t - AX PP\]~1WZ{F(*)} d& (2.203)
0

Total elastic displacment is

Me = Me(in) + Me(f) (2.204)

Numerical procedures are illustrated in the following examples.
EXAMPLE 2.8.3 The structure shown in Fig. 2.20 is subjected to a force Fsin It applied at M2.
Let Mi = M3 = 1 k sec2/ft, and El = 360, 000 k ft2; find the response. Assume the initial con-
ditions are zero.

Fsin2t

M, El *M; El M3

10' i 2 10' - 3

FIG. 2.20 Example 2.8.3.
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Computed result Actual deformation

-o-

{X}lr {X}2r

FIG. 2.21 Mode shapes of example 2.8.3.

Solution: For the d.o.f. assigned to the structure, the mass and stiffness matrices are

0 0
M2 0

symm

1 0 0
2 0

symm 1
(a)

[K\ =
\2EI 1 - 2 1 '

4 -2
symm 1

' 4320 -8640 4320 '
17,280 -8640

symm 4320
(b)

Using the numerical procedures already presented, the eigensolutions become

1],
= 17,280

}l = [l 0 -1],
(c)

The mode shape is shown in Fig. 2.21. Note that the third mode should be shown by dotted lines
because the lumped mass is used. The solid line reveals actual elastic deformation. For the
response, calculate

= [X]r X2r ] [X]r X2r X3e]

0

Lsymm 4 _ 0 : Mf

From Eq. (2.201) with {x'0} = {x'0} = {Oj, the rigid-body motion is

r = [X]t

0 0

dAd-c
1 1
1 0

_ 1 — 1 _

, ,i iv TJ J Lo 2 j _
M i l l

1 0 -1
0 0

-0.0625 sn + 0.1 25?
P -0.0625 sn + 0.1 25?

-0.0625 sn + 0.1 24?

0
F sin 2A

0

(d)

(e)
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where sn = sin It. The elastic motion can be obtained from Eq. (2.202) as

'-A)7^7[l -1 1] FsinU rfA (f)131.45[1 ^ 1]

sn '
sn
sn

0
F sin 2A

0

F(1Q-4)
-1.1577 MI - 76.0922sn
1.1577 MI - 76.0922 M

-1.1577 M I + 76.0922 sn

where sn\ = sin 131.45*. The total response is found by adding Eq. (e) to Eq. (f).
EXAMPLE 2.8.4 Find the response of the structure shown in Fig. 2.20 due to the following
initial conditions: {x0}J = [1 2 1], {x0}r = {0}, {xo}J = [-1.5 1.5 -1.5], and {i0}J =
[2 -2 2].

Solution: Since no external load is applied and [xo}r = {0}, the rigid-body response corre-
sponding to {x'0} is the last term of Eq. (2.201). Therefore

{x}? = ([X]r{4}r)r={xo}?=V 2 1]

Elastic displacement response may be obtained from Eq. (2.202) as

We(m) = [V COS pt\] {Xo)e+[N sin Pl\] [V\]~' 1*0)e

Substituting the appropriate terms into the above yields

? —
~P3

(a)

(b)

•Je(in) (c)

where c^ = co&p^t, sn = sinp^t, andpi = 131.45 rad. The total response is the summation of Eqs.
(a) and (c).
EXAMPLE 2.8.5 The structure in Fig. 2.18f serves to illustrate a structural model with repeating
frequencies and the effect of those frequencies on the response. Using the notations in the figure, let
Ml=M2 = M3 = l,kl= 0.143306, k2 = 0.3125, £3 = 0.044794, k4 = 0.099112, and the forcing
function be {F(t)}'T = [4-2Qt 5 - 25* 6 - 30*], which is sketched in Fig. 2.22.

F(t)

F,

0.2 sec

FIG. 2.22 Forcing function.
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Solution: Based on the diagram in Fig. 2.18f, the mass and stiffness matrices are

Ml 0 0
M2 0

symm M3

'ki+k2+k3 -k2 -k3
k\ + k2 + k3 -k3

symm 2k3

(a,b)

Substituting the given mass and stiffness coefficients and performing eigensolution procedures
yields

^1=0.35355; p2 = 0.5; p3 = 0.5 (c)

and

{X}\ = [0.707108 0.707108 1]; {X}} = [-1 1 0]; {X}] = [1 1 -1.414214]
(d)

Using Eqs. (2.49) and (2.50) gives the modal matrix as

= [d>2 d>2 d>3] =
0.5 -0.707107 0.5
0.5 0.707107

0.707107 0
0.5

-0.707107
(e)

From the given mass matrix and the above modal matrix, the following orthogonality conditions
are satisfied

[<P]T[M] [<P] = [/]; [<J>?[K] [(D] = (f,g)

The element in Eq. (g) are associated with the frequencies already found in Eq. (c).
The displacement response without consideration of initial conditions is

sin p(t - (h)

Upon substitution, the displacements are

X] = a — b + c = first mode + second mode + third mode
x2=a + b + c = first mode + second mode + third mode
x3 = d — e = first mode + 0 + third mode

(i)
C)
00

where

sin V0.125(? - A) (24.7279 - 123.64A) JA G)
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0.2

FIG. 2.23 Influence of modes on x\.

0.09
0.08

! 0.07
0.06
0.05
0.04

0.03
0.02
0.01
0.00

-0.01

1st mode

3rd mode
0.0 0.1 0.2

FIG. 2.24 Influence of modes on X2.

i
b = 0.707107 /sin 0.5(?-A) (1.41421 -7.07107A)dA

o
/

c = 0.5 f sin 0.50 - A) (0.514716 - 2.57358A) dA
o

r

d = 0.707107 f sin V0.125(? - A) (24.7279 - 123.64A)JA
o
/

e = 0.707107 f sin 0.5(t - A)(0.514716 - 2.57358A) JA

(m)

(n)

(o)

(P)

Integrating Eqs. (n)-(p), and then substituting the results into Eqs. (i), (j) and (k), yields the
displacment response.

Influence of the individual modes on the response can be seen in Figs. 2.23-2.26, which are the
results from Eqs. (i), (j) and (k), respectively. The first three figures show how much displacement
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sec

FIG. 2.25 Influence of modes on XT,.

0.09

0.08
{x} 0.07

0.06
0.05
0.04

0.03

0.02
0.01
0.00
-0.01

0.0 0.1 0.2

FIG. 2.26 Displacement of x\, x-i, x-$.

of x\, X2 and XT, is attributed to each of these modes. Clearly the first mode dominates all the
displacements, and the second mode does not affect x$. Total displacements at each mass are
shown in the last figure; they are obtained by combining the response of individual modes.
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Eigensolution Methods and Response Analysis for
Proportional and Nonproportional Damping

PART A FUNDAMENTALS

3.1. INTRODUCTION
There are several kinds of damping, namely, structural damping, coulumb damping, negative
damping, and viscous damping. Structural damping results from internal friction within the
material or at connections of a structure. Coulumb damping is due to a body moving on a
dry surface. Negative damping results from adding energy to a vibrating system instead of dis-
sipating energy. Viscous damping results from a system vibrating in air or liquid of which
examples are shock absorbers, hydraulic dashpots, and a body sliding on a lubricated surface.
Viscous damping is commonly used in structural dynamics and is therefore presented in Chapter
1. The effect of damping on structural response is discussed in Sections 1.3 and 1.5. Four methods
of evaluating damping coefficients are given in Sections 1.3.3, 1.6.1, and 1.6.2.

This chapter presents the methods of determining damping coefficients and response analysis
of multiple-d.o.f. systems. The damping matrix can be symmetric or nonsymmetric, proportional
or nonproportional. For nonproportional damping, the response analysis involves complex
eigensolutions.

3.2. RESPONSE ANALYSIS FOR PROPORTIONAL DAMPING

3.2.1. Based on a Modal Matrix
A structural system of a discrete model is shown in Fig. 3.1, in which the resistance is due to the
viscous damping in terms of ex. c is the underdamping coefficient. The motion equations
may be established by using the free-body diagrams as

117
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M2

2
*,

Psinwt

c,x
———r-jj- - Psinwt

M,x, M2x2

FIG. 3.1 Structural model for viscous damping.

M\x\ -\-k\x\ + c\x\ —kixi + k2x\ — €2X2 + cix\ = 0
M2X2 + k2X2 - k2x\ + €2X2 - C2X\ = F(t)

in matrix notation

[M] [x] + [C] [x] + [K] {x} = {F(t)}

(3.1)
(3.2)

(3.3)

where [M], [K\, and (F(t)} are established in a similar manner as shown in Chapter 2; the damping
matrix is

[C\ = \ l_ 2 2 \ (3-4)

By using the modal matrix [$] or normal mode matrix [X] with the orthogonality conditions given
in Sections 2.5.2 and 2.5.3, Eq. (3.3) may be decoupled as

{'x'} + [<D]T[q [<£] {x'} + [V\]{*'} = [d>]T{/7(0} (3.5)

where {x} is generalized response vector used in Eq. (2.41). Equation (3.5) may also be expressed as

Take the rth mode from Eq. (3.5),

xt + {(&}J[C\ {OJj-Ji7} + p2x'j = {®}J{F(t)} (3.7)

or from Eq. (3.6),

x'i + [X}J[C] {X}i^x'i + pjx'i = ̂ {^}7{^(0) (3.8)
1 ^ ' l t - ^ ^ ' i T t r l f l l H / f l

Comparing Eq. (3.7) or (3.8) with Eq. (1.99), x + 2ppx = p2x = p2xsi sin a)t, of a single-d.o.f.
system, leads to

y (3.9)

(3.10)

(3.11)

or

[X}J[C] [X}j = 2piPiMidlJ

where dy is the Kronnecker delta

0, z / /
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Thus Eq. (3.7) becomes

119

(3.12)

Similarly for Eq. (3.8),

% + 2PiPix'i +P
2
ix'i = -=- (X}J{F(t)} (3.13)

For studying the characteristics of free vibration with proportional damping, drop (F(f)} and
consider the response due to initial conditions at t = 0. For instance, applying the similar pro-
cedures of Eqs. (1.41)-(1.45) to Eq. (3.12) for ^(0) = 0, xj(0) ^ 0 yields modal displacement
xft(f) and velocity x't(t) at any time t as follows:

jt'-(O)
'

x,(t} =

(3.13a)

(3.13b)

which is condensed by employing sin a,- = pt and cos a\ = ^(1 - p?); a,- is phase angle expressed as

Pi«/ = tan (3.13c)

In Eqs. (3.13a) and (3.13b) the damping effect on frequency is included.
The relationship between y!t(t) and x'^t) may be shown in Fig. 3.2. From the figure it can be

seen that the velocity vector leads the displacement vector by an angle (n/2) + «,-. Since the modal
matrix, [<]>] (or [X\], is not a function of time as shown in Eq. (2.32), the displacement component of
the /th mode, {*},. = {$}, x'f(t), and the associated velocity also have the relationship (n/2) + «/.

The complete solution procedure of Eqs. (3.12) and (3.13) is identical to that used for a
single-d.o.f. system, and the final results are

cos Pit + B sin Pit) • (3.14)

Imaginary

(a)

-Real

Amv

t'i(t)- „
Amvcos(yi-p i P j t +~2~

Imaginary

(b)

Real

(t)= ___
Amd cos( y1 -p j2 p; t -

FIG. 3.2 Phase angle.
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or

cos Pit + B sin Pit)
I V)T f
±±- I
Mipi J

sin Pi (t - A) JA

CHAPTER 3

(3.15)

Note that [<!>] = [X]/[M ]. Eqs. (3.14) and (3.15) are based on modal matrix and normal mode,
respectively. As discussed in Eq. (1.121b), for practical purposes, the damping effect on frequency
p and on damping factor p is neglected in the above two equations; i.e. p* = -/(I — p2)p = p and p*
= P/\/(l ~~ P ) = P- The procedure for finding the solution in the original coordinate {x} should
be identical to Eqs. (2.47)-(2.53).

3.2.2. Proportional Damping
Observing Eq. (3.9) or (3.10) reveals that the total damping of a structure is the sum of individual
damping in each mode. Therefore one can use the methods presented in Chapter 1 to determine
damping coefficients by measuring the decayed amplitude of mode shapes, such as logarithmic
decrement technique, and then find the total damping.

From Eq. (1.31), p = c/(2Mp) = c/[2,f(KM)] = cp/(2K), it is apparent that damping factor,
p, can be expressed in terms of mass, stiffness, or a combination of both. For a general expression,
let

[C\ = v.[M] + ft[K] (3.16)

which is substituted in Eq. (3.9) or (3.10) with consideration of orthogonality condition; then

a + ftP
2
i=2pj,l (3.17)

Thus the damping factor can be determined for a given set of a and ft as

Examining a and /? reveals the physical sense of p. If a = 0, then

(3-19)

which means that pt is proportional to/>,-. For higher modes of larger ph p, will be larger; then the
higher modes of a system will be damped faster than the lower modes. Since [C] = ft[K\, the
damping is proportional to stiffness and is called relative damping because it is associated with
relative velocities of displacement coordinates.

Let P = 0; then

Pi=~ (3-20)

which means that pt is inversely proportional to />,-. Therefore lower modes will be damped out
more quickly than higher modes. Since [C\ = a[M], which is associated with absolute velocity
of displacement coordinates, the damping is called absolute damping. Damping expressed in
Eq. (3.16) is called proportional damping.
EXAMPLE 3. 2.1 For the structure given in Fig. 3.1, let /t, = k2 = k = 1,M, = M2 = M = 1,
a = 0.1, and /J = 0.1; find the damping matrix [C] and then check the Kronnecker delta.
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Solution: The mass and stiffness matrices may be established

'}Ivl ' - ' I i r TVT I £*<\' t\- I / i \

0 M I ' [ ] = I '- ' - I (a' b)

Substituting Eqs. (a) and (b) with the given values into Eq. (3.16) yields

Ol „ J 2 -ll f 0.3 -0.1"!-j - -0.1 0.2 i (C)

Using the eigenvector, {X}, of the structure already obtained in Section 2.2.1, Eq. (3.10) may be
expressed as

mTrrlm_[ 0.6 1803 1 "IT 0.3 -0.1 "IT 0.61 803 1 ~|_ [0.19098 0 " |
L J L J L J~[ ! -0.61 804 J[ -0.1 0.2 J|_ 1 -0.61804_|~[_ 0 0.50 J

(d)

which satisfies the Kronnecker delta.

3.3. EVALUATION OF DAMPING COEFFICIENTS AND FACTORS

3.3.1. Two Modes Required
From Eq. (3.18), pt = «/(2/?,-) + fipi/2; if p and p of any two modes of a vibrating system are
known, say p\, P2 and p\, p2, then a and ft can be expressed as

/-> 11 \^ —— — (3.2 la)
P2~Pi
- 21

P!~ Pi

Consequently, damping factors of other modes can also be determined by knowing the associated
frequencies. Using a and ft as calculated allows determination of the damping coefficients as [C\ =

EXAMPLE 3.3.1 For the shear building shown in Fig. 3.3, M\ = M2 = Af3 = 1 k sec2/in, k =
1 k/in and the frequencies are found as p\ = 0.44504, p2 = 1.24698, and p3 = 1.80194.
Experimental work yields the damping factors of the first two modes as p\ = 0.01063 and p2
= 0.015. Find p3 and [Q.

M,

k
2

k
2

k
2
T

c rfrl
'P"M2

__

^["MI
J"

IXhr- rfr 77

k^
2

k
2

k
2

7-

FIG. 3.3 Example 3.3.1
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FIG. 3.4 Linear relationship of p\ and p/p,-.

Solution: Applying the given p and p of the first two modes to Eq. (3.21a,b) yields the
following two equations:

« = 2(0.44504) (1.24698) (0-01063)(1.24698)-(O.Q1S)(0.44504)
(1.24698)2-(0.44504)2

= 2[(0.015) (1.24698) - (0.01063) (0.44504)] _
(1.24698)2-(0.44504)2 ~

Substituting a, fi and p3 into Eq. (3.18) yields

0.005382 0.020597 (1.80194)
P3 = (2) (1.80194) ——————2————— = °-02005

From Eq. (3.16) the damping matrix is calculated as

(a)

(b)

(c)

[C\ = 0.005382
'1 0 0'
0 1 0
0 0 1

+ 0.020597
2 -1 0

-1 2 -1
0 -1 1

0.046576 -0.020597 0
0.046576 -0.020597

symm 0.025979
(d)

For proportional damping, p(pi andp,2 always satisfy the linear relationship in Eq. (3.17) (a +
fi pj = 2 Pfpi). This example is, in fact, a case of proportional damping; the linear relationship is
shown in Fig. 3.4.

Note that the experimental damping factors of several modes may not always satisfy Eq.
(3.17). However, a curve-fitting technique can be used to find an approximate linear equation
as shown in Fig. 3.5 from which p\ and p\ may be arbitrarily chosen and their corresponding
1p\p\ and 2f>2p2 can then be established. By substituting these two pairs in Eq. (3.21a,b), a
and p can be found.

When experimental data are not available, use the following steps to find a and fi: (I) deter-
mine fundamental frequency and the associated damping factor; (2) assume a ratio of higher
frequency to fundamental frequency and then find the associated damping factor; and (3) use
the solutions obtained in steps 1 and 2 to find a and (L
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2p2P2

2PiPi

FIG. 3.5 Curve-fitting for linear relationship between p] and 2p,/>,-.

Observe step 2. The optimum damping factor may be obtained by minimizing Eq. (3.18) as

dp/ _ a ft d Pf a
dpi 2p} 2 ~ dp] ~ p] >

from which the associated frequency, p =pt, is

Substituting the above into Eq. (3.18) gives

a=pp, ft=~P/P

For a single-d.oX system, p = p = ^k/M and p = p; we then have C=aM
p p M + p/p k = 2 p Mp.

Employing a and ft in Eq. (3.18) yields the desired damping factor as

Pi = Pi\ P
p 2

or

(3.22a)

(3.22b)

The relationship between p,- and Tf/f is shown in Fig. 3.6 for various p's, which indicates that
buildings with smaller natural period may have damping factors two or three times higher than
buildings with similar construction but larger natural period.

In Eq. (3.22a)^ may be taken as the lowest frequency of a structure. This value can be deter-
mined either by using the lower bound of response spectrum in the building codes (i.e. Uniform
Building Code and International Building Code), such as p = 0.333(27i) rad/sec or f = 3 sec,
or by using the fundamental period equation recommended in the codes. The damping factor,
p, may be based on available data associated with building types given in Table 3.1. Both p
and pare taken as p, andp,, as indicated in step 1. By assuming pip,(or Tf/f), p, can be derived
from Eq. (3.22a); the value of/>//>/ gives the corresponding pt as described in step 2. p, and />,•
are taken as p2 and p2, which are substituted, along with p, and />,, in Eq. (3.21) for a and ft
to complete step 3
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FIG. 3.6 Tt/T vs p for various p's.

TABLE 3.1 Optimum Damping Factors

Building types

Steel frame — welded connections and flexible walls 0.02
Steel frame — welded connections, normal floors and exterior cladding 0.05
Steel frame — bolted connections, normal floors and exterior cladding 0.10
Concrete frame — flexible internal walls 0.05
Concrete frame — flexible internal walls and exterior cladding 0.07
Concrete frame — concrete or masonry shear walls 0.10

EXAMPLE 3.3.2 Find a and f$ of a steel frame with welded connections, normal floors, and
exterior cladding by using the upper-bound period of 3 sec shown in the UBC's response spectrum
(see Fig. 7.31).

Solution: For the given problem, one may use

p = 0.05, pl=p, pi = p = 0.333 (2re) rad/sec (a)

Since the higher frequency is not given, we may assume a value ofp/pj, say 0.5. Eq. (3.22a) and the
assumed ratio give

Pi = p2 = (0.5 + 2) (0.05)/2 = 0.0625
Pi =P2= 0.333 (27i)/0.5 = 0.6666 (2n)

(b)
(c)

Substituting p\, p\, p2 and p2 into Eqs. (3.21a) and (3.21b) yields

« = 2(0.3333) (0.6666)0-03(0.6666)- 0.0625(0.3333) (2.) = 0.105 (d)
2 2(0.6666) - (0.3333)

2[0.0625 (0.6666) -0.05(0.3333)] =
[(0.6666)2 - (0.3333)2]27i
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3.3.2. All Modes Required
In Eq. (2.64), [M] = [XflM] [X], from which

[M]-][M] = [M]-1 [X? [M] [X] = (mT[M] [AT])"1 ([X? [M] [X]) = [X]-1 [X]

or

[*]-'= [MT'yrftM]
Since

[C] = mT [C\ [X] = [>2ppM\] (3.23)

then

[C] = ([X?y\C] [X]-] = [M] [X] [>2pp/M\][X?[M] (3.24)

Therefore damping coefficients can be found from either Eq. (3.24) or (3.25) using all the n modes
of a system

3.3.3. Damping Factors from Damping Coefficients
Knowing the damping coefficients allows the calculation of the damping factors. The derivation
may begin from a general motion equation, such as Eq. (3.23). For a free vibration, the equation
at the rth row is

i i
M,.xr + ̂  CriXi + ̂  kriXi = 0 (3.26)

where ; = 1,2, . . . n (no. of d.o.f.), r = 1,2, . . . n (no. of equations), and Cri is the damping
coefficient associated with the rth velocity in the rth equation. Observing Eqs. (2.12) and (2.13)
yields the following relationship for any wth mode:

x- X(lf>a(u)
X^ =

 }L^L_ (3.27)
U

a(u)\ ia(u)

from which

xiu = xru I -^ I and xiu = xru I -^ I (3.28)
\ar

Note that a/"' and a/u) are the wth normal modes which are typically signified by Xiu and Xru,
respectively. Upon substitution of Eq. (3.28) into Eq. (3.26),

M,xru + (£ C,, ̂ } xru + (£ k,, ̂ } xru = 0 (3.29)
\ A-rul \ ^rul

Analogous to a single d.o.f. system (Eq. 1.99), damping factors can be expressed as

Vc,,. = 2PraA(M,. (3.30)
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EXAMPLE 3.3.3 For a two-d.o.f. vibrating system, the frequencies arep\ = 0.61803 andp2 =
1.61802; the first and second normal modes are {JT}, = [0.61803 l]Tand{jr}2 = [1 -0.61804]T; and
the mass coefficients are M\ (i.e. M\\) = 1, M2(i.e. M22) = 1,M I2 = A/2I = 0. Find the damping
factors from the damping coefficients given as

, , .„ T 0.3 -0.1 "I , ,,. .„ [0.4 0.11
(a) [Cl=[_OA 0.2 \ and (b) [C] = [Ql Q3\

Solution: (a) Substituting the given data into Eq. (3.30) yields the following four equations

u=l, r = 2, -0.1 - + 0.2 = 2p21(0.61803) (1) (b)

u = 2,r=l, 0.3 T -0.1(——^—— =2p12(1.61802)(l) (c)
r
\) -\ 1 )

u = 2,r = 2, -0.1 ( „ *nA} +0.2f~"'";"; ' 1 = 2p22(1.61802) (1) (d)

The solution for the above is

pn = p21 =0.1118 and p12 = p22 = 0.1118 (e)

(b) Using the other set of damping coefficients yields

=2Pn(0.61803)(l) (f)0.61803

Ol/o.6i^803\ + Q^3 m = 2p2i(0_61803) (1) (g)

0.4(I)+0.l(^)=2p12(1.61802)(l) (h)

>

From Eqs. (f)-(i)

pn = 0.4545; p21 = 0.2927; p12 = 0.1045; p22 = 0.0427 G)

where py represents the damping factor at the rth d.o.f. of the jth mode. Case (a) has the same
damping factor for both modes, but Case (b) has different factors at each d.o.f. of individual mode.

3.4. DETERMINATION OF PROPORTIONAL AND NONPROPORTIONAL
DAMPING

As discussed in Section 3.1, viscous damping can be classified as proportional or nonproportional
damping. The response analysis technique for the former was discussed in the previous two
sections; the analysis technique for the latter will be introduced in the next two sections. Here
it is explained how to identify a damping matrix by whether it is proportional or not.

This identification poses a difficult problem and deserves further study. Quite often, we simply
use Eq. (3.9) or (3.10) and let the Kronnecker delta be satisfied. Thus the damping is treated as
proportional in response analysis. In fact, proportional damping has to strictly satisfy Eq. (3.16)
([C] = a[M] + /? [K])', v. and ft determined from Eq. (3.18) must exhibit a linear relationship
between p and p for all modes; a_nd [C] = [X]T[C] [X] naturally becomes diagonal as a result
of Eq. (3.16). One must note that [C] can be diagonal, but [C] may still be nonproportional because



EIGENSOLUTION METHODS AND RESPONSE ANALYSIS 127

Eq. (3.18) is not satisfied for all modes. Physically, nonproportional damping can be due to dif-
ferent damping factors assigned to different d.o.f. of a system. For instance, engineers may
use different construction materials at various floors of a building, employ a concentrated damper
(such as a control system) at a certain structural level, or assign larger damping coefficients for the
foundation than for the superstructure when foundation-structure interaction is encountered. A
few examples are briefly presented to illustrate the characteristics of nonproportional damping.
EXAMPLE 3.4.1 For the structure in Example 3.3.1, the eigenvalues and eigenvectors are

0.44504
1.24698
1.80194

'0.445042
0.801938

1.0

1.0
0.445042

-0.801938

0.801938
-1.0

0.445042

and the damping factors are given as

P\\ =Pi\ =P3i =0.251056
P l 2 = p 2 2 = p 3 2 = 0.409517
P i 3 = P 2 3 = P 3 3 = 0.559458

Find the damping coefficients and show the orthogonality condition.
Solution: Substituting the given data into Eq. (3.30) yields the following for r = 1, u = 1, 2,

and 3:

X\2/X\2
XT.T./XIT,

for r = 2, u = 1, 2, and 3

X22/X22
X23/X2T,

for r = 3, u = 1,2, and 3

X]3/X33

Cn
Cl2

Cl3

C2I

C22

C23

C3i

C33

= 2pl2p2M2 (a)

= 2p22p2M2 (b)

\2pi\P\Mi
= 2p32p2M2 (c)

Substituting the given information into Eqs. (a)-(c) yields

1.283 -0.588 0
-0.588 1.283 -0.588

0 -0.588 0.695
(d)

The orthogonality condition becomes

[X]T[C][X] =

in which

0.41143 0 0
0 1.88040 0
0 0 3.71220

= [X]r[M][X] =
1.84117 0

= 2

0

(e)

1.84117 0
symm 1.84117

(0



128 CHAPTER 3

Substituting pt already given and Mt obtained above into Eq. (e) yields

P! = 0.25106, p2 = 0.40952, p3 = 0.55946 (g)

Employing/)], p2, p\, P2 in Eqs. (3.21a) and (3.21b) leads to

a = 0.107, £ = 0.588 (h)

If [C] is proportional damping, then p3 and p3 should satisfy Eq. (3.17) as

tz + ppl- 2pip3 = 0.107 + 0.588(1.80194)2 - 2(1.80194) (0.55946) = 0 (i)

Therefore it can be concluded that [C\ is proportional damping.
EXAMPEE 3.4.2 For Example 3.4.1, let the damping factors differ as

Pi i = P 2 i = P 3 i = 0.08460
P12 = p22 = p32 = 0.15245
Pl3 = P23 = P33 = 0.06784

Find the damping matrix and then show whether the damping is proportional or not.
Solution: Following the procedures presented in the previous example, one can obtain the

following damping matrix and its othorgonality condition matrix in Eqs. (a) and (b), respectively.

[C\ =
0.3 0.0 -0.1
0.0 0.2 -0.1

-0.1 -0.1 0.2
(a)

0.13864 0.0 0.0
0.70 0.0

symm 0.45017
(b)

Although [C] is diagonal, [C] may be either proportional or nonproportional damping. If [C] is
proportional, it should satisfy [C] = a[Af\ + ft [K\ which, after substitution of the given data,
becomes

0.3 0.0 -0.1
0.0 0.2 -0.1

-0.1 -0.1 0.2

1 0 0'
0 1 0
0 0 1

2 - 1 0
-1 2 -1
0 -1 1

(c)

SinceC2i = C12 = 0,£ I2 = k2\ = -1 7^0, C3I = CI3 = -1,M I3 = M3I = 0,and£ I 3 = k3] =
0, a pair of values cannot be found for a and /? to satisfy [C]. It is concluded that [C] is
nonproportional damping.

PART B ADVANCED TOPICS

3.5. CHARACTERISTICS OF COMPLEX EIGENVALUES FOR NONPROPORTIONAL
DAMPING

For convenience, rewrite the general motion equation of Eq. (3.3) as

(3.31)

If [C] is nonproportional damping, then each component of eigenvector {X} is distinguished not
only by amplitude but also by phase angle (for which the behavior is introduced in Section 3.8).
Therefore In equations are required to determine all components of an n-d.o.f. system in each
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mode. One additional equation needed to couple with Eq. (3.31) to solve the components is

[M] [x] - [M] [x] = 0

Combining the above two equations yields

[0] [M\

[M]

or in symbolic form

where

(3.32)

(3.33)

(3.34)

(3.35a, b)

{z} is called the state vector; both [A] and [B] are symmetric.
Assume that displacements and velocities of Eq. (3.34) have the form d"; then

{z}=p{z}

From Eq. (3.34) for {R} = 0

p[A\{z} = -[B\{z}

or

where

(3.36)

(3.37a)

(3.37b)

The complex frequency equation can be obtained as follows:

Equations (3.37b) and (3.38b) may also be expressed as

-/.[/]

[M]

where

\-C\

[0] [/]

-[*]-'[M]|-|

(3.38a)

(3.38b)

(3.39a)
(3.39b)

(3.40a)

and

/. = —
P

(3.40b)
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FIG. 3.7 Complex conjugate.

Note that Eq. (3.38a) is easier to handle than Eq. (3.40a) because the former needs only [M]~'
while the latter needs both [M]"1 and [K\~l. Note also that Eq. (3.38a,b) is identical in form
to Eq. (2.74a,b) of the undamped case. For damped vibration, proof of orthogonality of
eigenvectors, iteration procedures for fundamental and higher modes, and proof of convergence
are similar to those of the undamped case as presented in Chapter 2. However, the eigensolution
method is different because [D] or [Dt] has an order 2n. If [K\ is singular because of rigid-body
displacement of a system, then rigid-body displacement can be removed from the system as
explained in Section 2.8.

Solution of /. can be complex eigenvalues for underdamping and will involve conjugate pairs.
If the kih and lih eigenvalues are complex conjugate, then

ak + ibk

4 = ak - ibk

(3.41)
(3.42)

for which the relationship is revealed in Fig. 3.7. Let the complex frequency be expressed as

pk = ak + ifjk (3.43)

Then from Eq. (3.41),

1
Pk = —-rr-ak + ibk

Multiplying the above by (ak — ibk)l(ak — ibk) leads to

ak ibi-
Pk = 4 + bl

Therefore

(3.44)

(3.45)

(3.46)

h=^
-bk

Since the solution has time dependence,

z = eP«> = e
a"e*' = eat' cos(f}kt) + ie"*' sm(fSkt) (3.48)

For a damped system, v.k is negative and ftk represents the frequency of damped free vibration.
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FIG. 3.8 Complex plane.

PkPk=°k

Imaginary

Real

FIG. 3.9 Physical significance of complex frequency.

If the displacement, xm (m = 1,2,3, ...ri), is plotted as a rotating vector on a complex plane as
shown in Fig. 3.8, its angular velocity is ftk. The velocities lead the corresponding displacements by
a phase angle, \jik + nil.. When pk is expressed in polar form

(3.49)

and

tan il/k = ̂  (3.50)

Let ak be the real-part magnitude and Qk be the imaginary part magnitude of the complex
frequency plane as shown in Fig. 3.9 for a single-d.o.f. case. The physical significance of ak
and Qk can be inferred from the figure as the frequency, damped frequency, and damping factor
in the following expressions:

• structural frequency without consideration of damping

Pk = (3.51)
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Imaginary

Real

FIG. 3.10 Normalization of complex vectors.

• structural frequency with consideration of damping

p\ = Qk = | imaginary part

• damping factor

\PkPkl
Pk

- = | cos

in which

PkPk = ffk= real part

(3.52)

(3.53)

(3.54)

Thus the complex frequencies provide us with information on damping. The present method also
applies to an undamped case for which a is equal to zero, that is p = 0.

In general, xm's have different Om's. For an undamped case, the eigensolution only yields the
relative amplitudes of displacements but not phase angles. Therefore the relative magnitudes
of complex displacements and the differences between phase angles, |0/ — 0; , are determined only
for a damped case. Consequently, normalization of complex vectors consists of not just scaling all
magnitudes proportionally, but of rotating all components through the same angle in the complex
plane as shown in Fig. 3.10.

EXAMPLE 3.5.1 Assume that the following two elements of a vector need to be normalized.
Find the magnitude and phase angle.

x\ = 1 + i, = 5 — 3z

Solution: Expressing x\ and x2 in polar form

1 TT
tan Oi =-,

tan 02 =

1
-3
~5~' 02 = -0.54

(a)

(b)

(c)

(d)
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FIG. 3.11 Example 3.5.1.

Therefore the normalization yields

£l_ /_L ;[(K/4)+0.54] ^2 =

JC2 V 1 7 ' JC2

In a different approach

(e)

x2 5 - Si-
tan 0 = 4,

Therefore

X2

(5)2 - (302

0= 1.326

1
17'

(0

(g)

If normalized X2 is signified by x'2, then not only does the magnitude of x\ have to be reduced
by 1/V34, but also both eigenvectors have to be rotated by 0.54 rad or approximately 31°.
Let normalized x\ and x2 be signified by x\ and x'2, respectively; then the relationship between
{x} and the normalized {x1} is as shown in Fig. 3.11.
EXAMPLE 3.5.2 For the two-story shear building shown in Fig. 3.12 with k\ = k2 = k = 800
k/in and M\ = M2 = M = 1 k-sec2/in, find the eigenvalues and eigenvectors by using the
state-vector approach.

Solution: The motion equation is

Mi
0

0 kl+k2 -k2 (a)

Let the state vector be

(b)
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M,

X2

2
-rfr

FIG. 3.12 Example 3.5.2—undamped case.

Then /.{z} = [D] {z} in which

[0] [I]

M
k_

L ~M

k_
~M (c)

Note that the arrangement ofx and x in Eq. (b) is different from that of Eq. (3.35a). Using a simple
determinant yields the following frequency equation:

u(p) =

from which

3p2k/M + k2/M

= ±1.61 8

or

p, = I n , 2 I = 0.618,/—;^1 1^1,^1 y^> = L618VM

(d)

(e)

(f)

The eigenvalues in Eq. (e) may be interpreted in the complex plane shown in Fig. 3.13.
The eigenvectors can be obtained by substituting/?,, i = 1, 2, 3, 4, into

[pi - D] {z} = 0 (g)

where [D] is given in Eq. (c). For instance, corresponding to/?, = 0.618 ̂ /k/M i, Eq. (g) becomes

00.618,/k/Mi
0

2k I M
-k/M

-k/M
k/M

-1 0
0 __ -1

0.618 yfc/ Mi 0 __
0 0.618 Jk/M i

(h)

from which the first, second, and fourth rows yield z, = Q.6\8^k/Mizi, z2 = 0.618 ̂ k/Miz2, z\
= -^Mjkiz-i, respectively. Thus z, = 0.618z2, z2 = - 1.618.y/M/fr/z2, and z, =



EIGENSOLUTION METHODS AND RESPONSE ANALYSIS

Imaginary

Ps

Pi

]
P2=P1

Real

P4=P3

FIG. 3.13 Undamped case—complex eigenvalues.
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iz2. Let z2 = 1; then

Z2

X2

-jM/ki

0.618
1

0.618
1

0.382v/A:/M' (i)

Similarly, the eigenvectors corresponding iop2,pi, and/>4 are given in columns 1, 2, and 3, of Eq.
(j), respectively.

0.618
1

1 1
-0.618 -0.618^

; \.6l&^/k/Mi -1.618
; -Jk/M i ^k/M i

0)

The real modes are extracted from /?1;2 and ^3>4 as

r z i i _ r ^ i _ ro.6i8 i i
[z2\ ~ \_x2\ ~ L 1-000 -0.618J (k)

EXAMPLE 3.5.3 Consider the two-d.o.f. damped system shown below of which the mass and
stiffness are the same as given in the previous example: M] = M2 = 2 k sec /in and k] =
k2 = 800 k/in. For the present case, damping effects are assumed to be a = 0, ft = 0.02. Find
the eigenvalues and eigenvectors.

Solution: Based on Eq. (3.31), we have

[2 0] J i i l [3.2 -1.6 " I f i l l [1600 -800 " I f xi 1 _
|_0 2 j { x 2 J [-1.6 1.6 J {i2J [-800 800 J |x2 J (a)

Using state-vector form gives

[0] m

or
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2
77T

M2

-ih
M, |

FIG. 3.14 Example 3.5.3—damped case.

in which

0 0 |
0 0 |

--- 1
-800 400 |
400 -400 |

1 0
0 1
...
-1.6 0.8
0.8 -0.8

(b)

The frequency equation is obtained as

u(p) = \Di -pl\ =/ + 2Ap3 + 1200.64/)2 + 640/7 + 160, 000 = 0

Thus

pi,2 = -0.153 ± 12.360;
p3A = -1.047 ±32.344;

The frequencies are

Pi = \Pi.2

Pi = \Pi,4

[(-0.153)2 + (±12.360)27

[(-1.047)2 +(±32.344)212

= 12.361 rad/sec

= 32.361 rad/sec

(c)

(d)
(e)

(0

(g)

Eqs. (d) and (e) can be interpreted as shown in Fig. 3.15.
From the figure it can be seen ihatp\ andp2, PJ, and/>4 are complex conjugates. Because the

system has damping, the eigenvalues do not lie entirely on the imaginary axis as they did with
the undamped case in the previous example. Using the physical interpretation in Fig. 3.9 reveals
the following:

structural frequency without consideration of damping

Pk = [(PkPk)2 + (P*)2^

Since p^=pkJ\ — p|, then

Pk = [(PkPk)2 +P2
k(l -P2^ = 12.361 and 32.361

which were actually obtained in Eqs. (f) and (g).

(h)
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Q,

Imaginary

Q,

Real

FIG. 3.15 Damped case—complex eigenvalues.

• structural frequency with consideration of damping

p\ = damped frequency = Qk = imaginary part
= 12.360 and 32.344

damping factor

cos -PP\
\P\

= P

pp = damping ratio = a = |real part

Thus for the present case

-0.153
Pi =

P2 =

12.361
-1.047
32.361

= 0.01237; or 1.237% of critical

= 0.03236; or 3.236%

(i)

0)
(k)

(1)

(m)

3.6. ITERATION METHOD FOR FUNDAMENTAL AND HIGHER MODES OF
COMPLEX EIGENVALUES

The previous section presents some important characteristics of complex eigenvalues along with
the determinant technique, which is useful for a small number of d.o.f. systems. This section covers
the iteration method, which is a general complex eigensolution technique for multiple d.o.f.
systems. Also included is the proof of orthogonality condition and the iteration for higher modes.

3.6.1. Fundamental Mode
Let eigenvector {z} and eigenvalue /. in

/.{z} = [D] {z} (3.55)

be expressed as

{z} = {e} + i(a] (3.56)

and

(3.57)

Substitute {z} and /. into Eq. (3.55), which is then separated into the following two parts:
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• real part

[D] f{£}= a '>}- b r{a}=r+l[e] (3.58)

• imaginary part

[D] » = b '•{£} + a ''{a} = r+Vl (3.59)

where superscript r at the upper left-hand corner signifies the iteration number. Rearrange the
above two equations for vector ''{a}

r{<r}=£ r{£}-£ r + 1{£} (3.60)

>}=-'•+>)--'•{£) (3.61)a a

Eliminate ''{a} from the above equations:

Replace r with r + 1 in Eq. (3.60) which is then substituted into the above

- 1 ''+1 M ~ \ ̂  W + ~, r+2 M = 0 (3.63)b b ab

Multiply the above by ab

(a2 + b2) ''{£} - la r+I (el + r+2 [e] = 0 (3.64)

Replace r with r + 1

(a2 + b2) r+1 {g} - 2a r+2{£} + r+3 {£} = 0 (3.65)

Rewrite the above two equations for each component i

(a2 + b2) 'g,- - 2a '•+1s, + r+2 s, = 0 (3.66)

(a2 + b2} f+1£; - la r+2Si + f+3 £,- = 0 (3.67)

Performing [Eq. (3.67) (r+1e//r+2e;)- Eq. (3.66)] yields

Similarly, multiply Eq. (3.66) by ''+1£,/''s,- and then subtract Eq. (3.67),

(3.

r,. r+3,, _ r+1 ,. r+2

2a = Jf —— ̂  ——— ̂ ^i (3.69)
r£. r+2e. _ ri£.)2

By assuming the real trial vector {e} in Eq. (3.58) as

[D] ''{el =f+1 {e}

and operating iteration procedures on the above, {e} is found and then employed in Eqs. (3.68) and
(3.69) for a and b as well as /. = a + ib. The frequency is consequently obtained through/) = 1 //,
= a + i/8, of which a and ft are found by using a and b as shown in Eqs. (3.46) and (3.47) for any
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kihmode. Substituting a, b, r{e}, and' + 1{g} intoEq. (3.60) yields the imaginary part, i{a}, which is
then combined with the known value of the real part to finally give the complex eigenvector as
shown in Eq. (3.56).

3.6.2. Orthogonality Condition and Iteration for Higher Modes
In order to converge to the next higher mode by iteration, the complex trial vector must be orthog-
onal to the previous eigenvector and its conjugate. Let {z} ] be the first mode and {z} be the arbi-
trarily chosen mode; then orthogonality requires that

{z]\[A\z} = Q (3.70)
{zfi[A]{z}=0 (3.71)

where

{z}, ={e),+/{cj}, (3.72)
{z}, = {ej, - «{<7}, (3.73)
{z} = {e} + i(a} (3.74)

Expanding Eqs. (3.70) and (3.71) into real and imaginary parts yields four equations of which two
are given below that provide the real trial vector {e} needed for iteration:

r{e}1[A] (e} = 0 (3.75)
r{ff}1[A] {e} = 0 (3.76)

Substitute Eq. (3.60) into Eq. (3.76) to eliminate '{ff},

b b

Considering Eq. (3.75) for the first term of the above, and given that 1 Ib cannot be zero, we have

r+1 {efi[A] {e} = 0 (3.78)

Thus, to ensure that the iteration on trial vector {e} converges to the next higher mode, {e} requires
the following othorgonality conditions

r{e}1[A] (e} = 0 (3.79)
r+1{e}[M(£l=0 (3.80)

Using the above two conditions yields two equations which are then expresed in the following
condensed matrix as

[£>']{£} = {£} (3.81)

Premultiply the above by [D]; the expressions for rth and (r + l)th iterations are

[D] [D'} r{£} = r+I {e} (3.82)

Performing iteration procedures yields the next higher mode.

3.6.3. Step-by-Step Procedures
1. Assume real trial vector {e}
2. Perform [D] ''{e} = r+l {^ [see Eq. (3.58)]
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3. Calculate /. = a + ib and p = a, + if} from Eqs. (3.42) and (3.45) in which

>'p >'+3P _ r+l ,, r+

[see Eq. (3.68)]

[see Eq. (3.69)]

[see Eq. (3.46)]

[see Eq. (3.47)]

4. Obtain {z} = r{s} + r{a}i in which

b -b
[see Eq. (3.60)]

5. Find [D] [Dr] for the next mode; [/)'] is obtained by condensing the following two
equations:

r e}1[A] (el = 0

6. Perform the following for the second mode

1 . Repeat the above six steps for the next higher mode.

[see Eq. (3.79)]
[see Eq. (3.80)]

[see Eq. (3.82)]

EXAMPLE 3.6.1 For the structure shown in Fig. 3.16 with M, = M2 = M = 1, k\ = k2 = k
= 1, and damping coefficients c\\ = 0.4, c ]2 = 0.1, c2\ = 0.1,andc22 = 0.3, find the eigenvalue
and eigenvector of the first mode by using the iteration method.

77T

M2

T

c

M, |

1̂
___«BI^L f*^^^^^jf\ »9

-ri-r ~n

k
2

k_
2

7-

*2

FIG. 3.16 Example 3.6.1.
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TABLE 3.2 {g} for Example 3.6.1

141

r

€

1
2
3
4

1

0
0
1
0

2

1
0

-0.5
-0.6

3

-0.50
-0.60
-0.51
-0.28

4

-0.51
-0.28

5

1.467
2.202

1.467 -0.824
2.202 -1.352

(

-0.
-1.
-2.
-4.

5

.824

.352

.716

.430

7

-2.716
-4.430
5.306
8.258

8

5.306
8.258
1.190
2.612

9

1.190
2.612

-15.204
-24.366

10

-15.205
-24.366
13.546
19.764

r

e

1
2
3
4

11
13.546
19.764
24.891
41.973

12

24.891
41.973

-62.545
-97.390

13

-62.545
-97.390

3.364
-3.137

14

3.364
-3.137
159.508
257.503

15

159.
257.

-182.
-273.

508
503
983
047

16

-182.
-273.
-216.
-373.

17

983 -216
047 -373
302 713
593 1120

.302

.593

.618

.373

18

713.618
1120.373

19

-215.064
-248.944

-215.064 -1626.881
-248.944 -2651.064

Solution: Using the given structural properties in Eq. (3.40a) yields

[0] 1 [/]1
-[K}-] [M] | -[K}-] [C]

0 0
0 0

-1 -1
-1 -2

1 0 "
0 1

-0.5 -0.4
-0.6 -0.7

(a)

Following the six-step procedure and calculating

[D] r{fi} = r+1 {g} (b)

give the numerical results listed in Tables 3.2 and 3.3. The notations in these two tables are
self-explanatory except

r+\ r+3 _ (r+2 y_ (r+2
i \ '

r,,. r+2,,. _ (r+I,,.\z
g, g, ^ t,,)

',, r+3,, _ r+l ,, r+2,.
- = 2a = -

(C)

(d)

Table 3.2 contains the calculations of and the corresponding cycle r. For instance, at the
beginning, r = 1

= [0 0 0]T (e)

in which s3 is assumed to be 1 and g, = g2 = s4 = 0. Apparently any other element could be chosen
to be a nonzero number. From Eq. (b) we have

2{g} = [1 0 - 0.5 - 0.6]T (f)

which is given in the second column, signified by 2 (r = 2). The third elements 'g3 = 1 and 2s3 =
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TABLE 3.3 a and b for Example 3.6.1

CHAPTER 3

1
r

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

2

£3

1
-0.5
-0.51

1.467
-0.824
-2.716

5.306
1.190

-15.204
13.546
24.891

-62.545
3.364

159.508
-182.983
-216.302

713.617
-215.064
-1626.88

3 4

B and A

BI
B2 = A\
B3 = A2

B4 = A3
B5 = A4

B6 = A5

B7 = A6

B$ = A-j
B9 = AS

B\Q = A9

-0
-0
-1

760
994
732

A/B =

AI/BI
A2/B2
A3/B3

-4.664 A4/B4
-11.752 AS/B5
-31.387
-82

-215
-561

-1466

093
055
959
828

Bn=Au -3828.161
#12=^11
B]3 = A\2
Bu = Ai3
Bi5 = AU
B\f, = A\s

-9987
-26058
-67984

-177365

798
506
592
952

A6/B6
A7/B7
Ag/B$
A9/B9

A\o/B\0
An/Bu
AU/BU
A\3/Bt3

A\4/Bu
Ais/Bis

-462731.445 AK/B\6

a2 + b2

1.3079
1.7428
2.6934
2.5195
2.6709
2.6155
2.6197
2.6130
2.6102
2.6099
2.6090
2.6090
2.6089
2.6089
2.6089
2.6089

Q
C2
C3
Q
C5
C6
C7
Q
C9
CIQ
Cn
Cl2

Cl3
CM
C]5

5

C

1
1
2
5

13

6

C/B = la

212
1603
5945
5451
4316

34.9839
89

235
613

1602
4180

10908
28459
74248

193709

9722
5853
7848
4082
7980
0534
5464
5253
5241

Ci/Bi
C2/B2
C3/B3
C4/B4

C5/B5
C6/B6
C7/B7

CS/BS
C9/B9

C-]Q/i>]Q

C-i 1 1 B\ \
C\2J B\2
C\3/ B\3

CU/BU
CIS/BIS

C]6 505370.0921 Ct6/Bi6

-1.5947
-1.1678
- .4983
- .1889
- .1430
- .1146
- .0960
-1.0955
-1.0922
-1.0924
-1.0921
-1.0921
-1.0921
-1.0921
-1.0922
-1.0922

— 0.5 are recorded at rows 1 and 1(r = 1,2) of the second column of Table 3.3 under notation 2.
Note that column 3 cannot be filled because (' +2)£3 from the third iteration is needed. Carrying
another iteration yields

3{£}=[-0.5 -0.6 -0.51 -0.28]7 (g)

which is again recorded in Table 3.2 at r = 3. £3 = — 0.51 is recorded in the third row of column 2
in Table 3.3. Knowing ' s3 = I , 2 g 3 = — 0.5, and 3s3 = —0.51, we find B\ in column 3 at r = l as

B{ =' s3
 3£3 - (2£3)2= -0.76 (h)

Similary, the fourth iteration yields

4{£}=[-0.51 -0.28 1.467 2.202]T (i)

and

B2=2e3
 4£3 -(V)2= -0.994 = ̂  ©

which are listed in column 3. Consequently columns 4, 5, and 6 contain the numerical results in
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Eqs. (k), (1), and (m), respectively, as follows:

= - =1.3079
B\

4C] = £3 £3 — £3 £3

2a = — =-1.5947
B,

3£3 = 1.212

143

(k)

(1)

(m)

The iterations continue until a2 + b2 and 2a converge as they did at the 15th and 16th
iterations. Therefore

and

b\ = [(a2 + b2) - a]J= [(2.609) - (-0.546)2]z= ±1.520

Thus

/.! 2 =ai+ ibi = -0.546 ± 1.520;
ai -0.546
+ b2, 2.608 = -0.209

-hi =pl.52Q
= ^0.583

p]2 = a j +
2.608

= -0.209 =F 0.583;

(n)

(o)

(P)

(q)

(r)

(s)

The first frequency is obtained from Eq. (s) as;?, = [(0.209)2 + (0.583i)2]'/2 = 0.619 rad/sec. The
real part of the eigenvector is in column 15 (r = 15) of Table 3.2. The imaginary part of the
eigenvector may be calculated by using Eq. (3.60) given in step 4 as

(t)

15^1 ai 15 f c . lW=Vi M -

-0.546
~ ±1.520

1 ' " ( I
~*i W

159.508
257.503

-182.983
-273.047

1
±1.520

-182.983
-273.047
-216.302
-373.593

= ±
63.074
87.120

208.028
343.857

Hence the eigenvector is

159.508 ±63.074;
257.503 ±87.120;

-182.983 ±208.028;
-273.04 ±343.857;

(u)
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from which the first mode of \z\ z2]T is derived by letting z2 = 1 as

(159.508 ± 63.07Q (-273.04 =F 343.857Q
(-273.04 ± 343.8570 (-273.04 T 343.857;')
(257.503 ± 87.120Q (-273.04 =F 343.857Q
(-273.04 ± 343.857;') (-273.04 =F 343.857;')
(-182.983 ± 208.028;') (-273.04 =F 343.857;')
(-273.04 ± 343.8570 (-273.04

1
343.8570

-0.113 =F 0.374;
-0.209 =F 0.583;

0.630 ± 0.032;
1.0

(v)

EXAMPLE 3.6.2 Use the structural data and solution of Example 3.6.1 to find the eigenvalue
and eigenvector of the second mode.

Solution: Following step 5 in Section 3.6.3, calculate the orthogonality conditions as

(a, b)

From Example 3.6.1,

15{e}f = [159.508 257.503 -182.983 -273.047]
16{£jT = [-182.983 -273.047 -216.302 -373.593]

(c)

0 0 1 0
0 0 0 1
1 0 0.4 0.1
0 1 0.1 0.3

(d)

{e} = -182.983ei - 273.047s2 + 59.0101e3 + 157.2906g4 = 0
{s} = -216.302si - 373.593s2 - 306.8631s3 - 406.7551s4 = 0

(e)
(f)

Condense Eqs. (e) and (f) by performing Eq. (e)/59.010 + Eq. (f)/306.8631 and Eq.
(e)/182.983 - Eq. (f)/216.302 which then yields Eqs. (g) and (h), respectively

si = -1.536e2+0.352e4

s3 = -0.135e2- 1.574e4

(g)
(h)

Rewrite Eqs. (g) and (h); using £2
 = £2 and £4 = £4 in matrix form leads to

0 -1.536 0 0.352
0 1 0 0
0 -0.135 0 -1.574
0 0 0 1

(i)
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TABLE 3.4 {g} for Example 3.6.2

1
2
3
4

0
0
0
1

-1.574
1
0.035

-0.108

0.035
-0.108

0.599
-0.372

0.599
-0.372
-0.078

0.081

-0.078
0.081

-0.221
0.134

-0.221
0.134
0.054

-0.046

0.054
-0.046

0.079
-0.046

TABLE 3.5 a and b for Example 3.6.2

1

r

1
2
3
4
5
6
7

2

*4

1

-0.108
-0.372

0.081
0.134

-0.046
-0.046

3

B and A

Bl -0.383
B2 = Ai -0.147
B3 = A2 -0.056
B4 = A3 -0.022

4

A/B = c

A,/B,
A2/B2
A3/B3

A4/B4

0.
0.
0.
0.

h62

.3833

.3833

.3833

.3833

5

C

C, 0.
C2 0.
C3 0.

6

.0413

.0159

.0061
C4 0.0023

C/B

C,/B,
Ci/B2
C3/B3
C4/B4

= 2a

-0.
-0.
-0.
-0.

1079
1079
1079
1079

or

[D'] {£} = {£}

Thus

'0 -0.135 0 -1.574'
0 0 0 1
0 0.603 0 0.035
0 -0.383 0 -0.108

(D

(k)

in which [D] is given in Eq. (a) of Example 3.6.1. Carrying out step 6 and then steps 1-3 gives the
numerical results shown in Tables 3.4 and 3.5.

Since a2 + b2 and la converge at cycles 3 and 4, the solutions at r = 3 can be obtained in a
similar manner as shown in Eq. (k) through Eq. (s) of the previous example. These solutions are

a2 = y = -0.054; Z>2 = [(a2 + b2) - a2
2]2= ±0.617

""r^-0.141;a^ + ftz cK
= a 2 + ;«,= -0.141 =F 1.609;

(1)

(m)

(n)

The second natural frequency is/>2 = \P3,4\ = 1.615 rad/sec, and the mode shape may be obtained
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from step 4 as

CHAPTER 3

-0.054
±0.617

0.035
-0.108

0.599
-0.372

1
±0.617

0.599
-0.372
-0.078

0.081

Then

-0.975
0.612
0.074

-0.099

{z}2 = 3 {£} + 3 {a} =

Assume x\ = 1; we have

0.035 =F 0.975;
-0.108 ±0.612;

0.599 ± 0.074;
-0.372 =F 0.099;

(o)

(P)

x\
X2

x\
X2

= •

(0.035 =F 0.975;) (0.599 =p 0.0740 1
(0.599 =F 0.074;') (0.599 ± 0.0740

(-0.1 08 ±0.6 120 (0.599 =F 0.074;')
(0.599 =F 0.074;') (0.599 ± 0.0740

1

(-0.372 =F 0.0990 (0.599 =F 0.074;')
(0.599 =F 0.074;') (0.599 ± 0.0740 J

= •

-0.05 11 85 =p 0.58661 5; >
0.364277

-0.01 9404 ±0.37458;
0.364277

1

-0.230154^0.031773;
0.364277 -I

-0.141 =F 1-609;
-0.053 ±1.028;

1
-0.63 I = F 0.088;

(q)

EXAMPLE 3.6.3 Using the eigensolutions obtained in Examples 3.6.1 and 3.6.2, show the
relationship between the two structural nodes for each mode.

Solution: From Examples 3.6.1 and 3.6.2, the eigensolutions are as follows:

Pl = -0.209 - 0.583;;

p2 = -0.209 + 0.583;;

0.630 - 0.032; 1
1.000 I

0.630 + 0.032;
1.000

(a)

(b)
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(c)

= -0.141 +0.088;;
+ao88|.

Since e*' = cos 4> + i sin </>, e^'' may be expressed in terms of p\ and p2 as

e(-o.209-o.583,> = e-o.209,[cos(_a5830 + ,- sin(_0.5830] (e)

e(-0.209+0.583,> = e-0.209, [cos(0.5830 + ,- sin(0.5830] (0

In Eqs. (e) and (f) the real parts can be shown on the real-imaginary plane as clockwise and
counterclockwise, respectively. Similarly, clockwise rotation is for p3 and counterclockwise
for p4.

The eigenvector for p\ is

0.630 - 0.032/ 1 , ,
1.000 J (S)

As xl
2 = 1.000, x\ can be expressed as

jc! = 0.630 - 0.032; = Vo.6302+0.0322/ tan"1 ~ ' OA0.630 (h)
= 0.6308/357.12°

Similarly, x\ for p2 is

x? = 0.630 + 0.032; = Vo.06302 + 0.0322 / tan"1 ———0.630 (i)
= 0.6308 / 2.88°

Thus x\ and x2 are

, /————————— , -0 0884W0.6312 + 0 .088 2 / t an- '———— Q)

= 0.637 L 187.95°

^V L tan- °-°88

-0.631 (k)
= 0.637 / 172.05°

The relationships between x\ and x2 due to different phase angles are shown in Figs. 3.17 and 3.18.

EXAMPLE 3.6.4 Find the displacement response of free vibration associated with the first mode
given in Example 3.6.1.
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FIRST MODE

p, = -0.209-0.583i 6 = 357.12° ] = -0.209+0.583i 0 = 2.88°

FIG. 3.17 Relationship between x\ and x2 of first mode

Solution: The general expression of displacement response may be expressed as

„ [ 0.630 + 0.032; ] _,__„ ,4(S+, ,,A, . , . , J 0.630 - 0.032;
1 1

(-0.566- 1.52/y

Let A = a, +a2, B = b2-bl, cos *¥ = *__, sin ̂  = *_• then
^A2+B2 «JA2+B2

?2e(-0-S46r) (0-707 cos(1.52/ - T + 2.9°)
cos(1.52f-»P)

(a)

(b)



EIGENSOLUTION METHODS AND RESPONSE ANALYSIS 149

SECOND MODE

p3=-0.141-1.609i 6 = 187.95° p4=-0.141+1.609i 6 = 172.05°

V

271

371

4n

FIG. 3.18 Relationship between x\ and x-i of second mode

3.7. RESPONSE ANALYSIS WITH COMPLEX EIGENVALUES

The state vector for the general motion equation of a multiple-d.o.f. system was given in Eq. (3.34)
as

{A} {z} + [B\{z} = (3.83)

Response analysis is also derived from this equation. As presented in Section 2.5.2 of Chapter 2,
Eq. (3.83) is uncoupled by constructing a modal matrix [<I>] from eigenvectors. Let

(3.84)
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where { Y} is a new vector and [<D] is established column by column of order In x In with complex
eigenvectors as follows:

[d)] = [{zlI{z}1 {z}2{z}2...{z}q{zV..{zUz}n]
-, (j.OJ)

. {<&},...{<&}„]

By substituting Eq. (3.84) into Eq. (3.83) and premultiplying with [<1>]T, an uncoupled motion
equation is obtained:

(Q} (3.86)

in which [}G\] and [\//\], diagonal matrices resulting from orthogonality conditions, and {Q} are

(3.87)
(3.88)

{0 = [<P]T{#} (3.89)

Since [<I>] is defined by {z} and {z} as shown in Eq. (3.85), Eqs. (3.87) and (3.88) can be rewritten as

Gq = {z}J
q[A} {z}? (3.90)

Hq = {z}][B\{z}q (3.91)

Gq = {z}1[A]{z}q (3.92)
Hq = {z}][B}{z}q (3.93)

For free vibration, {Q} = 0; then {z} = p{z}, and from Eq. (3.86)

Hq = -PqGq (3.94)

Thus

Yq -PqYq = {z}]{R}/Gq = Qq/Gq (3.95)

By using Laplace transform,

oc

C YM) = I e-" Yq(t) dt = Yq(s] (3.97)

CYq(t) = sYq(s)-Yq(G) (3.98)
£G?(0 = G?W (3-99)

Considering the initial displacement, F?(0), to be zero, then the Laplace transform of Eq. (3.95)
becomes

s Yq(s) - Pq Yq(s] = Qq(s)/Gq (3.100)

or

: TW . (3.101)
Gq(s-Pq)
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Similarly for Eq. (3.96)

151

(3.102)

The inverse transform can be written as

From Eqs. (3.84) and (3.85)

= 2^][realpartof {z}qYq(t)]
q=\

Since {z} = [d>] { Y} and

2nxl

we have

{X}q

{0}

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

Consider only the displacement part of {z}q in terms of {X}q; then Eq. (3.105) may be written as

{z}HXl = 2^][real part of {X}qYq(t)]
9=1

t
r
I

(3.108)

In the above equation {X}q, Gq, X^, -dndpq can be complex numbers. For convenience, the complex
numbers may be expressed in terms of phase angles as

= a + bi= \X\ei
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k
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2

h'
.

Jc
2

k
2

F(t)
kips

0̂.2 C( s

FIG. 3.19 Example 3.7.1.

Thus

q = \G

The wth component of Eq. (3.108) becomes

q=\

--m\ ." f
real part of '-^Y, \Xa J '

o1GJ ̂  "

(3.109)

(3.110)

(3.111)
(3.112)

(3.113)

Using e'e = cos 0 + i sin 0 and dropping the imaginary part yields the following displacement
response expressed in real form:

n I ym «

x m-2T^^TX '«W-ZZ^ ir? /-, (3.114)

EXAMPLE 3.7.1 The shear building shown in Fig. 3.19 is subjected to impulsive forces whose
forcing functions are F\(i) = 4(1 - 5Q and F2(t) = 5(1 - 5Q. Structural properties and damping
coefficients are the same as those in Example 3.6.1. Find the dynamic response equations and
plot the numerical results. Note that the given damping is nonproportional.

Solution: Based on the given structural properties, matrix [A] can be established from Eq.
(3.33) as

"[0]

_[M]

[Mf

[C]_

" 0
0

1
0

0
0

0
1

1 1
I o
1 ---
| 0.4
I 0.1

0 "
1

0.1
0.3 _

The eigenvalues and eigenvectors, obtained in Examples 3.6.1 and 3.6.2, are summarized herein
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with an additional term of eigenvectors expressed in polar form as (see Example 3.5.1)
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Ml = •
-0
-0

.113

.209
0.630

{z}2 = •

-0
-0

-0

1

.141

.053
1
.631

+ 0.374;
+ 0.583;
+ 0.032; or

iil
i?l
*\\
l*i 1

+ 1.609;
±1.208;

+ 0.088;

or

x2\

x\\
\x\\
4\

Following the procedures discussed in previous

a, = -0.209;
«2 = -0.141 J

ft = ±0.583
ft = ±1.609

= 0
= 0
= 0
= 1

= 1
= 1
= 1
= 0

391,
619,
631,
0,

615,
029,
0,
637,

o\
o]
o\
o]

0\
o2

2
0\

02
2

= 253.12°
= 250.24°
= 357.12°
= 0

= 265.00°
= 92.95°
= 0

= 187.95°

or
or
or

4.418 '
4.367
6.233

or 0

or
or

4.625 '
1.622

or 0
or 3.280 ,

examples

(b)

(c)

(d)
(e)

Using [A] in Eq. (a), and the real and imaginary parts in Eqs. (b) and (c), the numerical results from
Eq. (3.90) are calculated as follows:

GJ = {z}J[A} {z}j = {zi z2 z3 z4}J[A] {zi z2 z3 z4}y

= z, z3 + z2 z4 + z3(z, + 0.4z3 + O.lz4) + Z4(z2 + O.lz3 + 0.3z4)

= 2ziz3 + 2z2z4 + 0.2z3z4 + 0.4zj + 0.3z4

Thus

i ={z}J[A][zh =0.047+1.621;

or

I G i | = 1.622; < />!= 88.35°
G2 = [z}l[A] {z}2 = 0.358 + 4.490;

or

|G2| = 4.504; <f>2 = 85.45°

Substituting the above into Eq. (3.114) yields

(f)

(g)
(h)

(i)

2(0.631)
1.622

/
0.631 /"e-a209('-A) cos[0.583(« - A) + 6.233 - 1.542 + 6.233]^(A)dA

cos[0.583(? - A) + 6.233 - 1.542 + 0]F2(A) dk

2(1)
4.504

0)

+ 0.637 f/
J

;-A) + 0- \.49l+Q]Fi(A)dA

cos[1.609(? - A) + 0 - 1.491 + 3.003]F2(A) dA
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FIG. 3.20 Displacement x\ of Example 3.7.1—nonproportional damping.

and

2(1)
1.622

t

0.631 /V°-209('-A)
 cos[0.583(;- A) + 0- 1.542 + 6.233]^(A) JA

o

+ 1.0 / e-°-209('-A) cos[0.583(« - A) + 0 - 1.542 + 0]F2(A) dA
o

2(0.637)
4.504

t
1.0/e1.0 / e-al41('-A) cos[1.609(f- A)+ 3.003 - 1.491 + Q]Fi(A)dA

o
;

+0.637 /V°-141('-A) cos[1.609(f - A) + 3.003 - 1.491 + 3.003]F2(A)dA

(k)

In Eqs. (j) and (k), F,(A) = 4(1 - 5A) and F2(A) = 5(1 - 5A). Numerical results are plotted in Figs.
3.20 and 3.21 for the first and second mode of x\(i) and x2(i), respectively.

EXAMPLE 3.7.2 Rework Example 3.7.1 with damping coefficients of cn =0.3, c I2 = —0.10,
c21 = —0.1, and c22 = 0.2. Find the response equations and plot the numerical results. Note
that the given damping is proportional as shown in Example 3.2.1.

Solution: The procedures for eigensolutions are similar to those presented in Examples 3.6.1
and 3.6.2. Details are left to the reader as an exercise. The main results are summarized as follows:

0 0 1 0
0 0 0 1
1 0 0.3 -0.1
0 1 -0.1 0.2

(a)
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0.08

-0.02 L Second Mode

FIG. 3.21 Displacement x^ of Example 3.7.1—nonproportional damping.

[0] [/]
-[KT\M] -[K\-\C\

0 0 1 0
0 0 0 1
-1 -1 -0.2 -0.1
-1 -2 -0.1 -0.3

(b)

/.[/] - [D}\ = /: + 0.5// + 3.05// + 0.5/. + 1 = 0 (c)

/.i,2 = -0.18090 ± 1.60789;; Pl2 = -0.069 + 0.615;
;.3^4 = -0.06910 ±0.61416;; p3A = -0.181 + 1.608;

and

(d)

-0.043 + 0.380;
-0.069 + 0.614;

0.618
1

-0.181 + 1.608;
0.1 12 ±0.994;

1
-0.618

(e, 0

«i = -0.069; ^=0.615
«2 = -0.181; |82 = 1.608
GJ = {z}J[A] [z}j = 2zlZ3 + 2z2z4 - 0.2z3z4 + 0.3z^

for which

G l = { z ] r
l [ A ] { z } l =

(g)
(h)

(i)
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or

= 1.698; =90°

or

|G2 =4.444; 02 = 90°

Thus using Eq. (3.114) yields the following displacement response

2(0.618)
1.698

/
0.618 11 -0.069(r-A) •

+ 1 / e~°-069('~A)

Jo

2(1)

sin[0.615(? - A)](4 - 20A) JA

sin[0.615(? - A)] (5 - 25A) JA

4.444
/V°'1

t
-0.618 /V°-181('-A) sin[1.608(?-A)](5-25A)JA

00
(1)

(m)

(n)

x2(t) =
2(1)
1.698

/
3.618 f( ,-0.069(r-A) sin[0.615(? - A)](4 - 20A) JA

r

+ 1 /V°-069('-A) sin[0.615(; - A)] (5 - 25A) JA

2(0.618)
4.444

r

+0.618 fe
o

•15U'~A) sin[1.608(* - A)] (4 - 20A) dA

-0.18U/-A) sm[i.608(;-A)](5-25A)JA

(o)

The displacement corresponding to the first and second mode ofx\(t) is shown in Fig. 3.22. x2(t) is
similarly shown in Fig. 3.23.

3.8. RELATIONSHIP BETWEEN UNDAMPED, PROPORTIONAL DAMPING, AND
NONPROPORTIONAL DAMPING

The iteration procedures for complex eigensolutions can be applied to undamped, proportional
damping, and nonproportional damping as presented in Examples 3.5.2, 3.6.1 and 3.6.2,
respectively. Since structural configuration, mass, and stiffness of these three examples are
the same, the results are summarized in Table 3.6 for comparison.

The numerical results in Table 3.6 are plotted in Fig. 3.24. Note that for undamped and
proportional damping, the difference between phase angles of each node is always equal to either
zero or 180°. Therefore we can use a positive or negative sign to indicate the phase angles'
difference.
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FIG. 3.22 Displacement x\ in Example 3.7.2—proportional damping.

Second Mode

-0.02

FIG. 3.23 Displacement x^ in Example 3.7.2—proportional damping.

For nonproportional damping, however, the positive or negative signs, are not sufficient to
identify the difference between phase angles. This is because at t = to and = IQ + A; each node
can have the same sign and the different sign in a specific mode. Therefore, not only amplitude
but also phase angle are necessary to identify a mode shape. For that reason, n additional
equations are needed for a nonproportional damping system.
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TABLE 3.6 Summary of Eigensolutions for Undamped, Proportional Damping, and Nonpropor-
tional Damping

Proportional
Undamped Damping

p\ ±0.618; -0.069 =F 0.6 14;
p2 ±1.618; -0.181 =F 1.608;

x 0.618 0.618
zj x 0.618 0.618

e o o
x2 1 1

4 x2 i i
6>j 0 0

x\ 1 1
z\ \x\ 1 1

6>f 0 0

x2
2 -0.618 -0.618

z\ xl 0.618 0.618
^ 180° 180°

Nonproportional
Damping

-0.209 =F 0.583;
-0. 141=Fl . 609;

0.630^0.032;
0.631

357.12°, 2.88°

1
1
0

1
1
0

-0.63 I = F 0.088;
0.637

187.95°, 172.05°

First Mode Second Mode
t=t0+At t=tn+At

(b)

FIG. 3.24 Comparisons of eigenvectors: (a) undamped and proportional damping, (b) nonpropor-
tional damping.
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Dynamic Stiffness and Energy Methods for
Distributed Mass Systems

4.1. INTRODUCTION
The vibrations of structural frameworks composed of prismatic members with and without
superimposed masses are discussed in this chapter. Members are considered to have bending
deformation only, and structural joints are rigidly connected. Formulations and numerical
examples are presented for eigensolutions, steady-state vibration, and response to general forcing
functions with and without damping. The structures encountered are continuous beams and rigid
frames that may have multiple d.o.f. in side-sway. Mathematical formulations are based on
the dynamic stiffness method and the energy method.

4.2. DERIVATION OF BERNOULLI-EULER EQUATION
Let the typical prismatic beam shown in Fig. 4. 1 be subjected to a time-dependent load, w(x, t), i.e.
the magnitude of the load varies continuously from section to section, and the direction varies with
time. This load will cause motions of deflection, y(x, t) (assume positive downward), velocity,
dy(x, t)/dt, and acceleration, 82y(x, t)/dt2, as well as internal forces of moment, M(x, t), and shear,
V(x, t). From the accompanying free-body diagram, two equilibrium equations of ~LFy = 0 and
ZAf = 0 must be satisfied. The summation of the forces in the vertical direction is 'LFy =
(m dx) d2y(x, t)/dt2, in which m is the mass per unit length. Substituting all the vertical forces yields

- V(x, t) + w(x, f)dx + V(x, t) + - ' dx-m d* " ' = 0 (4. 1)
dx at

161
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FIG. 4.1 Typical prismatic beam.

or in condensed form

. 0

The summation of moments about the right side of the free-body diagram gives

T ,, , , , . , , , d2y(x, t) dx 3M(x, f) , , , dxV(x, t)dx + M(x, t) + mdx -7, — - M(x, t) - — ̂ -^ dx - w(x, t)dx— = 0
dtz 2 dx 2

Neglecting the higher-order terms involving w(x, t) and m leads to

dM(x, t)
3x - = V(x, f)

Substituting Eq. (4.2) into the above yields

(x, t) d2y(x, t)
dx2 ~ dt2

For the case of free vibration, w(x, t) = 0, Eq. (4.5) becomes

82M(x, t) d2y(x, t)- = m

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)8x2 ~'" dt2

Curvature of the elastic curve y(x, t) expressed in terms of the radius of curvature, R(x, f), is

1 d2y(x, t)/dx2

R(x, t)
1 +

dx

3/2 (4.7)

Based on the small deflection theory, (dy(x, f)/dy)2 can be neglected in comparison with unity; then
Eq. (4.7) can be rewritten as

1
R(x, t)

d2y(x, t)
dx2 (4.S

In the study of the mechanics of materials, the following relationship is derived from the
curvature, bending moment, and flexural stiffness (El) of a beam

1 M(x, t)
R(x, t) ~ El (4.9)
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Comparing the above result with Eq. (4.8) yields

d2y(x, t) M(x, t)
dx2 ~ El

Thus Eq. (4.6) becomes

(4.10)

= o

To solve the partial differential equation, the method of separation of variables is employed,

y(x, t)=Y(x)-g(t) (4.12)

where Y(x) is called the shapefunction, which is expressed in terms of x along a member, and g(t) is
the time function, which is related to the variable time of motion. Substituting Eq. (4.12) into Eq.
(4.11) and then separating the variables leads to

EI(d4Y/dx4)= d2g/dt2

mY g

Since Y and g are dependent on x and t, respectively, Eq. (4.13) must be equal to a constant, say/>2.
Thus

£-£'=«
and

J+/g = 0 (4.15)

Introducing a notation yields

Equation (4.14) can be rewritten as

0-^ = 0 (4.17)

of which the characteristic roots are /., —/., \/., and — i/., and the complementary solution is

Y = Ci e" + c2e-" + C3e'" + C4e~ax (4. 1 8)

Expressing it in trigonometric functions yields

Y = A sin /.x + B cos /.x + C sinh /.x + D cosh /.x (4. 1 9)

where A, B, C, and D are arbitrary constants and can be determined by using the boundary con-
ditions of a member. Eq. (4. 1 9) is called the Bemoulli-Euler equation and is based on consider-
ation of bending deformation.
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/.c,
A A

?°l

FIG. 4.2 Example 4.2.1.

Similarly, the general solution of Eq. (4.15) is

g = E sin pt + F cos pt (4.20)

The constants E and F should be determined from the initial conditions of displacement and
velocity at a given time. For determination of the natural frequencies of free vibration as shown
in the following example, always use the shape function; the time function is not needed.

EXAMPLE 4.2.1 Find the natural frequencies of the prismatic beam shown in Fig. 4.2.
Solution: The boundary conditions of this beam include zero slope and zero shear at end A(x

= 0) as well as zero slope and zero deflection at end B(x = L)

dy
dx

(0,0 =

(L, 0 = 0
for t > 0 (a)

These boundary conditions imply the following four conditions for Y(x):

(1)

(2)

(3)
(b)

(4) —CL) = Oax

Conditions (1) and (2) give

-A+C=0

Conditions (3) and (4) imply that

A sin /.L + B cos /.L + C sinh /.L + D cosh /.L = 0
A), cos /.L — B). sin /.L + C/, cosh /.L + D/, sinh /.L = 0

Eqs. (c) and (d) give

A = C = 0

(c)
(d)

(e)
(f)

(g)
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T 2jc/ T

FIG. 4.3 Example 4.2.1.

/ Ibr

I 4

A.L

and the result of Eqs. (e) and (f) is

B cos /.L + D cosh /.L = 0
— B sin /.L + D sinh /.L = 0

(h)
(i)

In order for the system to have a nontrivial solution, the determinant of the coefficients must be
zero. Consequently, the frequency equation can be obtained as

— tanh /.L = tan /.L (i)

The solution of/. = 0 in Eq. (j) need not be considered because it implies, according to Eq. (4.16),
ihatp = 0 and, according to Eq. (4.16), that Fdoes not have any frequency parameter; therefore
the beam is not vibrating. The results of Eq. (j) are plotted in Fig. 4.3, from which the solution may
be approximately expressed as

3rc In 1 In
'• ~ ' ~' ~~ (k)

Substituting /.L into Eq. (4.16) yields the natural frequency of the nth mode,

« = 1, 2, • • •, oo(4n -IV 2 I EI

pn - I —:— I K (1)

Using the arbitrary constants in Eqs. (g) and (h) (or Eq. (i)) leads to the following equation for
determining the characteristic modes of the beam:

cos /.LY = B cos /.x — B——-—— cosh /.xcosh /.L
, cos h/.x= B\ cos /.x — ——-—— cos /.Lcosh /.L

(m)

where B is arbitrary; /., depending on which number of mode shapes is to be investigated, should be
taken from Eq. (k).
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(a) End Deformation

Y,

(b) End Force

FIG. 4.4 Typical deformed member.

4.3. DERIVATION OF DYNAMIC STIFFNESS COEFFICIENTS
For the arbitrary member, "if, of a framework shown in Fig. 4.4, let the end moments, Mh Mj, the
end shears, Vt, V/, and their associated end deflections, Yh Y/, as well as the end slopes, Ot, O/, be
considered positive. According to the shape function derived in Eq. (4.19), the following boundary
conditions can be established:

End forces

x = Q

x = 0

x = L

d2Y
dx2

d2Y
dx2

d3Y
~dx^~
d3Y
dx* ~

Mt

El
Mj
El

Vi
El
v,
El

End deformations

dY
dx
dY
dx
Y = -

Y =

6,

8l

-Y,

Yj

(4.21)

In order to obtain force-deformation relationships, the constant coefficients A, B, C, and D of
Eq. (4.19) need to be solved in terms of end deformations. By doing so, Mh Mj, Vh and V/ can be
shown in terms of 0,, Oj, Yj, and Yj.

The four end deformations can be expressed in terms of A, B, C, and D as follows:

e,
9,
-Y,
Y;

A

X
X cos XL

0
sin XL

B

0
—X sin XL

1
cos XL

C

X
X cosh XL

0
sinhXL

D

0
XsinhXL

1
cosh XL

(4.22)
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Inverting Eq. (4.22) yields the following:

1 — sinh XL sin XL — cos X L cosh XL cos XL — cosh XL cos XL sinh XL + cosh XL sin XL sin XL + sinh XLA ——————

B =

DX DX D D

cosh XL sin XL — sinh X L cos XL sinh XL — sin XL cosh XL cos XL — sinh XL sin XL — \ cos XL — cosh XL
DX DX D D

1 + sinh XL sin XL — cosh XL cos XL cosh XL — cos XL — cos XL sinh XL — cosh XL sin XL — sin XL — sinh XL
DX DX D D

sinh XL cos XL — cosh XL sin XL sin XL — sinh XL sinh XL sin XL + cosh XL cos XL — 1 cosh XL — cos XL
DX DX L> Z>

(4.23)

where D = 2 — 2 cosh /.L cos /.L. Similarly, the four conditions of end forces can be expressed in
terms of arbitrary constants A, B, C, and D as follows:

M,
El
MJ
~EI

A

0

= -X2 sin XL

B

-X2

—X2 cos XL

C

0

X2 sinh XL

D

X2

X2 cosh XL

---

(4.24)

-X3 cos XL X3 sin XL X3 cosh XL X3 sinh XL

Thus Mh MI, Vh and Vj can be expressed in terms of Qh O/, Y,-, and Yj, respectively, by eliminating
constant coefficients. Flexural dynamic stiffness coefficients are shown in Eq. (4.25a, b):

{Qe} = [Ke]{ge} (4.25a)

where {Qe} = [Mt M} Vt Ky]T and {qe} = [0, Oj Y, F,]T. In detailed form:

M,

M, —

6i 6j

sinh (p cos (p — cosh 0 sin (p sin 0 — sinh (p
G G

sinh (p cos 0 — cosh (p sin 0

YI

sinh <^ sin 0 /0\
G \L/

cosh 0 — cos (p f(p\

Yj

cosh <p — cos (p /<£>\
G \L)

sinh <p sin <p i<f>\

(—cos 0 sinh 0 —cosh 0 sin 0) — . , . , 2V.L/ - smh # - sm 0/0V

— cos 0 sinh <^ — cosh 0 sin
\L

(4.25b)
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where 4> = /,L, G = [(cosh <f> cos 4> — l)L]/4>EI. Let Eq. (4.25b) be represented by

n Q v v
"/ "/ -* / -* /

Mi SM0i SM02 SMYi SMY2

MJ = SM02 SM0t SMY2 SMY] (4.26a)

Vi SMYi SMY2 SVY] SVY2

Vj SMY2 SMYi SVY2

or

e Y
M = SM6 SMY (4.26b)

V SMY SVY

Eq. (4.26a,b) is treated later in this chapter as a symbol representing stiffness coefficients of
formulating a structural stiffness matrix.

4.4. CHARACTERISTICS OF DYNAMIC STIFFNESS COEFFICIENTS

4.4.1. Numerals and Curves for Coefficients
The numerical values of six different dynamic stiffness coefficients are shown in Table 4.1. The
values were calculated by varying the parameter, <j>, between 0.05 and 6.50 (i.e. approximately
between zero and 2n) at increments of 0.05. Coefficients are then plotted in Fig. 4.5. From
the figure, the physical meaning can be interpreted as follows. For a given beam with both ends
restrained, subjected to a unit steady-state rotation of 0ie'/" (for undamped harmonic motion,
a structure's vibration varies with the forcing frequency, or, therefore, p = co), the moments
and shears at the extreme case of low frequency, i.e. <j> -> 0, are finite, as 4EI/L at end ; and
2EI/L at end j for moments, and —6EI/L2 at both ends for shears. Similarly, the moments
and shears at both ends, due to a unit displacement of Yfipl at the limiting case of no vibration,
are —6EI/L2 and 12EI/L?, respectively. However, when the frequency of vibration increases
to a value of <j> = 3.926 (corresponding to the natural frequency of a beam with one end rotated
(i.e. hinged support) and the other end restrained), no moment is required at the rotated end
to maintain its resonant behavior. Consequently, the stiffness, SMO\, is zero. When 4> equals
4.728, the vibrating mode shape is analogous to a beam with both ends restrained. In this case,
the end moments of the beam are finite, but the end rotations are zero; therefore, the stiffness
coefficients approach infinity.
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TABLE 4.1 Flexural Dynamic Stiffness Coefficients
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, ,̂(*) -® -O *-© »<) »*©
0.05
0.10

12.000 12
12.000 12

0.15 12.000 12
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
1.05
1.10
1.15
1.20
1.25

11.999 12
11.999 12
11.997 12
11.994 12
11.990 12
11.985 12
1.977 12

000
000
000
000
001
001
002
003
005
008

1.966 12.012
1.952 12.017
1.934 12
1.911 12
1.882 12
1.848 12

023
031
041
053

1.806 12.067
1.756 12
1.697 12
1.628 12
1.548 12
1.455 12
1.349 12
1.228 12
1.091 12

1.30 10.936 12
1.35 10.762 12
1.40 10.568 12
1.45 10.351 12
1.50 10.110 12
1.55 9.8438 12
1.60 9.5499 12
1.65 9.2266 12
1.70 i
1.75 !
1.80 i

5.8719 13
5.4837 13
5.0599 13

1.85 7.5981 13
1.90 7.0960 13
1.95 6.5511 13
2.00 5.9608 14
2.05 5.3224 14
2.10 4.6331 14
2.15
2.20

5.8898 14
5.0895 15

2.25 2.2287 15
2.30 .3041 15
2.35 .31185 16
2.40
2.45

.75186 16
1.8912 17

084
105
129
157
189
226
268
316
370
431
499
575
659
753
857
971
097
235
387
552
733
930
144
377
630
905
202
524
872
248
655
095

4.0000
4.0000
4.0000
4.0000
4.0000
3.9999
3.9999
3.9998
3.9996
3.9994
3.9991
3.9988
3.9983
3.9977
3.9970
3.9961
3.9950
3.9937
3.9922
3.9905
3.9884
3.9860
3.9833
3.9802
3.9767
3.9727
3.9682
3.9632
3.9576
3.9514
3.9445
3.9369
3.9285
3.9193
3.9092
3.8982
3.8862
3.8731
3.8588
3.8433
3.8265
3.8084
3.7887
3.7675
3.7447
3.7200
3.6935
3.6649
3.6341

2.0000
2.0000
2.0000
2.0000
2.0000
2.0001
2.0001
2.0002
2.0003
2.0004
2.0007
2.0009
2.0013
2.0017
2.0023
2.0029
2.0037
2.0047
2.0058
2.0072
2.0087
2.0105
2.0125
2.0149
2.0175
2.0205
2.0239
2.0277
2.0319
2.0366
2.0418
2.0475
2.0538
2.0608
2.0684
2.0768
2.0859
2.0958
2.1067
2.1184
2.1312
2.1451
2.1601
2.1764
2.1939
2.2129
2.2334
2.2555
2.2793

-6.0000
-6.0000
-6.0000
-5.9999
-5.9998
-5.9996
-5.9992
-5.9987
-5.9979
-5.9967
-5.9952
-5.9932
-5.9906
-5.9874
-5.9834
-5.9785
-5.9726
-5.9656
-5.9573
-5.9475
-5.9362
-5.9231
-5.9082
-5.8911
-5.8717
-5.8498
-5.8252
-5.7976
-5.7669
-5.7328
-5.6951
-5.6534
-5.6075
-5.5571
-5.5019
-5.4415
-5.3757
-5.3040
-5.2261
-5.1417
-5.0502
-4.9512
-4.8443
-4.7289
-4.6046
-4.4707
-4.3267
-4.1720
-4.0058

-6.0000
-6.0000
-6.0000
-6.0001
-6.0001
-6.0003
-6.0005
-6.0008
-6.0013
-6.0019
-6.0028
-6.0040
-6.0055
-6.0074
-6.0098
-6.0127
-6.0162
-6.0203
-6.0253
-6.0310
-6.0377
-6.0455
-6.0544
-6.0645
-6.0760
-6.0890
-6.1036
-6.1200
-6.1382
-6.1586
-6.1811
-6.2060
-6.2334
-6.2636
-6.2968
-6.3331
-6.3727
-6.4160
-6.4631
-6.5143
-6.5700
-6.6304
-6.6958
-6.7667
-6.8433
-6.9261
-7.0156
-7.1122
-7.2164
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* -,g) -'(£) M*) M*) MS) MS)
2.50
2.55
2.60
2.65
2.70
2.75
2.80
2.85
2.90
2.95
3.00
3.05
3.10
3.15
3.20
3.25
3.30
3.35
3.40
3.45
3.50
3.55
3.60
3.65
3.70
3.75
3.80
3.85
3.90
3.95
4.00
4.05
4.10
4.15
4.20
4.25
4.30
4.35
4.40
4.45
4.50
4.55
4.60
4.65
4.70
4.75
4.80
4.85
4.90

-3.1105
-4.4145
-5.8081
-7.2968
-8.8861
-10.582
-12.392
-14.322
-16.381
-18.577
-20.919
-23.417
-26.083
-28.929
-31.969
-35.218
-38.694
-42.415
-46.405
-50.688
-55.294
-60.257
-65.614
-71.413
-77.708
-84.564
-92.059
-100.29
-109.37
-119.46
-130.73
-143.44
-157.89
-174.52
-193.91
-216.88
-244.66
-279.08
-323.10
-381.82
-464.71
-591.78
-813.86
-1308.7
-3437.2
5077.2
1414.6
801.16
545.65

17.569
18.082
18.636
19.233
19.879
20.576
21.329
22.144
23.025
23.978
25.011
26.131
27.346
28.667
30.105
31.671
33.381
35.250
37.299
39.548
42.024
44.757
47.783
51.144
54.890
59.084
63.799
69.127
75.182
82.108
90.087
99.356
110.23
123.12
138.62
157.55
181.11
211.14
250.59
304.55
382.49
504.41
721.13
1210.4
3333.1
-5187.3
-1531.0
-924.13
-675.41

3.6011
3.5656
3.5275
3.4865
3.4426
3.3954
3.3447
3.2903
3.2319
3.1691
3.1016
3.0290
2.9509
2.8667
2.7759
2.6779
2.5720
2.4573
2.3329
2.1977
2.0505
1.8897
1.7138
1.5206
1.3078
1.0724
.81084
.51891
.19119
-.17904
-.60034
-.10838
-1.6439
-2.3004
-3.0802
-4.0214
-5.1801
-6.6415
-8.5427
-11.119
-14.808
-20.539
-30.662
-53.407
-151.79
242.62
73.219
45.008
33.375

2.3050
2.3327
2.3625
2.3947
2.4293
2.4666
2.5068
2.5501
2.5969
2.6473
2.7018
2.7607
2.8243
2.8933
2.9681
3.0493
3.1375
3.2337
3.3386
3.4534
3.5792
3.7174
3.8698
4.0384
4.2254
4.4338
4.6670
4.9294
5.2262
5.5641
5.9516
6.3997
6.9230
7.5410
8.2805
9.1797
10.294
11.710
13.563
16.089
19.727
25.403
35.469
58.155
15.648
-238.00
-68.666
-40.525
-28.966

-3.8273
-3.6359
-3.4307
-3.2107
-2.9749
-2.7222
-2.4515
-2.1615
-1.8506
-1.5175
-1.1602
-.77688
-.36543
.076568
.55180
1.0633
1.6145
2.2092
2.8520
3.5480
4.3030
5.1241
6.0193
6.9980
8.0718
9.2542
10.562
12.015
13.638
15.464
17.531
19.891
22.613
25.787
29.539
34.047
39.571
46.507
55.494
67.622
84.932
111.73
158.95
264.84
722.25
-1110.5
-323.03
-191.71
-137.43

-7.3288
-7.4500
-7.5807
-7.7217
-7.8736
-8.0375
-8.2144
-8.4052
-8.6112
-8.8338
-9.0745
-9.3349
-9.6169
-9.9228
-10.255
-10.616
-11.009
-11.438
-11.907
-12.420
-12.984
-13.604
-14.290
-15.049
-15.892
-16.834
-17.890
-19.080
-20.429
-21.967
-23.734
-25.782
-28.176
-31.009
-34.406
-38.542
-43.678
-50.210
-58.774
-70.462
-87.313
-113.63
-160.36
-265.72
-722.58
1110.7
232.85
193.15
139.51
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TABLE 4.1 Continued

6 SVY\{ — J SVY2\ — I SM9\ \ — J SM02\ — } SMYi\ — 1 SMY2\ — \
\EIJ \EI J \EI ) \EI J \EI / \EIJ

4.95
5.00
5.05
5.10
5.15
5.20
5.25
5.30
5.35
5.40
5.45
5.50
5.55
5.60
5.65
5.70
5.75
5.80
5.85
5.90
5.95
6.00
6.05
6.10
6.15
6.20
6.25
6.30
6.35
6.40
6.45
6.50

403.83
312.42
247.67
198.68
159.73
127.54
100.07
76.004
54.444
34.756
16.477

-.73765
-17.155
-32.984
-48.393
-63.521
-78.482
-93.378
-108.30
-123.31
-138.50
-153.93
-169.67
-185.78
-202.31
-219.35
-236.95
-255.19
-274.14
-293.89
-314.53
-336.15

-540.67
-456.62
-399.54
-358.53
-327.88
-304.34
-285.87
-271.19
-259.41
-249.91
-242.26
-236.13
-231.29
-227.54
-224.76
-222.83
-221.67
-221.23
-221.44
-222.29
-223.75
-225.81
-228.46
-231.71
-235.57
-240.05
-245.19
-251.02
-257.58
-264.93
-273.13
-282.26

27.014
22.994
20.217
18.178
16.612
15.367
14.350
13.500
12.775
12.147
11.595
11.104
10.660
10.256
9.8832
9.5368
9.2116
8.9038
8.6101
8.3275
8.0536
7.7862
7.5233
7.2632
7.0041
6.7444
6.4825
6.2169
5.9459
5.6679
5.3812
5.0838

-22.682
-18.743
-16.050
-14.099
-12.625
-11.477
-10.560
-9.8160
-9.2024
-8.6908
-8.2606
-7.8966
-7.5873
-7.3239
-7.0996
-6.9091
-6.7481
-6.6134
-6.5021
-6.4121
-6.3419
-6.2899
-6.2553
-6.2373
-6.2353
-6.2490
-6.2785
-6.3237
-6.3850
-6.4630
-6.5584
-6.6720

-107.64
-88.720
-75.564
-65.827
-58.280
-52.214
-47.196
-42.942
-39.260
-36.015
-33.108
-30.467
-28.035
-25.770
-23.637
-21.607
-19.659
-17.771
-15.928
-14.115
-12.320
-10.530
-8.7356
-6.9251
-5.0893
-3.2181
-1.3018
.66989
2.7076
4.8227
7.0275
9.3354

110.39
92.175
79.752
70.780
64.031
58.800
54.655
51.313
48.586
46.340
44.479
42.934
41.651
40.590
39.721
39.019
38.465
38.045
37.748
37.563
37.485
37.509
37.630
37.849
38.163
38.574
39.084
39.606
40.418
41.243
42.192
43.269

4.4.2. Rayleigh's Dynamic Reciprocal Principle
In Eq. (4.25), the moment, Mh at end i due to steady-state joint rotation, Oh is equal to the moment,
Mj, due to the same steady-state joint rotation at endy, O/. Similarly, M-t due to O/ is the same as M;-
due to Oj. This phenomenon of force-displacement relationships is similar to Rayleigh's dynamic
reciprocal principle of displacement-force relationships. Rayleigh's principle may be stated as
follows: If i and j denote two points in a given structure, then the steady-state displacement at
i produced by a harmonically varying load applied at j is equal to the steady-state displacement
at j due to the same load applied at i. The term displacement may be interpreted in a general sense
as either linear or angular displacement, and the term load may be interpreted in the same general
sense as either force or couple. Couples correspond to rotation, whereas forces correspond to
linear displacements.
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FIG. 4.5 Stiffness coefficients.
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4.4.3. Miiller Breslau's Principle
By using Rayleigh's reciprocal relations, it can be readily proven that Miiller-Breslau's principle is
also applicable to the case of steady-state forced vibration. This principle states that the influence
line for any dynamic function, such as reaction, shear, bending moment, or torque, at some point,
i, of a structure due to harmonically varying load can be obtained as the deflected shape of the
structure due to a small unit displacement, either linear or angular, introduced at point i.

It follows from this principle that the elastic curve of a fixed-end beam resulting from a unit
rotation at one end represents an influence line for a fixed-end dynamic moment due to a
unit-concentrated harmonically varying force on the beam. Similarly, the elastic curve of a beam
resulting from a unit deflection at one end (no rotation at that end) represents an influence line
for fixed-end dynamic shear due to a unit-concentrated harmonically varying force.
EXAMPLE 4.4.1 Prove that the dynamic stiffness coefficient, SMQ\, at the extreme condition of
low frequency, (<j> —>• 0), is equal to the static stiffness, 4EI/L.

Solution: From Eq. (4.25)

sinh ip cos 4> — cosh <j> sin <j> 4>EI
iA/t/i = ——————————-——-——— —— (a)cosh q> cos q> — 1 L

When (j) is equal to zero, SMQ\ = 0/0 is an indeterminate form. The exact limit of SMOl can be
found by using L'Hospital's rule to take the derivative of both the numerator and denominator
with respect to <f> and then let <f> approach zero as a limit. The differentiation of Eq. (a) yields

_ —2<f> sin <f> sink <f> + sink <j> cos <f> — sin <f> cos h <f> £7
sin h <f> cos (f> — cos h (f> sin (f> L

which is still indeterminate when <p = 0. Thus the L'Hospital operation must be performed on Eq.
(b) and again yields an indeterminate result. Repeating the operation once more gives

4</>(sin hd> cos d> — cos h d> sin &)+ 16 cos hip cos d> El
SMOi = ———————————-:———r-7———7——————————— -r (c)4 cos«<p cos q> L

which finally yields when 4> approaches zero

4/77
SMOl=—— (d)

EXAMPLE 4.4.2 Numerical values of the stiffness coefficients corresponding to <j> = 3 can be
obtained from Table 4.1 as follows: SMO\ = 3.1016 EI/L, SM02 = 2.7018 EI/L, SMY, =
-1.1602 EI/L2, and SMY2 = -9.9745 EI/L2. These coefficients represent the moments
and shears at both ends of the beam shown in Fig. 4.6 having a rotated end at i and a restrained
end at j. Prove that the summation of all vertical forces, including the inertia force, is equal
to zero.

Solution: The dynamic forces shown in Fig. 4.6 are based on the positive sign of the forces and
deformations used for deriving stiffness coefficients. The summation of all vertical forces gives

g(f)SM YI - g(t)SM Y2 + my(x, t)dx = Q (a)
o

Since the general expression of an elastic curve is

y(x, t) = Y(x)g(t) (b)

the acceleration is the second derivation of y(x, t) with respect to t

y(x, t) = —p1g(i) (A sin /be + B cos /be + C sin h /be + D cos h /be) (c)
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SMe,= 3.1016-^p

SMY, = -1.1602 —
EF

SM62= 2.7018-
———— L

y(x, SMY2=-9.0745-^
JL

FIG. 4.6 Example 4.4.2.

Therefore, substituting Eq. (c) into the left-hand side of the following equation, using p2 =
"/. El/m, and performing integration, we have

L

I my(x, f) dx = -g(f)/? EI[A(\ - cos /.L) + B sin /.L + C(cosh /.L - 1) + D sin/z /.L] (d)

where /.L is expressed in terms of <^>, and A, B, C, and D should be determined by applying the
boundary deformations, i.e. 0, ^ 0, Oj = Y; = Yj = 0, to the shape function. The solutions
are actually given in the first column of Eq. (4.23), which are now substituted into Eq. (d)
for Of= 1; then

L

I my dx == g(f)
sin h <f> sin (f> + cos (f> — cos h <p <p2EI

1 — cos h ip cos 4> L2 (e)

For</> = 3, sin 3 = 0.1410, cos 3 = - 0.9900, sinh 3 = 10.0179, and cosh 3 = 10.0677, Eq. (e)
becomes

g(t)
(10.0179) (0.1410) -0.9900- 10.0677 9EI

1- (10.0677) (-0.9900) ~7F
£'/ (f)

Substituting Eq. (f) and the given values of SM Y\ and SM Y2 into Eq. (a) yields the desired result
as follows:

FJ / FI\
-1.1602-^(0 - -9.0745-j g(0 + -7.910-^ )g(t) = 0 (g)

The centroid of the inertia force is

L
I xmy(x,

x=°-————

i)dx

(h)

jmymy(x, t) dx

Inserting x into Eq. (d), and then performing integration, yield - 3.2707 (EI/L)g(t). Substituting
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the result along with Eq. (f) into Eq. (h) leads to

_ -3.2707(£//LMO
-7.910(£//L2MO

= 0.413L (i)

4.5. DYNAMIC STIFFNESS, LOAD, AND MASS MATRICES

4.5.1. Degree-of-Freedom of Plane Structural Systems
To formulate a structural stiffness matrix, the d.o.f. of the system must be known. In general, a
plane elastic structure has three generalized displacements at each node, including the supports;
the restraints that are imposed on the displacements by the supports are three for a fixed support,
two for a hinged support, and one for a roller support. However, a rigid frame has one more
restraint from each constituent member because the axial deformation is neglected. Let NFJ,
NHJ, and NRJ be the number of fixed, hinged, and roller supports, respectively, and NJ and
NM the number of structural joints and members, respectively.

Then total d.o.f., NP, of an elastic structure is

NP = 3NJ - (3NFJ + 2NHJ + NRJ) (4.27a)

Total d.o.f. of a rigid frame is

NP = 3NJ - (3NFJ + 2NHJ + NRJ + NM) (4.27b)

Total d.o.f. of a truss (two possible displacements at each joint) is

NP = 2NJ - (2NHJ + NRJ) (4.27c)

The number of possible joint rotations, NPR, of a plane framework is the difference between
the number of structural joints and the number of fixed supports (including guide support)

NPR = NJ - NFJ

Total d.o.f. in linear displacements, NFS, of an elastic structure is

NFS = 2NJ - (2NFJ + 2NHJ + NRJ) (4.27d)

Total d.o.f. in side-sway of a rigid frame is

NPS = 2NJ - (2NFJ + 2NHJ + NRJ + NM) (4.27e)

Let the structure given in Fig. 4.7a be subjected to harmonically varying forces and foun-
dation movement of which the members are numbered 1-5. The d.o.f. in rotation, NPR, are
assigned in the accompanying Fig. 4.7b as Pg's and Xg's, which signify externally rotational forces
and displacements, respectively. Similarly, the d.o.f. in side-sway, NPS, are assigned as Ps's and
Xs's for externally transverse forces and displacements, respectively. These actions are also called
generalized forces and displacements. In Fig. 4.7b each member is assigned ; andy, which represent
the end forces and deformations of that member in conformity with the sign convention used for
deriving stiffness coefficients as sketched in Fig. 4.4. Thus the positive moments and shears
of individual members are assigned in Fig. 4.7c where the odd and even numbers represent ;
andy, respectively: for instance, 1 and 2 for member 1; 3 and 4 for member 2. Similarly the
fixed-end moments, M0, and the fixed-end shears, KQ, are designated as M03, M04, V03 and
K04 for member 2, M05, M06, V05, and V06 for member 3. Members 1 and 5 do not have fixed-end
forces.
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FIG. 4.7 Structure and diagrams.

For the frame, the d.o.f. in rotation is

NPR = NJ - NFJ = 6-2 = 4

and the d.o.f. in side-sway is

NFS = 2NJ - (2NFJ + 2NHJ + NRJ + NM) = 2(6) - [2(2) + 2(1) + 0 + 5] = 1

(4.28a)

(4.28b)

4.5.2. Equilibrium Matrices
Based on the diagrams shown in Fig. 4.7b and c, we may establish the equilibrium equations as:
at joint A

JLMA = 0; Pm = M\ (4.29)

at joint B

T:MB = 0; P62 = M2 + A/3 (4.30)

at joint C

ZMC = 0; P03 = M4 + M6 + M7 (4.31)

at joint D

I,MD = 0; P84 = Mg + MIO (4.32)
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for member BCD

ZFX = 0; Ps, = K2 + K6 + Kio

In notation, Eqs. (4.29)-(4.32) can be represented by

{P0} = [Ae] {

where

' 1 0 0 0 0 0 0 0 0 0 '
0 1 1 0 0 0 0 0 0 0
0 0 0 1 0 1 1 0 0 0
0 0 0 0 0 0 0 1 0 1

Eq. (4.33) becomes

and

s] = [0 1 0 0 0 1 0 0 0 1 ]

(4.33)

(4.34a)

(4.34b)

(4.35a)

(4.35b)

[Ag] and [As] are equilibrium matrices for moments and shears, respectively. Note that the external
loads, {Pg} and {Ps}, and the internal forces, {M} and {V}, have a time-function, ej/". Since eipl

cannot be zero at anytime, t, it can be cancelled out and is therefore not shown in Eqs. (4.34a)
and (4.35a). The same concept of not including zipt is applied to the following derivation of com-
patibility, structural stiffness, load, and system matrices.

4.5.3. Compatibility Matrices
Using kinematic analysis, the relationship between internal deformations (see Fig. 4.7c) and exter-
nal displacements (see Fig. 4.7b), {0} vs {Xg} and {¥} vs {Xs}, may be formulated as follows:

X02 ^ 0, Xgi = Xg, = X04 = Xsi = 0,

X04 ^ 0, Xg\ = Xg2 = Xffi = Xs\ = 0,

XS] / 0, X0] = X02 = X0T, = Xg4 = 0,

02 = 03 = Xg2

04 = 06 = 01 = Xg,

0% = 010 = ^94

Y2 = Yf, = Y\Q = XS]

Expressing Eqs. (4.36)-(4.39) in matrix form gives

{0}=[Be\{XB}

and

"1
0
0
0
0
0
0
0
0
0

0
1
1
0
0
0
0
0
0
0

0
0
0
1
0
1
1
0
0
0

0"
0
0
0
0
0
0
1
0
1

(4.36)
(4.37)
(4.38)
(4.39)
(4.40)

(4.4 la)

(4.4 Ib)
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Similarly, Eq. (4.40) yields

{Y} = [BS][XS}

and

[5S] = [0 1 0 0 0 1 0 0 0 1]T

[Bg] and [Bs] are compatibility matrices or kinematic matrices.

CHAPTER 4

(4.42a)

(4.42b)

4.5.4. Dynamic Stiffness Matrix
Similar to the expression of stiffness coefficients in Eq. (4.26), the internal forces of a system may
be expressed as

{M} = [SMO]{0] + [SMY] {Y}
{V} = [SMY]{0} + [SVY]{Y}

(4.43)
(4.44)

where the dimensions of [SMO], [SMY], and [SKy] are 2NM x 2NM for a structure composed of
NM members. Substituting Eqs. (4.4la) and (4.42a) into the above yields

(4.45)
(4.46)

= [SMO] [Be] {Xe} + [SMY] [Bs] {Xs

[V] = [SMY] [Be] {Xe} + [SVY] [Bs] {Xs

Using the above expressions of internal forces in Eqs. (4.34a) and (4.35a), the relationship between
external forces and external displacements takes the following form:

PB 0 SMO | SMY

SMY I SVY

Be

0

0

Xs

(4.47)

in which the structural stiffness matrix may be represented by

[K\ =
0

0

A,

SMO | SMY'

SMY | SVY

Be

0
(4.48)

Now the relationship between equilibrium matrices and compatibility matrices is examined. If
a set of virtual displacements, [Xg\Xs]%, is imposed on the nodal points of a system, the virtual work
done on this system is

W =

Combining Eqs. (4.47) and (4.48) with Eq. (4.49) gives

•e 1 T f Xe }

(4.49)

W = [K] (4.50)
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The virtual deformations, corresponding to [AglAyJ, of all the constituent members are

0

Y

0
(4.51)

which gives the following strain energy gained in the system

0

Y

M

V

Be | 0
- - - I - - -
0 | Bs

SMO

SMY

SMY

SVY

Be | 0
- - - I - - -
0 | Bs

(4.52)

Since external work must be equal to internal energy, the equality between Eqs. (4.50) and (4.52)
gives

0

0

B,

SMO SMY'

SMY | SVY

Be

0

0
(4.53)

Note that both Eqs. (4.48) and (4.53) represent the structural stiffness matrix, if and only if
they are equal

0

0

A, 0

0

B,
(4.54)

Thus, the transpose of the equilibrium matrix is equal to the compatibility matrix.
It must be pointed out that the above equations [Eqs. (4.48)-(4.53)] only serve to explain the

mechanics of [K\ formulation. In practice, it is much more convenient to use either the direct
stiffness method or physical interpretation. The direct stiffness method forms the stiffness of
an individual member and then matches the local coordinates of that member with the global
coordinates of the system. Physical interpretation means that by moving a unit displacement
of each d.o.f. of a system, one at a time, we then find the unbalanced forces at the structural
nodes due to the unit displacement. This establishes the stiffness in one column of [K\ correspond-
ing to that d.o.f. The approach is particularly efficient in longhand procedures.

4.5.5. Dynamic Load Matrix
In Eq. (4.47), the external load matrix, [Pe\Ps]J, is due to applied forces at the structural nodes or
unbalanced forces at the nodes resulting from fixed-end moments and shears. Fig. 4.7d illustrates
formulation procedures where the fixed-end moments, M0, and shears, VQ, are sketched in positive
direction at the member's ends. The fixed-end forces are then transferred to nodal points at which
the unbalanced moments and shears are

Pffi = M03

Pg3 = MQ4 + M06 + MQ1

P04 =

(4.55)
(4.56)
(4.57)
(4.58)
(4.59)
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In matrix form

PBI

P03
P04

CHAPTER 4

-M04 -M06 -Mm

+P

(4.60)

which is the dynamic load matrix.

4.5.6. System Matrix Equation
The system matrix equation of a rigid frame with side-sway expresses the relationship between
external loads and external displacements by using the dynamic stiffness matrix, which is then
combined with the mass matrix derived from given members' rigid-body motion in the frame.
For instance, members BC and CD in Fig. 4.7 have rigid-body motion resulting from dis-
placement, Xsielf", which induces the following inertia forces:

W2Lzi( d2 , - A 7-m4L4 — ( X s i e ' p ) = -p (m2L2 (4.61)

The system matrix equation of this two-bay, one-story frame should be a combination of Eqs.
(4.47), (4.60), and (4.61) as follows:

PB

P. K2]

K12

K22

0

M
(4.62)

in which the load matrix is composed of lateral force directly applied to the structural node and
fixed-end forces transferred to the nodes

= -[0 M03 M06 + Mm M08 1 V06 - (4.63)

The mass matrix is

[M] = [m2L2 + m4L4] (4.64)

For a frame without side-sway, {Ps} and {Xs} should not be considered; then Eq. (4.62)
becomes

{P0} = [Kn]{Xe} (4.65)

Similarly, for a frame without joint rotation, such as shear building, {Pe} and {X0} can be omitted.
Thus the system matrix equation becomes

= ([K22]-P
2[M]){XS\ (4.66)

4.6. DERIVATION OF DYNAMIC FIXED-END MOMENTS AND FIXED-END
SHEARS

The external loads or foundation movements of a structure are assumed to vary harmonically with
time. The structure's response can therefore be treated as a steady-state vibration. If the load is
applied to a member but not directly at a structural node, then we find the fixed-end moments
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weipt

6eipt

FIG. 4.8 Structure with various loadings.

FIG. 4.9 Fixed-end beam.

and shears of the member and transfer them as unbalanced load to the structural nodes. The
derivation of fixed-end forces is illustrated for the structure shown in Fig. 4.8, which is subjected
to uniform load, triangular load, concentrated load, and foundation movement. The structure's
load matrix is composed of unbalanced fixed-end moments and shears at structural nodal points
A, B, C, and D.

4.6.1. Differential Equations
A typical fixed-end beam subjected to an arbitrarily distributed force, w(x, t) = w(x)eipl, is shown
in Fig. 4.9, where the fixed-end moments, M0i, MOJ, and fixed-end shears, V0i, Kq/, at end i and end/
are assumed to be in a positive direction. Note that the positive direction is the same as that used in
deriving stiffness. The elastic curve of this beam can be obtained from the following
nonhomogeneous differential equation with given boundary conditions

El
d4y(x, t) , d2y(x, t)

dx4 - + m dt2

The derivation of this equation can be seen in Eqs. (4.1)-(4.1 1).
In view of harmonic excitations, the elastic curve varies harmonically in time, i.e.

y(x,t)=Y(x)e'P<

Substituting Eq. (4.68) into Eq. (4.67) yields an ordinary differential equation

(4.67)

(4.68)

——- - mp2 Y = w(x) (4.69)
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. . ,f t t t t t MI-j||j
voi voj

FIG. 4.10 Uniform load.

Using /4 = mp2/EI leads to

_Z_;_4y=^ (4JO)

4.6.2. Uniform Load
Let us first study the case of the uniform load shown in Fig. 4.10 for which the differential equation
is

d4Y .4

The complementary solution, Yc, of Eq. (4.71) is the general expression of the shape function as
shown in Eq. (4.19), and the particular solution, Fp, can be obtained by trying the following
polynomial equation:

Fp = Cix4 + C2x3 + C3x2 + C4x + C5 (4.72-d)

Substituting Yp into Eq. (4.71) yields

(24 - ;.V)Q - ;.4(C2x3 + Cjx2 + C4x + C5) = -^ (4.72b)
tliL

Compare both sides of the above equation,

C, = C2 = C3 = C4 = 0 and C5 = — ̂ — (4.73)
/.El

Thus the complete solution of Eq. (4.71) is

Y = Yc + 7p = A sin /. x + B cos /.x + C sinh /.x + D cosh /.x - -^— (4.74)
/.4EI

Using the boundary conditions in Eq. (4.75)

dY
Y = 0 and — - = 0 at x = 0 and x = L (4 75)dx ^ '
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the arbitrary constants A, B, C, and D can be solved as

sin 4> + sinh <ft — cos <p sinh <p — cosh <ft sin <ft"|
2 — 2 cos 0 cosh </> J

1 + cos 4> — cosh <^> — cos 4> cosh <^> + sin <p sinh
2 — 2 cos <j> cosh </>

wL4 PCOS d> sinh rf> + sin d> cosh <A — sin d> — sinh
£7</>4 2 - 2 cos </> cosh

i — cos (j) cosh <j) — sin <f> sinh 0 — cos 0 + cosh

C =

EI(/)4 [_ 2 — 2 cos </> cosh

where <j> = /.L. The relationships between the fixed-end forces and deformations are

d2Y Mni . d2Y, Mn,
dx2

d3 Y
El and

'dx2

Vm ,
** = -& and

dx3

x=L —

x=L —

El

El
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(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

Applying the above derivatives to Eq. (4.75) leads to M0i, MOJ, V0i, and VOJ expressed in terms of A,
B, C, and D given by Eqs. (4.76)-(4.79). Consequently, the fixed-end moments and shears are

M0i =
wL2 [cosh <b — cos <b — sin d> sinh_ wL2 p

"' ~~ ~72~ '
<t> I cos (j> cosh (j) — 1

wL fcos <^) sinh </> + sin </> cosh <p — sin <p — sinh
cos (6 cosh <6 — 1

OJ = -M0i

(4.82)

(4.83)

(4.84)
(4.85)

4.6.3. Triangular Load
A typical triangular load is shown in Fig. 4.11, for which the differential equation becomes

dx4 ——EIL (4.86)

Substituting the polynomial equation from Eq. (4.72-d) into the above yields

(24 - ;.V)Ci - }.\C2x3 + C3x2 + C4x + C5) = -^ (4.87)

Wxe i p t

M,

Weipt

FIG. 4.11 Triangular load
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B
(a) Loading

A -^^ — ̂  ——^
SM6la ,

SMV. *

1'pe.xr} p.x.f 1
(b) External Action

. X 1

x; i
• "»i xSM6lb

•^— )
Pei * SMY,k

S "̂  X* 'XM,8~> V,Y$ y*f
(c) Internal Resistance

M |Xs tP "4 --T f
SMY, .jP.i SMYlb

SVY,. t Pei * SVYlb

(d) DuetoXe (e) DuetoXs

FIG. 4.12 Concentrated load.

Comparing both sides of the above equation leads to

W
Q = C2 = C3 = C5 = 0 and C4 = -——— (4.88)

7. EIL

Thus the particular solution is

Yp = --^— (4.89)
/.EIL

and the complete solution is

WxY = A sin /jc + B cos /jc + C sinh /jc + D cosh /jc — —j—— (4.90)
/.4EIL

By using the boundary conditions of deformations and forces shown in Eqs. (4.73), (4.80), and
(4.81), the final solutions are

WL2 \— sinh 0 — 0 cos 0 — sin 0 cosh 0 + cos 0 sinh 0 + sin 0 + 0 cosh 01
A/o/ = ——5— —————————————————————————————;————;——;———:————————————————————————— (4.91)

0J |_ COS 9 COSh 0 — 1 J

fsin 0 cosh 0 — 0 sin 0 sinh 0 + sinh 0 — cos 0 sinh 0 — sin 01
—————————————-————-—————-————-————-————— (4.92)
[ cos 0 cosh 0 — 1 J

fcosh 0 — 0 sinh 0 — 0 sin 0 — cos 0 + sin 0 sinh 0"|
cos

WL \—0 sinh 0 cos 0 + cosh 0 — 0 cosh 0 sin 0 + sinh 0 sin 0 — cos 01
Voj = -f [———————————————cos 0 cosh 0-1———————————————J (494)
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4.6.4. Concentrated Load between Nodes
For a concentrated load acting at any point between two nodes (see Fig. 4.12a), we can treat the
loading point as a node and then analyze the system composed of two members. However,
for a concentrated load combined with other types of load (see member BC of Fig. 4.8), it is
better to find the fixed-end moments and shears at the member ends and then transfer them onto
unbalanced loads at nodes B and C. How to find fixed-end forces due to a concentrated load
is illustrated as follows: consider the loading case in Fig. 4.12a for which diagrams for external
action and internal resistance are given in Fig. 4.12b and c, respectively. Using the physical
interpretation approach, the internal forces at node B are sketched on Fig. 4.12d and e,
respectively. Note that the direction and subscripts of the internal forces are based on the stiffness
coefficients and force-deformation relationship derived in Section 4.3. Thus the dynamic system
matrix is

SMYia- XBI

Xs,

0

P
(4.95)

where the first column of the stiffness matrix results from equilibrium conditions: EM = 0 and
T.F = 0, for Xg = 1 and Xs = 0; the second column represents equilibrium conditions due to
Xs = 1 and Xg = 0. In symbolic form

(4.96)

from which the external displacements of the steady-state vibration can be calculated as follows:

~n I ~ W\ I SMO]a + SMOnif i l i t . '" I<J t

= [KT (4.97)

where | is the symbol of the determinant. Using Eqs. (4.26) and (4.97) yields moments, M0i, M0j
and shears, V0i, VQJ, at the supports

M0i = SMY2aXs

SMYlb) + SMY2a(SMOla
(4.98)

M0j = SM02bX0i - SMY2bXs]

= -^-[SM02b(-SMY}a + SMYlb) - SMY2b(SMOla + SMO]b)]
(4.99)

SMY]b) + SVY2a(SMOu + SMO]b)]
(4.100)

= SMY2bXgi-SVY2bXsl

la + SMO]b)]
(4.101)
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Aeipt
Moi = SMY,A Moj = SMY2A

(a) Deflection A

oi = -SMY2A-SM625

Voi = -SVY2A - SMY26

(b) Deflection A and Slope 6

-SM6,6,
-SVY,A - SMY,8

FIG. 4.13 Foundation movement.

4.6.5. Foundation Movement
Foundation movement due to harmonic motion may be displacement or rotation or a combination
of both. Since no external load is applied, the differential equation without w(x)/EI is identical to
Eqs. (4.17) and (4.70) as

^-/.4F = 0 (4.102)

Obviously, the solution of the equation is the shape function, as in Eq. (4.19). Given any specific
end movement, we can find internal forces for which the mathematical procedures are the same
as those in Section 4.3 for deriving stiffness coefficients with two exceptions: first, the direction
of a foundation movement may be different from the typical sign used in the stiffness derivation;
second, the movement may be deflection only or a combination of deflection and rotation. Thus
the stiffness coefficients in Eq. (4.25b) can be treated as fixed-end moments and shears due to
individual end deformations. The analogy between the stiffness coefficients and the fixed-end
moments and shears resulting from arbitrary foundation movements can be observed in Fig.
(4.13). By comparison with Fig. 4.4, we note that A at /-end is positive; A and 6 at the y'-end
are negative. Therefore, the fixed-end forces due to A at the /-end are the positive stiffness
coefficients as shown in Fig. 4.13a. The fixed-end forces due to A and 5 at the j'-end, however,
are the negative stiffness coefficients as shown in Fig. 4.13b.

4.7. NUMERICAL TECHNIQUE FOR EIGENSOLUTIONS

When a structure is subjected to free vibration without external forces, the load matrix, [Pg\Ps]T,
vanishes and the system matrix equation in Eq. (4.62) becomes

K\\ | K\2
-- I --
K-21 I K-22

I

I

0

M
(4.103)

of which the nontrivial solution can be obtained by making the determinant of the coefficients
equal to zero

Ku

K22

0 0 "

M
= 0 (4.104)
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Recall that the mass matrix, [M], is composed of inertia forces associated with rigid-body motion
of swayed members of a framework. For a continuous beam or a rigid frame without side-sway,
i.e. {Xs} = 0, Eqs. (4.103) and (4.104) should be modified accordingly,

[KU](X0}=0 (4.105)

and

I[*n]|=0 (4.106)

The above structural stiffness matrix and mass matrix are expressed in terms of the frequency
parameter <j> in which the frequency/) is unknown. The frequency parameter <f> varies for different
members if the properties of the constituent members are not the same. Therefore, we must unify
various </>'s into one unknown <f>] so that Eqs. (4.104) and (4.106) can be solved on the basis
of <p\ for zero determinants. Then the frequencies p can be determined from <p\. Unification
can be achieved by assuming that a member in a system is a reference member such that the
properties of this reference member are proportional to the rest of the structural members in
the following form:

*i=T- (4-107)
•M

f t = ^ (4.108)

,,=A (4,09)

where i indicates all structural members. Thus a general parameter 4>; can be expressed as

(4.110)

Elements for the mass matrix, p2[M], can be obtained by the following equation:

mjLjl?=yJ*j^ (4.111)

where j refers to the swayed members. Therefore, <p\ is the only variable in Eqs. (4. 103)-(4.106).
The process of evaluating the singularity of Eqs. (4.103) or (4.105) can become quite

complicated, because the determinant function is usually continuous for fundamental frequencies
but may be discontinuous for higher modes. The curve of the determinant vs </>i shown in Fig.
4. 14a (actual example of a three-story one-bay frame) indicates that the determinant function
is continuous for the first six frequencies. However, the determinant function of a two-span con-
tinuous beam may be continuous only for the first two frequencies.

In Fig. 4. 14a, inflectional points (an inflectional point is where the determinant changes sign),
A and B, can be defined as being in a region of convergence where the continuous curve intersects
the </>] -axis; inflectional point, C, can be defined as being in a region of divergence where the
discontinuous curve does not intersect the </>i-axis.

To search for an inflectional point, increase by increments the value of the control parameter,
</>], in the determinant function; when the sign of the determinant changes, there is the possibility
of an inflectional point. This region is then examined for convergence or divergence. If there
is convergence, an accurate frequency can be obtained; otherwise, the search continues for
the next inflectional point. For further explanation, study Figs. 4. 14b and c. In region A of Fig.
4. 14b, d\ and d^ are two values of the determinant with opposite signs. By using these two values
and their corresponding values of abscissa, a\ and a2, a mean value of <z3 and its corresponding
value of determinant d^ can be obtained. By substituting the point (03, d^) for (0.2, d^, which
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(a) Determinant Function

Case (B)

(b) Typical Reginon of Convergence

Case (C) Curve C
Curve C"

(c) Typical Region of Divergence

Curve C

Case (C)

FIG. 4.14 Possible determinant curves.
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in the present case is further from (a3, J3) than (ai,d\),& new mean value, (a4, d4), can be found on
the basis of (a,, d}) and (a3, d3). By continuing the process and employing a certain criterion, an
approximate singular matrix can be found. The criterion is a singular matrix taken at a particular
<j>\ under two considerations: first, if the difference between the mean value at and the values of
a,-_ i and a/_2, which are based on the computed value of a,-, is not greater than a tolerable value,
say 10 ~5; second, if in this infinitesimal interval the values of the determinant change sign. A
similar approach can be applied to region B.

The region of divergence might be either Case C or Case D as shown in Fig. 4.14c. For Case C,
the mean values a3 and J3 obtained from a\,d\, and a2, d2 can be either on curve C" or C. If on C",
the determinant function goes backward to points (a4, a5) such that the previous frequency is
evaluated. To avoid the repetition of calculating a frequency already found, a criterion is estab-
lished by assuming that the difference between two successive frequencies cannot be less than
or equal to a given number, say 2. Whenever this difference is less than or equal to 2, the parameter
jumps over this region, and no frequency is determined. If the mean value a3 is on curve C', then
the process continues as usual toward the next inflectional point. The same approach can be
applied to Case D.

In the region of either convergence or divergence, the values of the determinant and the cor-
responding values of the parameter, $,, may be printed so that the accuracy of convergence
can be shown.

The eigenvector of any mode can be determined from Eq. (4.103) or (4.105) after the zero
determinant of the coefficient matrix (stiffness matrix or stiffness and mass matrices) is obtained.
After substituting the zero determinant parameter, </> , , into the coefficient matrix, the matrix
can be changed to an upper (or lower) triangle as shown below:

" X X .
X .

0
-

. X '

. X

X _

Xl }
X2

Xn.

= 0 (4.112)

SM62r?)
P3>^-

(c) Deformation Due to X62 (d) Moments due to X62

FIG. 4.15 Example 4.7.1.
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The element at the bottom right-hand corner of the coefficient matrix has a small value because it
is not practical to require the numerical procedure to yield an absolute zero determinant.
Therefore, let Xn = 1; other A"s are then expressed in terms of Xn. The result is the eigenvector
of a mode associated with the designated value of 4>\.
EXAMPLE 4.7.1 Find the fundamental natural frequency of the triangular structure that is
shown in Fig. 4.15 as a rigid frame without side-sway. Let the properties of the plane framework
be as follows: £7, = 189.887 k ft2 (78.461 kN m2), L = 15 ft (4.572 m), m, = 1.8418 x 10~4

ksec2/ft2 (0.8992 kg sec2/m2),E/2 = 2.1073 E/b L2 = 1.333L,m2 = 1.28656 m},EI3 = 3.832E/,,
L3 = 1.667L], andw3 = 1.571m]. By increasing the El's of all members 100 times and keeping the
rest of the properties the same, compare the natural frequencies for the two values of flexural
rigidity.

Solution: Because the structure is a rigid frame without side-sway, the nodal forces and their
associated displacements are only {Pg} and {Xg}, which are shown in Fig. 4.15a. The internal
resistances, {M}, and their associated deformations, {0}, are shown in the accompanying figure.
The diagram of internal resistance is numbered as 1-2 corresponding to member 1, 3-4 corre-
sponding to member 2, and so on. Odd numbers (1, 3, 5, etc.) and even numbers (2, 4, 6, etc.)
of the internal moments always coincide with /-ends and y'-ends of the structural members,
respectively. The /-end andy-end refer to the typical member shown in Fig. 4.4 for deriving stiffness
coefficients. Let member 1 be taken as the reference member; then the structural system matrix is
formulated according Eq. (4.106) as

'SMOn+SMOi3 SM02\ SMO:
SM07

23

symm SMO]2 + SMO 13

(a)

Note that the first subscripts correspond to the stiffness coefficients' symbols; the second
subscripts refer to the number of structural members. In order to unify the member properties,
a, ft, y, and 5 are calculated according to Eqs. (4.107)-(4.110).

Member / a, = —-

(b)

Trying <p\ = 2.6 and 2.65, we can find the frequency parameters of the other members, </>,• = d^>\,
for which the stiffness coefficients SMO\j and SMO 21 of member i can be obtained from Table 4.1.

1
2
3

1
1.3333
1.6667

1
2.1073
3.8320

1
1.2856
1.5713

1
1.1784
1.3337

tf>\ = 2.60 <p2 = &2<Pl <p3 = &3<P\ <P\ = 2.65 <p2
________________=3.06____=3.47____________=3.12____=3.53

SM9i, 3.5275 ^j- (1) 3.0100 ^j- (2) 2.1447 ̂  (3) 3.4865 ̂  (1) 2.9121 ^j- (2) 1.9414 ̂  (3)

SM02i 2.3625 — (1) 2.7785 — (2) 3.4936 — (3) 2.3947 — (1) 2.8561 — (2) 3.6732 — (3)
L, L, Li Li L, L

For the purpose of avoiding large numerical values in the determinant function, a common factor,
such as EI/L, may not be included in the determinant and will not affect the final solution.
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Therefore, we can modify the stiffness coefficients of member i in the following manner:

FT K FJI-*! ,., P: Eii ,. x
(d)

Consequently, Eq. (c) should be modified accordingly. Substituting the above numerical stiffness
coefficients that correspond to <j>\ = 2.60 into Eq. (a) yields Eqs. (e)-(g):

= 2.60 = 2.65

SM6u 3.5275
2.3625

4.7573
4.3914

4.9310
8.0325

3.4865
2.3947

4.6025
4.5140

4.4636
8.4454

(e)

8.4585 2.3625 8.0325
8.2848 4.3914

symm 9.6883
(0

(El \\[KU] =92.58 —(1) (g)
\L /

For <j>i = 2.65, Eqs. (e) and (f) may be similarly obtained of which the determinant is

(El \3

|[A:ii]| = -25.89f—(l)j (h)

Since the determinant solutions change the sign from positive to negative and the determinant
value is finite, the zero determinant may be between <j>\ = 2.60 and <j>\ = 2.65. Using the linear
interpretation technique, we can obtain the frequency parameter close to the location correspond-
ing to the zero determinant,

2.65 - 2.60

(92.58 + 25.89)(—(1)

from which </>] is 2.6392.
Try 4>l = 2.6392; then

-58̂ (1)92 V L

(i)

I El \3 I El \3
\[KU]\ = (783.11509 - 782.14837) (—(1)1 = 0.966723(—(1)

V L / V L /

Since the value of Eq. (j) is much smaller than those of Eqs. (g) and (h), we simply treat that as zero
determinant, and no further convergence step is needed. Therefore the frequency is

2.6392V 189.887
15 / V 1.8418 x 10-4 = 31.0 rad/sec (k)
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FIG. 4.16 Example 4.7.2.

p -N j'-2b
SMY,,

SVYn SVY13

(e) Forces due to Xsl

For the eigenvector of the mode, substituting <f>] into the stiffness coefficients, and then
performing Gauss elimination on Eq. (a), we have

i.066868 2.387536 8.352114'
0 7.426967 2.013089
0 0 0.016136

Let Xd3 = 1; then find X62 and Xg]. The eigenvector is

[Xei X02 Xe3]T = [-0.95514 - 0.27105 1]T

(1)

(m)

If the flexural rigidity of all members of the structure is increased 100 times and other proper-
ties of mass and length remain the same, then the coefficients of a, /J, y, and d will be the same as
shown in Eq. (b). Consequently the solution of the determinant will not change; the frequency,
however, should be calculated as follows

P = = 31VTOO = 310rad/sec (n)

Thus a general statement regarding the behavior of the flexural vibration of rigid frames can
be made as follows: if the flexural rigidity, El, of each member in a rigid frame without side-sway
is increased by the factor ft', and the other members' properties are not changed, then the natural
frequency for each mode will be increased by the factor ,/Ji. Note that there is a similar effect,
either increase or decrease, on natural frequencies if only the mass or length of each member
of a rigid frame without side-sway is changed.
EXAMPLE 4.7.2 Formulate the dynamic system stiffness matrix of the rigid frame shown in
Fig. 4.16. Evaluate the fundamental frequency on the basis of the following given member
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properties: w, = w2 = «3 = 0.00119 kg sec2/m, (6.88 x 10~5 Ib sec2/in) /, = /2 = 73 = 2.8578
x 10~3 cm4 (6.866 x 10~5 in4), and L, = L2 = L3 = 24.130 cm (9.5 in).

Solution: According to Eqs. (4.27b) and (4.27e), NP = 3 and NFS = 1, for which the dia-
grams of external action and internal resistance are shown in Fig. 4.16b and c, respectively.
The dynamic system matrix is formulated as

Pei '
P02

P^ .h(
'SMOu+SMOn SM022

SMOU + SMOn

symm

SMYu
SMY13

SVYn+SVYl3_

"0

_ 0

0

m2L2 } 5« (a)

The third column of [K\ and that of the mass matrix can be physically interpreted from Fig. 4.16d
and e as the unbalanced nodal forces and inertia force due to side-sway, Xs\. Since this is free
vibration, the load matrix does not actually exist.

Because the properties of all the members are the same, the coefficients of a, /?, y, and 5 should
be equal to 1. If we try </>i = 1.75, the stiffness coefficients in Eq. (a) may be obtained from Table
4.1 as follows:

SMOU = SMOU =

SM022 = 2.0684 —

FI= 3.9092 —

SMYU = = -5.5019

ElSVYU = SVYn = 8.4837^-

The inertia force associated with rigid-body motion of member 2 is

(b)

(c)

(d)

(e)

(0

Substituting the above numerical values into Eq. (a) yields

FJ FJ FJ
7.8184 — 2.0684 — -5.5019 -^

l—i l—i l—i

FJ FJ
7.8184— -5.5019 —

Elsymm 16.9674 —

The determinant of the coefficients in Eq. (g) yields

(El)3

\

"0
0
0

0
0
0

\
0 "
0

9.36 §

\ Xe

IV

= 84

-- =0 (g)

(h)
, = 1.75
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For </>j = 1.8, the determinant becomes

(El?= -23.5 L5 (i)

Applying the linear interpretation to Eqs. (h) and (i) gives

1.8-1.75 (j^ -1.75
(84 + 2

from which

0, = 1.7891

The determinant for the new value is

= (5.44338 - 5.41903)
C/7A3

= 0.02435 (1)

which is taken as zero determinant. For the eigenvector of the mode, substituting <pl into the
stiffness coefficients and then performing Gauss elimination on Eq. (a) leads to

7.801361 2.074867 -5.455118/L'
0 7.249525 -4.004264/L
0 0 0.038961/L2

Thus the eigenvector is

[Xei X02 Xsl]T = [0.55235/L 0.55235/L 1]T

The frequency can be calculated as

P =
1.7891X2 /(30)106(6.866)10-5

(6.88)10-5 - = 194 rad/sec

(m)

(n)

(o)

EXAMPLE 4.7.3 The structure shown in Fig. 4.17a is analyzed by the lumped mass method as
well as the dynamic stiffness method for the eigenvalues and eigenvectors of the first three modes.
The frame has two different masses: Case A, structural weight only; and Case B, structural weight
and a superimposed weight of 17.51 kN/m (1200 Ib/ft) on each floor. Let
Eli/Li = EI4/L4 = 9605.234 kN m (7084.821 k ft), EI2/L2 = EI5/L5 = 7077.329 kN m (5220.328
k ft), £73/L3 = EI6/L6 = 4809.679 kN m (3547.619 k ft), EI7/L7 = £78/L8 = EI9/L9 = 4354.827
kN m (3212.121 k ft), W\=W4 = 0.846 kN/m (58 Ib/ft), W2=W5 = 0.657 kN/m (45 Ib/ft),
W3=Wb = 0.452 kN/m (31 Ib/ft), Wn = W& = W9 = 0.496 kN/m (34 Ib/ft), E = 206,896.55
MPa (30,000 ksi), and g = 9.8145 m/sec2 (32.2 ft/sec2).

Solution: The diagrams of external action and internal resistance are shown in Fig. 4.17b and
c, respectively. The dynamic system matrix for both the dynamic stiffness method and the lumped
mass method can be symbolically expressed as

K12

K22

0

M
(a)
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FIG. 4.17 Example 4.7.3.

(1) For the dynamic stiffness method, [K\ can be expressed as

A BOO
F G 0

L M
Q

- - - -

symm

0
H
0
R
V

-

C
0
0
0
w

AA
-

\ D
\ I
\ o
1 o
1 x
\ BB
\ -
\ DD
\
\

E
J
N
T
Y

CC
-

EE
FF

0 "
K
P
U
z
0
-
0

GG
HH

XB\
Xei
X03
X04
Xes
X06
- -
Xsi
Xs2
Xs3

(b)

in which A = SMOU + SMOn + SMO^; B = SM022; C = SM021; D = SMYn - SMY12; E =
SMY22; F = SM012 + SM013 + SM018; G = SM023; H = SM02S; 1= - SMY22; J =
SMY12-SMY13; K=SMY23; L = SMO]3 + SMOt9; M = SM029; N=-SMY23; P =
SMY13; Q = SM019 + SM016; R = SM026; T = -SMY26; U = SMY16; V = SM015 + SMOlb
+ SM0IS; W =SM025; X= -SMY25; Y = SM7I5 - SMYI6; Z =SMY26; AA =
SM015 + SM017; BB = SMY\4-SMYiS; CC = SMY2S; DD = SVYn + SVY12
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+ SVY15; EE= - SVY22 - SVY25; FF = SVY12 + SVY]3 + SVY15 + SVY]6; GG =
- SVY23 - SVY26; and HH = SVYn + SVYt6. The eigthth column of Eq. (b) can be physically
interpreted from Fig. 4.17d and e. For the mass matrices, we have Case A of structural weight
only,

W1L1

symm

0 0
0

WgLg
(c)

and Case B of structural weight and superimposed weight,

'(17.51 + W7)L7 0
(17.51 +

symm

0
0

(17.51 + W9)L9

(d)

Note that the variables in Eqs. (c) and (d) must be unified in terms of a reference member. Consider
Case B and let member 3 be used as a reference member; then a typical element associated with
member 8 in Eq. (d) can be illustrated as follows:

18.006 /6.706\ (206896.55)103(9.9194)105

————— —————
= 16,538.283

4267
(1132.1727

(e)
(k/ft))

(2) For the lumped mass method, [K[ is similarly formulated as shown in Eqs. (a) and (b).
Apparently the stiffness coefficients should be expressed in terms of 4EI/L, 2EI/L, 6EI/L2,
and 12EI/L3, for SMOh SMOh SMYt (or SMYj), SVYt (or SVYJ), respectively. For the mass
matrices we have

Case A

Case B

W1L1+HWl

symm

'(17.51

(0

symm (17.51

In Eqs. (f) and (g), HWl = (2) (L/2)(W} + W2), HW2 = (2) (LI2) (W2 + W3) and HW3 = (2)
(LI2) W3 signify the masses lumped on the individual floors from the adjacent columns. For
example, the columns' weight lumped on member 8 is one-half the weight of members 2, 3,
5, and 6 as

HW2 = (h)

Note that the d.o.f. of structural joints, {Xe}> are not included in the eigensolution procedures
of the lumped mass model because they can be eliminated from Eq. (b) by matrix condensation as

K2l

K12

K22

= P
0

M

Xe

X,
(i)
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from which

[K\ [Xs] = [K22 - K2]K^1 Ku] [Xs] = p2 [M] [Xs] (j)

Once the eigenvector {X s } of a given mode is found, the joint rotations of that mode can then be
obtained as

{xe} = [-KrfKl2]{xs} (k)
The frequencies (rad/sec) and normal modes are given in Eqs. (1) and (m), respectively.

Methods Dynamic stiffness Lumped mass

Modes
Case A
Case B

1st
32.689
7.309

2nd
102.247
23.588

3rd
192.770
40.042

1st
32.270
7.307

2nd
96.927
23.626

3rd
168.470
44.492

(1)

Methods
Cases

1st mode Xs\

2nd mode Xs\

3rd mode Xs\
XS2

XS3

Dynamic
A

0.27838
0.70910
1.00000

0.72392
0.51851

-1.00000

0.99600
-1.00000

0.65360

stiffness
B

0.25553
0.67522
1.00000

0.94133
1.00000

-0.94210

0.46542
-1.00000
0.68924

Lumped
A

0.27749
0.70681
1.00000

0.74337
0.57159

-1.00000

1.00000
-0.94649

0.63065

mass
B

0.25710
0.67747
1 .00000

0.94263
1.00000

-0.94372

1 .00000
-0.73140

0.24080

(m)

Note that the first mode frequencies are almost the same for both analysis methods. Higher
mode frequencies are also almost the same by both methods in the superimposed mass case only.
Case A does not yield accurate frequencies of higher modes because the columns' masses lumped
on the floors are estimated to be more than they actually exhibit. In Case B, the superimposed
masses affect inertia forces significantly more than the structural masses of beams and columns.
Therefore the inaccuracy of the lumped masses from columns does not show. The eigenvectors,
however, are similar in both methods and are less sensitive than the frequencies to the distribution
of lumped masses.

It is apparent that the lumped mass method is more suitable for buildings with heavy floor
masses. The accuracy of this method diminishes for smaller ratios of floor mass to mass attached
to columns. However, reasonable accuracy of eigenvalues of a structure without heavy floor
masses can be obtained by this method only if we divide the structural members into multiple
segments. Consequently, the dimensions of the problem and the need for computer storage
increase. The dynamic stiffness method is indeed a better analytical technique for this type of
problem, particularly for structures having prismatic members when higher modes are desired.
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4.8. STEADY-STATE RESPONSE ANALYSIS

For a structure subjected to harmonically varying forces or foundation movement, structural
response may be treated as steady-state vibration. As discussed in Sections 1.4.1 and 1.4.2,
the structure should vibrate at a given forcing frequency ca. Therefore, the natural frequency
p in dynamic system matrix of Eq. (4.63) is replaced by ca from which the displacement response
can be obtained as

X,

Ku

K22

0 | 0
- I -
0 M

(4.113)

Note that the internal forces of an individual member can be found when the external
displacements are known. The procedure is to multiply the stiffness coefficients by the end
deformations of that member.

EXAMPLE 4.8.1 The two-span beam shown in Fig. 4.18a is subjected to two loading conditions
given in Fig. 4.18b and c, respectively. (A) Find the internal moments of the beam for a given
forcing frequency w = 119.93 rad/sec. (B) Assume that the forcing frequency in loading condition
1 varies from w = 44.05 rad/sec (</>, = 2.0) to 253.73 rad/sec (</>, = 4.8); plot the moments M,
and M2 corresponding to <£,. Let L = 3.048 m (10 ft), w = 29.188eio" kN/m (2eim/ k/ft),
W = 29.188ei<0' kN/m (2ei<0' k/ft), and £/, = 1868.1536 kN m2 (651,000 k in2), EI2 = 1274.1342
kNm2 (444,000k in2), mt = 0.1786 kN sec2/m2 (3.73227 Ibsec2/ft2) and m2 = 0.1265 kN sec2/m2

(2.64369 Ib sec2/ft2).
Solution: (A) Based on the diagram in the accompanying figure, the structural stiffness matrix

of Eq. (4.65) may be expressed as

SMOu+SMOi2 SM022
symm SMO\2

and the load matrix as

rp i = Eq.(4.82)] - M2
3 [from Eq

[from E(3- (4-84)] - M04 [from
. (4.91)]]
. (4.92)] J

(a)

(b)

where the superscript signifies the number of the loading condition.
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Using member 1 as reference and harmonic motion of co = 119.93 rad/sec gives the frequency
parameters

= 3.301054

= «2 - i = 3.332435

the stiffness coefficients

SMOU =2.569677 Eli/ L:

SM012 = 2.498532 (02/a2) £/i/L, = 1 .704665 £7, /L,
SM022 = 3. 198813 (02/a2) tf/i/Lj = 2. 181 677 £7, /Li

and the fixed-end moments of loading condition 1

M(J3 = -29.194 kNm (-2 1.533496k ft)

(c)

(d)

(e)
(0
(g)

(h)

(i)

Substituting Eqs. (e)-(g) into Eq. (a), and Eqs. (h) and (i) into Eq. (b) yields the displacement
response

Xg\ 1 ,-„ ,.
X \ = L A iu

and the internal moments

-p.675405 -0.864705] L^_ \ 29.194 1 {44.96197} Z4_
symm 1.693894 J £/! [-29.194 J [ 74.69574 J Eh

M,
M2
M3
M4

X0\
SMOu Xgi + SM022 XB2 •
SM022 Xei + SMOU X02 •

-M'3
-M'4

— '

141.157
115.538

-115.538
0

kN m

/ 104. 11 7474 \
85.220665

-85.220665
V 0 /

kft
(k)

(B) The variation of M\ and M2 for various forcing frequencies (or </>i's) is shown in Fig. 4. 19.
EXAMPLE 4.8.2 The one-bay two-story rigid frame of Fig. 4.20a is subjected to a uniform
load as shown. All the constituent members are the same: L = 3.048 m (19 ft), / = 4070.743
cm4 (97.8 in4), w (member weight) = 41.669 kg/m (28 Ib/ft), and £=20,684.271 kN/cm2

(30 x 106 lb/in2). Assume w = 14.594ei<u' kN/m (1 ei<0' k/ft). (A) Find the moments of 3
and 12 as well as shears of 4 and 8 corresponding to </>] = 1.1; (B) make an equilibrium check
of shears corresponding to Ps2; and (C) plot M3 and M12 for the frequency, co, which varies
from 2.45 rad/sec to 119.95 rad/sec.

Solution: Since all the members are the same, the coefficients of a, /J, y and 5 should be equal to
1 , and the stiffness coefficients of each member are identical. Any member can be taken as a
reference member. The dynamic system matrix is formulated as

-M03

-A/04
0
0

symm

B
F

0
G
J

C
0
K
N

D
H
L
P

R

E~
I

M
Q
s
T _

— or

«L 0
symm

X02
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(A) For <f> = 1.1, the coefficients, A, B, C, etc., of[K\ in Eq. (a) are composed of individual
members' stiffness coefficients given in parentheses as:

} = 11.95806 EI/L;
B(SM022) = C(SM02S) = G(SM026) = K(SM024) = SM02 = 2.01 049 El / L;
D(SMY[ , - SMYI2) = P(SMY13 - SMY14) = SMY, - SMY, = 0;
E(SMY22)= -H(-SMY22)= - L(-SM24) = Q(SM24) = SMY2 = -6.04547 EI/L2;
F(SM0I2 + SM016) = J(SM0I4 + SMO^) = 2SMO: = 7.972043 EI/L;
I(SMYI2) = M(SMYI4) = SMY,= -5.923144 EI/L2;
R(SVYU + SVY12 + SVYI3 + SVYI4) = 4SVY, =45.82163 EI/L3;
S(-SVY22 - SVY24) = -2SVY2= -24.37790 EI/L3; and
T(SVYI2 + SVYI4) = 2SVY! =22.91081 EI/L3.

Coefficients in the mass matrix are

2
CO =

8420.035(1.1)4

- = 3425.455
(3.048)4(0.041669)

mL = 0.041669(3.048) = 0.127086 kN sec2/m (8.70863 Ib sec2/ft)

(b)

(c)

Coefficients in the load matrix are

M03 = -M04 = [Eq. (4.82) or (4.84)] = -11.3275 kN m (-8.35518 k ft)
FOB = -VM = [Eq. (4.83) or (4.85)] = 22.29 kN (5.01020 k)

(d)
(e)

Substituting the numerical values into Eq. (a) and then performing matrix inversion yield the
displacement response is

XBI
X02
X03
X04
ŝl
Xs2

0.78037
0.27341
0.36215
0.72121
293.100
550.600

io-2
rad

cm

(0

The final results of M3, M\2 are obtained by substituting the individual members' stiffness
coefficients into Eqs. (g) and (h) as follows:

Xe\ + SM022X02 - SMY]2Xs] + SMY22Xs2

= -54.557 kN m (-40.24112 k ft)
Mi2 = SM026Xe2 + SM016X03 = 55.059 kN m (40.61198 k ft)

(g)
(h)

Shears due to rotations and deflections of members 2 and 4 are

V4 = SMY22X0l + SMYl2Xe2 - SVY22XS] + SVYl2Xs2 + Vw = 1.6011 kN (0.35996 k) (i)
Fg = SMY24XB4 + SMYl4Xn - SVY24Xsl + SVYl4Xs2 = 22.364 kN (5.02792 k) (j)
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(B) The equilibrium check of shears corresponding to Ps2 must include the following inertia
force of the girder:

Mxs2 = -(D2m(,L(,Xs2 = -(58.52V39)2(0.127086) (0.05506) = -23.97 kN (-5.38898 k) (k)

which acts in the same direction as Ps2. Total external and internal forces in the horizontal direc-
tion of member 6 must be zero. Thus

Z.FX = Mxs2 = -0.0049 ss 0 (1)

(C) Moments M3 and M, 2 are plotted in Fig. 4.21. By observing the resonant moments, the
first two natural frequencies can be calculated as

Pi = 72.524 rad/sec at <£, = 1.224
p2 = 238.075 rad/sec at </>, = 2.218.

(m)
(n)



DYNAMIC STIFFNESS AND ENERGY METHODS 203

4.9. RESPONSE FOR GENERAL FORCING FUNCTIONS WITH AND WITHOUT
DAMPING

4.9.1. Kinetic and Strain Energy
The response analysis for a general type of dynamic force or ground excitation with and without
damping may be formulated by using the energy method. One of the well-known formulation
techniques is the following Lagrange's equation:

d /3T\ dT dU dD dW
- --- -- - --dt \dqkJ dqk 3qk 3qk 3qk

where T = kinetic energy, U = potential energy, D = work done due to damping forces,
W = work done due to external forces, and the subscript k of qk represents the kth normal mode
associated with generalized coordinates, or sometimes referred to as the generalized response
vector [qk is the same as the x't used in Sections 2.5.2 and 3.2.1; see Eqs. (2.41), (2.66) and (3.5)].
The derivation of Eq. (4.114) is in Appendix A.

The dynamic deflection of point x at time t can be represented by the summation of modal
components as

y(x, 0 = J^ YJ(X) qi(f) (4.115)

where Y(x) = shape function or normal mode, and ; = 1,2, • • • , « , number of normal modes or
generalized coordinates.

The expressions for velocity and curvature are

y(x, 0 = y~! ^/W Y'W (4.116)

The kinetic energy can be expressed as

L n 2

T = -m ([V#,(0Yi(x)\ dx (4.118)
2 j |_^ ' J

o

For simplicity, the variables t and x are dropped. The squared term in Eq. (4.118) may be expanded
as

r n ~i r n ~i n r- -i
(4.119)

From the orthogonality condition [see Eq. (4.132)], the second term in Eq. (4.119) is zero. Thus Eq.
(4.118) becomes

_ rfdx (4.120)
o

Then

d 9T .. t 2 ,— ^— = q, I mY,. dx (4.121)
dt3qk

 HJ k

0
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The potential energy or strain energy can be expressed in terms of stress, a, strain, e, and
integration over a volume,

= - / a s dvU = - a sdv (4.122)

From Fig. 4. 1 , the curvature is 1 1 R = dO/dx. Since the total length of the fiber, dx' = (R + z)dO or
(1 + z/R)dx, and the original length of the fiber dx = R dO, the elongation is e = dx' — dx =
z/R(dx). Thus the strain is

Since a = Mz/I

a = Ezy" (4.124)

Eq. (4.122) may now be expressed in terms of cross-sectional volume, v, as

U = ̂ JE( Y")2 z1 dv = ̂  I El O")2 dx (4. 1 25)

Since y = Yq, then dy"/dqk = Yk. Thus

x (4-126)

4.9.2. Orthogonality Condition
Recalling Eq. (4.14) for shape function Yk, we can write

L L
I (El Y%)" dx= I p\m Yk dx (4.127)

Multiplying the above by Ym (^Yk) and then integrating by parts twice for the left-hand side
(LHS) yields

Ym(EIY'k"}dx = Y,n (EIYk') o - j Y'n(EIY£') dx
o

^\L
0 - Y'm(EI n')|o

or

T £/C V (J7T Vlfl\ Vf ( J7 T Vlf\ _L I Vfl(J7T Vfl\ slv (A 1 OQ\L^rLct = I m\rJl Ik ) — Im\t^i k) ' / m\ k* ^4.1 zoj

Recognizing that the first two terms in the above will vanish for any combination of fixed, simply
supported, or free ends, we have

L L
I Y';n (EI Y£) dx = m I P

2
kYm Yk dx (4.129)
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Similarly, multiplying Eq. (4.127) of the wth mode by Y'k and following the above integrations
yields

L L
I Y'k(EI O dx= I mp2

m Ym Yk dx (4.130)
o o

Subtracting Eq. (4.130) from (4.129) gives

L
(P2

k -pi) j m Ym Ykdx = Q (4.131)
o

Since pk //>,„, we have the following orthogonality condition:

L

j Ym Ykdx = 0 (4.132)
o

and

(4.133)

Apply the results obtained from Eqs. (4.129) and (4.133) to Eq. (4.126), which can then be
expressed as

L

-=P2
k1k J m Yl dx (4.134)

4.9.3. Dissipated Energy and Work
The dissipated energy due to damping is

L L

D=l-cjy2dx=l-cj[^qi Y^ dx (4.135)

from which

3D ' ' Ykdx (4.136)



206 CHAPTER 4

The work done by external dynamic force, F(t,x) = F(x)f(t), is

'x (4.137)
L——— J

0

from which

L

—— =f(t) IF(x) Yk dx (4.138)
oqk J

o

4.9.4. Response Equations
Substituting Eqs. (4.121), (4.134), (4.136) and (4.138) into Eq. (4.114) yields

qk jmY2
k dx +P

2
kqk jm Y2

k dx + cqk j Y2
k dx =f(t) j F(x) Yk dx (4.139a)

Recall that c/m = 2pp [see Eq. (1.31)]; then Eq. (4.139a) can be expressed as the following
uncoupled motion equation for the kih mode:

L

f(t)JF(x)Ykdx

qk + 2ppkqk + p\qk = ——°——————— (4.139b)
fl dx

Let

L

Mk= I m Yl dx (4.140)
o
L

Fk = JF(x)Ykdx (4.141)
o

Then the integration of Eq. (4.139b) becomes

or qk= —

P]

where NM = total number of members of a structure and

L
Ak(t) = 1 /ep"p'('-&) sin p* (t - A),F(A) JA (4.143)

Note that Fk is a general expression which can represent dynamic force or ground excitation. Ak(i)
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can be simplified not to include the effect of damping on frequency [see Eq. (1.121b)]; then

L

Ak(t) = /V«*-A) sin p(t - A)F(A) (4.144)

Let

NM

or Ystk =-1 st/c — - 7M^

Then the total response is obtained by superimposing the modes shown in Eq. (4.115) as

(4.145)

(4.146)

The moment and shear at time t are

M(x, 0 = EIy"(x, 0 =

V(x, t) = EIy'"(x, 0 =

YAAk(t)Y'k(x) (4.147)

(4.148)

Note that Ak is the amplification factor or dynamic load factor for the kth mode as introduced
in Chapter 1 for various types of dynamic forces or ground excitation (response spectrum). Yslk is
the pseudo-static displacement at the the kth mode, which is similar to x'sti in Eq. (2.62) of the
lumped mass model. Fk is the participation factor, similar to Xri Fr in Eq. (2.68) or XTi MT in
Eq. (2.69).

EXAMPLE 4.9.1 A two-span continuous beam shown in Fig. 4.22 is subjected to a uniform
impulse within the left span as F(t,x) = 3000 [1 - (t/Q.l)] Ib/in. Structural properties are L = 150
in, El = 6 x 109 Ib/in2 and m = 0.2 Ib sec2/in2. Find the moments at support B and shears at
supports A, B, and C. Check the equilibrium condition.

1k 1
L

Ij
/•/// © C^

L

P2,X2 p

(a) Given Beam

P,X; M,6 Diagrams

FIG. 4.22 Example 4.9.1.



208 CHAPTER 4

Solution: Since the member properties are identical for both spans, the structural stiffness
matrix may be expressed as

[K\ =
SM02 0

2SMOi SM02 (a)
symm SMO\

det [K\ = 0 yields as many frequencies as needed. For the first mode

= 3.1416; = = 0.02094; Pl = — = 75.97625 rad/sec
L2 V m (b)

The stiffness coefficients corresponding to <j)\ are SMO\ = SM02 = 2.8816. After substitution, [K\
{X} becomes

2.8816 2.8816 0
5.7632 2.8816

symm 2.8816

from which the eigenvector is

X2 (c)

(d)

Substituting (f>i, X\, and X2 into Eq. (4.23) yields the constants in the shape function by using the
eigenvector as boundary condition. Therefore

' 23.87324 -23.87324'
21.89540 21.89540
23.87324 23.87324

-21.89540 -21.89540

1
-1 (e)

from which

[ABC £>]T = [47.74648 0 0 0]T (f)

Thus the shape function of member 1 can be obtained by substituting Eq. (f) into Eq. (4.19) as

Yu =47.74648 sin /.\x (g)

In a similar manner, the shape function of member 2 is

7,2 = -47.74648 sin /.,jc (h)

Using the above procedures will give the frequency parameters, 0's frequencies, p's, the
associated eigenvectors, {X}, and the shape functions of the second, third, and fourth modes.
The results are

02 = 3.92660; A2 = 0.026177; p2 = 118.68938 rad/sec; {X}2 = [-1 0 1]T (i)
03=6.28318; /.3 = 0.0418879; p3 = 303.905 rad/sec; [X}3 = [\ 1 1]T (j)
04 = 7.06858; /.4 = 0.0471239; p4 = 384.6268 rad/sec; {X}4 = [-1 0 1]T (k)

The mode shapes are shown in Fig. 4.23.
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,X *TfFi*

First Mode

.A
TTJT

Second Mode

7777 ̂  —

Third Mode

Fourth Mode

FIG. 4.23 Mode shapes.

The coefficients A, B, C, and D of the shape function of member 1 are listed in Eq. (1) in the
order of second, third, and fourth modes as

-37.16499 23.87324 -21.24624
0 0 0

-1.035983 0 0.025582
0 0 0

(1)

Similarly, for member 2

'-26.28982 23.87324 15.02337 '
26.26940 0 -15.02335
26.28982 0 -15.02337

-26.26940 0 15.02335

(m)

Shape functions for the second mode of members 1 and 2 are

Y2i = -37.16499 sin /.2x - 1.035983 sinh /.2x (n)
Y22 = -26.28982 sin /.2x + 26.26940 cos /.2x + 26.28982 sinh ~/.2x - 26.26940 cosh ~/.2x (o)

For the third mode

y3i = 23.87324 sin /.3jc
Y32 = 23.87324 sin /.3jc

(P)
(q)
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and the fourth mode

CHAPTER 4

Y4i = -21.24624 sin /.4x + 0.025582 sinh /.4x (r)
Y42 = 15.02337 sin /.4x - 15.02335 cos ~/.4x - 15.02337 sinh /Ax + 15.02335 cosh ~/.4x (s)

Then, from Eq. (4.142)

qk=- -Ak(f); k =1 ,2 , 3,4 (t)

in which the amplification factor of impulse load, for t < £, £ = 0.1 sec, is given in Eq. (1.81) as

sin pkt tAk(t) = 1 -cospkt Pk(, C (u)

The maximum displacement of the first mode occurs during the pulse at 0.0379 sec, which is used
for the response of other modes. The calculations are summarized as

Ak(t)

1=1 1=2 1=1 t = 2

1
2
3
4

13,678,350
-10,166,310

0
558,594

0
0
0
0

34,195.8
20,702.6
8,549.0
6,771.0

34,195.8
20,702.6
8,549.0
7,771.0

0.034648
-0.017429

0
0.000279

1.62095
0.75110
0.09350
1.07073

(v)

Substituting the results from Eq. (v) into Eqs. (4.146) and (4.147) yields the moments and
shears of members 1 and 2. The moments at B for t = 0.0379 sec associated with the first, second
and fourth modes are obtained by evaluating y" of individual shape functions as

(w)
M2 = -Efy"(L) = -£/[yst,^i yftCL) + Yst2A2Y2\(L) + Yst4A4

= -£7[0.034648(1.62093) (0) + (-0.017429(0.75101) (-0.036))
+ 0.000279(1.070783) (0.06672)] = -4.912053 (10~4),E7

M3 = El /(O) = EI[YMA\ y;'2(0) + Yst2A2 y^2(0) -
= £7[0.034648(1.62093) (0) + (-0.017429(0.75101)(-0.036)) (x)
+ 0.000279(1.070728) (0.066723)] = 4.912053 (10"4)£/

Note that the third mode does not contribute to the structural response because Fst3 = 0. Note
also that the equilibrium check on moments is satisfied at the joint. Following similar procedures,
the shears of member 1 at t = 0.0379 sec associated with the first, second, and fourth modes are

V\ = -£//"(0) = 147, 813.5061 + 50, 905.6642 - 3987.3606 = 194, 731.8097 Ib (y)
V2 = -EIy'"(L) = -147, 813.5061 - 74,084.9888 - 5632.0954 = -227, 530.59 Ib (z)
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I*

Jv- U M

FIG. 4.24 Forces on member.

In order to achieve an equilibrium check on shears, the inertia force must be found in the
following manner:

L
F = m y = m [YsnAiYu(x) + Yst2A2 Y2l(x) + Yst4A4Y4](x)] dx

{ J (aa)

= (-91 1, 849.069 - 108, 249.7469 - 3454.1239)0.2 = -204, 710.586 Ib

where A is the second derivative with time t of the dynamic load factor; for the present case,
Ak(t) = 1 - cos pkt + [(sin pkt)/pk£\ - (t/Q; then

-. d2A\ 7 p\ sin p\t
~di2~=P] C°Splt~ —— ( ~

where t should be 0.0379. Total external force on the span is

P = F(x, t)L = 30001 - 150 = 279,450 Ib (cc)

The free-body diagram with all the forces given in Eqs. (y), (z), (aa) and (cc) is shown in Fig.
4.24; then

J L F y = V l + V2-P-F = 484, 160.58 - 422, 262.39 = 61, 898.19 Ib (dd)

The final result should be zero. Apparently, we have only used first four modes,the inclusion of
additional modes will yield more accurate results (see Problem 4.19 for comparison based on
four modes and five modes).

Note that the procedure to find inertia force in Eqs. (aa) and (bb) can be simplified without
using the second derivate of Ak(f). From Eq. (4.139) for the undamped case, we may write

'4k =f(t)Ys,kp2
k -p2

kYslkAk(t)

and

y(x, t) = Z. Yi(x)qt(f) = Z Yi(x) Ystk P
2[f(t) - Ak(t)] (ee)

Thus Eq. (aa) can be expressed as

f fF = myi + my2+my4 = m \p2 YM [f(t) - A{\ Yn(x)dX+P
2

2 Yst2[f(t) - A2]

f F 1 (ff)
j Y2](x)dx+P

2 Yst4[f(t) - A4] Yu(x)dx\

where every term has already been calculated except the integration of shape function. To illus-
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trate the first term,

150

myl = (0.2)(75.97625)2(0.034648)(0.621 - 1.62095) f 47.74648 sin /.\xdx
o

= -182,405.025 Ib

Similarly

my2 = -21, 641.00308 Ib (hh)

and

my4 = -691.256988 Ib (ii)

Summation of Eqs. (gg), (hh), and (ii) yields the desired result of Eq. (ff) as

my] + my2+my4 = -182405.025 - 21641.00308 - 691.256988 = -204,736.85286 Ib (jj)

which is close to the result in Eq. (aa). But the computational effort for Eq. (ff) is much less than
that for Eq. (aa).
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Dynamic Stiffness Method for Coupling Vibration,
Elastic Media and P-A Effect

PART A FUNDAMENTALS

5.1. INTRODUCTION
Previous chapters treated only flexural vibration with bending deformation. This chapter
undertakes the topics of longitudinal, torsional, and flexural vibrations with and without elastic
media as well as coupling vibration. Flexural vibration further involves deformations due to bend-
ing and shear, rotatory inertia, and P-A effect. Coupling vibration herein implies that a structure
vibrates in (a) longitudinal and flexural modes, (b) torsional and flexural modes, and (c)
longitudinal, torsional, and flexural modes. Typical structures of plane trusses and elastic frames,
plane grids, and space frames exemplify (a), (b) and (c), respectively. The effects of various par-
ameters on vibration, such as the influence of bending and shear deformations, rotatory inertia,
elastic media, and axial force on flexural frequencies, are derived in a closed form expressed
in partial differential equations which are then used to obtain dynamic stiffness coefficients.
Numerical examples are provided not only to illustrate calculation procedures but also to show
the significant effects of coupling vibration and parameters on structural response.

5.2. LONGITUDINAL VIBRATION AND STIFFNESS COEFFICIENTS

Consider element dx of a longitudinal bar shown in Fig. 5.la; the equilibrium equation of the
element is

-N (5.1)

213
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H
~ N+dN

-̂ -̂ 1 dx
______L

Nj

(a) Element (b) Force-Deformation Relationship

FIG. 5.1 Longitudinal vibration.

where u = longitudinal displacement and N = axial force in tension. Since the axial force can be
expressed in terms of area, A, and stress, Es, as N = AEe = AE 3u/dx, Eq. (5.1) becomes

, #w A „ 92M , fu 7 92Mmdxw=AE&dx or w=a3Xi w
where a = AE/m. Using the separation of variables shown in Section 4.2 and substituting u =
X(x)g(f) into Eq. (5.2) yields

of which the solutions are

X = C\ sin kx + C2 cos kx; g = d\ sin pt + d2 cos pt (5.4)

where

X and g are the shape function and time function, respectively.
Based on the following boundary conditions shown in Fig. 5.1b:

x = 0; X = Ui; Ni = -AE —
dx

x = L; X = u,\ NJ = AE —dX—
dx

the dynamic stiffness coefficients can be derived as

coikL -^kL_SNU, SNU2 1
J (5.7)

in which SNU] and SNU2 are symbolic notations.

5.3. LONGITUDINAL VIBRATION AND STIFFNESS COEFFICIENTS WITH
ELASTIC MEDIA

Consider a prismatic bar encased in an elastic medium subjected to longitudinal vibration and let
the spring constant be q and element length be dx; then the equilibrium equation of EFX =
0 is

A**" #" nAE--2-qu-m— = 0 (5.8)
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a fi8'\ * m~\ * aaa \

^______ jI^N+dN
a ooo / a oaa I a OOP I a ooo

q

FIG. 5.2 Longitudinal vibrating bar encased in elastic medium.

jM aao \* ooon 3 tfod^\*":itf&:f

la qoo /a OOP lii qoo f j OOP

\ x ooo \ 4 ooo \ *
———'———'———^ Fsinwt ^ =3——X,P

FIG. 5.3 Example 5.3.1.

Note that q is expressed in terms of force per unit length and takes into account the width of the
element. If u = X(x)g(t), then Eq. 5.8 becomes

= -/ (5.9)
rnx m g

from which

2X = Q and -|+/g = 0 (5.10)

where

Since Eq. (5.10) is formally identical to Eq. (5.3), the stiffness coefficients given in Eq. (5.7) can
likewise be used in this case by replacing the parameter k in Eq. (5.5) with that of Eq. (5.11).
EXAMPEE 5.3. 1 The beam shown in Fig. 5.3 is subjected to harmonic force Fsin a>t and has the
following structural properties: A = 232.26 cm2, E = 206.84 GN/m2, L = 12.19m, y = 76.973
kN/m3 , q = mco2/2, (a = 330.84 rad/sec, and F = 177.93 kN. Find the displacement at
the free end and the reaction at the support end by using steady-state vibration analysis.

Solution: Based on the diagram shown in the accompanying figure, the system matrix
equation

[F sin cot] = [SNUi] {X} (a)

Eet sin cot = 1 for steady-state vibration; then

in which

(0
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Using the given structural properties yields

9.81

- = 9982.6427 kN/m2

/(mco2 - g) HT 9982.6427
(0.023226) (206.84)106

= 0.045585 1/m

and £L = 0.55568; then

cot £L= 1.6105 (f)

The displacement at the free end is

F 17793
EAk cotfrL) (218.991.4197)(1.6105)

The reaction at the support is

SNU2X = -EAk csc(kL)X
= -218,991.4197(1.89566)(0.000504) = -209.227 kN

5.4. DYNAMIC ANALYSIS OF TRUSSES AND ELASTIC FRAMES
According to the conventional definition of a statically loaded truss, the pin-connected members
are either in tension or compression for the reason that external loads are applied at structural
nodes only. When a truss vibrates, its constituent members not only have axial inertia forces
but also transverse inertia forces; this is because overall vibration induces the members' mass
to move in both longititudinal and transverse directions. In this case, one must consider the
member's bending stiffness; even its slenderness ratio is normally very large. Since a truss member
has both ends hinged, the inertia force is resisted at the structural nodes in two components:
longitudinal force and shear. An elastic structure is a rigid connected framework in which
the members also have longitudinal and flexural inertia forces. However, the inertia force of
the member at an elastic structural node has three components of moment, shear, and axial force.

5.4.1. Dynamic Stiffness Coefficients of Pin-connected Member
Let a truss member of a vibrating system be shown in Fig. 5.4 in which the end-forces are {V} and
{TV} and their associated deformations are {Y} and {u}, respectively. The member also has
end-rotations, {0}, which are are due to transverse inertia force; but no end-moments are associ-
ated with the rotations. For the longitudinal force-deformation relationship, {TV} vs {u}, the
dynamic longitudinal stiffness is already presented in Eq. (5.7). The dynamic flexural stiffness
coefficients of the member can be derived either by applying the boundary conditions (Fig. 5.4)
directly to the shape function of Eq. (4.19) or by condensing Eq. (4.26b) on the basis that
{M} = 0. Therefore

{V} = ([SVY] - [SMY][SMO]-l[SMY]){Y} (5.12)
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FIG. 5.4 Truss member of vibrating system.
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FIG. 5.5 Graphical description of SRV{ and 57? K'

The final stiffness coefficients are

[SVY'] = cs' — c's
symm cs' — c's

[ SVY{ SVY'2
[symrn SVY{ (5.13)

in which s = sin <j>, s' = sinh <j>, c = cos </>, c' = cosh <p, and

(5.14)

The stiffness coefficients are graphically shown in Fig. 5.5 by varying <f> to 2n. We may observe that
when 4> approaches zero as it does when there is no vibration, the stiffness coefficients are zero,
corresponding to the static case. However, when </> = 5n/4, the SVY\ is zero, and the <j> cor-
responds to the resonance of a member having one end free and the other end hinged. Con-
sequently, no exciting force is required at the free end to maintain the vibration. The sum of
inertia force is then balanced by the reaction at the hinged end. When <j>=n and 2n at the
discontinuities, they represent the resonance of a member with both ends hinged; since the
end deflections are zero, the stiffness coefficients become infinite. These </>'s are the frequency
parameters of the first and second modes of the member.
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5.4.2. Dynamic Stiffness Matrix of Trusses
The dynamic stiffness matrix may simply be called the stiffness matrix; it is, however, different
from conventional statics because it includes frequency parameters. Formulation of a dynamic
stiffness matrix, [K\, for plane or three-dimensional structures may use one of the following three
techniques:

(A) Fundamental structural mechanics—combine equilibrium matrix or compatibility matrix
with stiffness coefficients as presented in Section 4.5.

(B) Physical interpretation—displace the d.o.f. of a structure, one at a time, and then find the
unbalanced forces at all structural nodes. The unbalanced forces induced by displacement
associated with the system's d.o.f. represent the elements of a dynamic structural matrix.

(C) Direct element formulation—formulate the stiffness matrix of each member, [Kl], in the
direction of global coordinates; then arrange the elements in [Kl] by matching the number
of local coordinates of the member with the system's global coordinates. Thus the struc-
tural stiffness is obtained as

[K\ = (5.15)

where NM is the total number of members in a structure. These three techniques are
briefly illustrated below. A mapping technique to formulate Eq. (5.15) is introduced
in Section 8.12 for general three-dimensional building structures.

(A) Fundamental structural mechanics—Consider the truss shown in Fig. 5.6a. The external
action (or possible forces applied at the structural nodes), {Ps}, and their associated displacements
(or NP d.o.f. of global coordinates), {Xs}, are sketched in Fig. 5.6b. The internal resistances of {TV}
and {V} are designated in the accompanying Fig. 5.6c, where the signs are all positive identical to
those used in stiffness derivations in Figs. 5.1 and 5.4. Let the possible external forces and internal
forces be shown in the free-body diagram; then the equilibrium conditions at structural nodes B
and C can be established as

in which

(5.16)

[An} =

0 1 0 0 0 0 0 0 '
0 0 0 0 - l O O c
0 0 1 0 0 0 0 0
0 0 0 1 0 O O s

(5.17)

and

' 0 0 1 0 0 0 0 0
0 0 0 -1 0 0 0 -s
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 c

(5.18)

where c = cos i and s = sin i. Following the proof in Section 4.5.4, the structural matrix equation
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(a) Truss

2J

(b) External Action

ps. „
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..N, V8

(c) Internal Resistance

NR

(d) Free-Body Diagram

rHprt I

SVY'2
-t H~P
SVY',

(SNU.3

SNUB

SVY'1

(e) External Action and Internal Resistance Due to Xs2

FIG. 5.6 Truss analysis.

of a truss can be formulated as

'SNU 0
{/>s}e"" = [Aa\As] --

0 SVY'
= [[An] [SNU] [Aa]T + [As] [SVY'] [AS]T

= [K] (Xs}e1?'

(5.19)

in which [SNU] and [SKF] are the diagonal band submatrices of the stiffness coefficients associ-
ated with the members of a system.
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(B) Physical interpretation—displace each of {X & ] in Fig. 5.6b one at a time, and then find the
unbalanced forces at the structural nodes, B and C, caused by that displacement. For instance, let
XSJ- = 1 and the other Xs's = 0; then

NP (5.20)

where Ky represents the unbalanced forces due to XSJ- = 1, which in turn are the elements in the j'th
column of [AT] in global coordinates. If / = 1, then Xs2 = Xs3 = Xs4 = 0, and Ps\ = SNUU +
SVY\2 = Ku, Ps2 = -SVY'22 = K2\, Ps3 = K3l = 0, Ps4 = K4} = 0, which form the first
column of Eq. (5.21). In a similar manner, let Xs2 = 1, without moving other d.o.f., as shown
in Fig. 5.6e; then the unbalanced forces are expressed in the second column of [K\. Thus the com-
plete structural stiffness is

[K\ =

SNUU + SVY'

— <\VY'ZV 122

symm

SNU\2 + SVY'U

SVY(4cs SNU 22
SNUi2 ~

+SVY{3

- SNUl4s2

^SVY'l4c2j
(5.21)

(C) Direct element formulation—direct element formulation is to transform the local
coordinate of a member into global coordinates. The members are assembled to form a structural
stiffness matrix. In the transformation, the d.o.f. of global coordinates at supports can be handled
in two ways: (1) assign d.o.f. to the supports as is usual with any structural node; then eliminate the
row(s) and column(s) in the stiffness matrix, [K\, which are associated with the restraints from
supporting conditions; or (2) assign NP d.o.f. to all the structure's free nodes with one redundant
number, say 0 or 1. In the case of NP + 1, the extra row and column of [K\ associated with
the redundant d.o.f. can be disregarded in the solution procedure of dynamic response analysis.

Let the local and global coordinates of a truss member be assigned as shown in Fig. 5.7a and b,
respectively. Typical transformation of a member at its end, p, is given in the accompanying Fig.
5.7c, from which

UP \ _ \ cos (p sin i
v' | — sin d> cos = [*,] (5.22)

(a) [KJ (b) [K]

FIG. 5.7 Coordinate transformation of truss member.
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(5.23)

Dynamic stiffness coefficients of a truss member, comprising Eqs. (5.7) and (5.12), configure as
follows for any member i according to the numbers assigned to the local d.o.f. shown in Fig. 5.7a.

" SNUi
0

SNU2
0

0 I
SVY{ \
- - - 1

0 I
-SVY'-, \

SNU2
0

SNUi
0

0 "
-SVY'2

0
SVY{

—

S2]

Su

S22

(5.24)

which is then transformed into global coordinates as

[K'] =
V,-

symm 22
(5.25)

The structural stiffness is formed through member-by-member assemblage as given in Eq. (5.15),

[K\ = Z[K>] (5.26)

Note that [K\ comprises either all the d.o.f. including supports or NP plus one redunant number; it
depends on how we assign the global d.o.f.

The external load matrix should also be transformed as

in which [V] comprises [V,] at the structural nodes, {P's} represents forces in element's coordinates.
Combining Eqs. (5.26) and (5.27) yields the same results as Eq. (5.19). Analysis of a truss with and
without inclusion of transverse inertia force (SVY') can have significant differences in natural
frequencies. This can be observed from the solutions of Problems 5.6 and 5.19.

5.4.3. Dynamic Stiffness Matrix of Elastic Frames
The three techniques of formulating [K] in the previous article are also illustrated here for the
elastic frame shown in Fig. 5.8. The structure has total d.o.f. of NP = 6 and linear d.o.f. of
NPS = 3 as determined by using Eq. (4.27a, d). The d.o.f. of global and local coordinates
are assigned in Figs. 5.8a and b, respectively.

(A) Fundamental structural mechanics—the equilibrium equations of an elastic system can be
generally expressed as

= {A9}{M]

Based on the d.o.f. assigned in Fig. 5.8a and b, the equilibrium matrices are

[Ae\ =

(5.28)
(5.29)

(5.30)

0 -c d 0 0 0'
0 s s ' 0 0 0
0 0 0 -s' 0 0

(5.31)
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(a) External Action (b) Internal Resistance

sSNU,,
s'SNU12

s'SNU22\ c'SVY22

c'SMY22

(c) Deformations and Forces due to Xsl

FIG. 5.8 Elastic frame analysis.

and

[An] =
0 s -s' 0 0 0'
0 c c' 0 0 0
0 0 0 c' -1 0

(5.32)

where s = sin a, s' = sin /?, c = cos a, and c' = cos /?. In a similar manner shown in Eq. (5.19), the
structural matrix equation of an elastic frame can be expressed as

| [Ae][SMY][As

symm _[An][SNU][An]T _

= [K\
Xg jpt

(5.33)

in which [SMO], [SMY], [SVY], and [SNU] comprise NM submatrices. Each submatrix represents
a member's dynamic stiffness as given in Eqs. (4.26) and (5.7). The arrangement of the submatrices
is based on the relationship between global and local coordinates as shown in the equilibrium
matrices.

(B) Physical interpretation—the structural stiffness matrix of the elastic frame is given in Eq.
(5.34) which may be obtained by using any of these three techniques.

[K\ =

SM9n SM022 -cSMY,,+c'SMYu sSMYn + s'SMYt2

(5.34)
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(a) [KJ (b) [K]

FIG. 5.9 Coordinate transformation of elastic member.

Note that the unbalanced forces due to the displacements of Xg's are moments and shears as shown
in the first three columns of [-K](or Kfj, j = 1,2,3 i = 1,2,- • -6); the unbalanced forces due to the
displacements of Xs's are moments, shears, and axial forces Ky, j = 4,5,6 and /' = l ,2 , - - - ,6
in Eq. (5.34).

For illustration of the physical interpretation technique, let Xsi = 1, with other d.o.f. not
moving, as shown in Fig. (5.8c); the members are then deformed as

Y2 = BBi = - cos a; U2 = BXB = s ina j
F3 = BB2 = cos [3; f/3 = B2B' = - sin ft] (5.35)

The negative sign with Y2 in Eq. (5.35) is due to deflections at end 2 of member 1 opposite to the
typical sign convention in Fig. 4.2. Similarly, t/3 is negative because end 3 is in tension, due
to XS] having moved, opposite to the typical sign convention in Fig. 5.1. Thus the internal forces
resulting from the members' end-deformations are identified in the free-body diagrams by stiffness
coefficients and their acting directions. The unbalanced forces at nodes A, B, and C can be
obtained by using

Z.M = 0; and (5.36)

which yield the elements listed in the fourth column of [K\.
(C) Direct element formulation—let a typical elastic member be shown in Fig. 5.9; then the

transformation at member end, p, can be established from the accompanying Fig. 5.9c as

p
0'

cos (p sin (p 0
— sin 4> cos 4> 0

0 0 1
(5.37)

The stiffness coefficients of the elastic member should comprise the flexural stiffness in Eq. (4.26a)
and the longitudinal stiffness in Eq. (5.7) as shown below:

(5.38)

'SNUi
0
0

SNU2
0
0

0
SMYi

0

0
-SMY2

0

0
0

SMOi

0
0

5*M02

SNU2
0
0

SNUi
0
0

0
-5MF2

0

0
SM7!

0

0
0

SM02

0
0

SMOi

Note that the sign and the coefficients' location in Eq. (5.38) are based on the coordinate system
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given in Fig. (5.9a). Thus the stiffness coefficients in global coordinates are transformed by
employing Eqs. (5.37) and (5.38) as symbolically expressed in Eq. (5.25). The structural stiffness
matrix is then obtained by following the procedures presented in Eq. (5.26).

5.4.4. Coupling of Longitudinal and Flexural Vibration
When a plane structure is subjected to dynamic excitations, its constituent members may have
longitudinal and flexural vibration. The vibration modes and frequencies may be coupled.
Coupling vibration means that when a structural system is in vibration, all the consitituent mem-
bers vibrate in the same frequency for both the longitudinal and flexural motions. On the other
hand, uncoupling vibration implies that longitudinal and flexural motions are independent of each
other so the vibration mode of a system depends on whether the mode is associated with longi-
tudinal or flexural frequency, but not affected by both. Whether a structure is in coupling or
uncoupling motion depends on structural configuration, distribution of the structure's mass
and stiffness, and modeling. The simple case may be observed from Example 5.4.1 and Problem
2.5. In the example, individual longitudinal and flexural modes vibrate independently; for the
given problem, if the stiffness and mass of the frame are symmetric, then the vertical, lateral,
and rocking motions do not affect each other. However, if the mass, stiffness, or structural con-
figuration is not symmetric, then vertical, lateral, and rocking motions will vibrate simultaneously.
Therefore these motions cannot be independent. The fundamental behavior of coupling vibration
and the variables that induce this type of motion are discussed here and in Section 5.7.

To determine the natural frequencies of a coupling motion, Eqs. (4.107)-(4.110) are used to
express the flexural vibration parameters of the constituent member, ;', in terms of the reference
member, 1, as

(5.39)

Since vibration frequencies in both the longitudinal and transverse directions are the same, the
frequency parameters in longitudinal stiffness of that member can be expressed in terms of
4>i as

(5.40)

and

EAjkf = —^y-^yfe (5-41)

where

BI = ̂  (5.42)

EXAMPLE 5.4.1 Find the natural frequencies of the first four modes of the beam shown in Fig.
5.10a with consideration of both longitudinal and flexural vibrations. The member properties are
L = 12.19m, A = 232.26cm2, £ = 206.84 GN/m2, y = 76.973 kN/m", and / = (1.01144)10"
m4. The slenderness ratio, L/R, of the beam is 184.76.
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(a) Given Beam

FIG. 5.10 Example 5.4.1.

(b) Diagram of d.o.f

Solution: Let the beam be treated as a structure of two members for which a structural node
and its d.o.f. are assigned at mid-span as shown in Fig. 5. lOb. Based on the diagram, the structural
stiffness matrix is

[K\ =
SMYuSMOu+SMOu -SMYU

symm SNUu+SNUu

of which the determinant yields the following frequency equation:

]^| = [(SMOn +SMOn)(SVYu + SVYn) - (-SMY\\ + SMYn)2] (SNUi

Thus

or

(a)

SMO]2)(SVY]] + SVYU)-(SMYU + SMYi2)2=0

(b)

(c)

(d)

Eqs. (c) and (d) yield longitudinal and flexural frequencies, respectively. This vibration is
uncoupled because the beam can vibrate in longitudinal and transverse modes independently.

Substituting longitudinal stiffness coefficients in Eq. (c) yields

2EAk cot kL = 0

Thus the first four modes correspond to

7i STI 5n , InkL = —; —; —; and —2 2 2 2

Using the given member properties in the following

(e)

(g)

the first four frequencies are obtained as

Pi
P2
P3
P4

661.27
1983.80
3306.34
4628.87

rad/sec (h)
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(a) Given Frame

FIG. 5.11 Example 5.4.2.

C A ' C A C
(b) Rigid Frame (c) Elastic Frame

Similarly, employing appropriate flexural stiffness coefficients in Eq. (d) and then substituting
member properties, the following flexural frequency parameters, <j>i\, i = 1,- • •, 4, are found

014

2.365020
3.926602
5.497804
7.068583

(i)

From Eq. (4.110) or (5.14),

we have

P\
P2

P3
P4

12.747
35.137
68.884
113.868

rad/sec 00

Note that the frequencies in Eqs. (h) and (k) are not the same; their values depend on the par-
ameters in Eqs. (g) and (j), respectively. Longitudinal frequencies are much higher on the order
of 52, 56, 48, and 40 times the corresponding flexural frequencies.
EXAMPLE 5.4.2 In the two-bar frame shown in Fig. 5.11 a, member properties are L = 12.19m,
A = 232.26cm2, E = 206.84GN/m2,y = 76.973 kN/m 3 , /= 10,114.423 cm4, and h = 8.6196m.
The slenderness ratio of each member, L/R, is 184.72. Find the natural frequencies of the first five
modes by considering (A) rigid frame with flexural vibration only, and (B) elastic frame with
longitudinal and flexural vibration. Compare the results.

Solution: (A) The diagram for rigid frame analysis with one d.o.f. in rotation is shown in Fig.
5.lib. Although the members have dynamic stiffness coefficients associated with moments and
shears, the stiffness matrix is due to unbalanced moments only. Thus the structural stiffness matrix
can be simply obtained as

= 2SMOn (a)

in which the zero determinant yields the frequency parameter of any mode n as <j>\n. Using the
given El and m, the corresponding frequency can be expressed as

IEI- = 338.6448 ̂ f
m L2 (b)
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(B) The diagram for elastic frame analysis with three d.o.f. is shown in Fig. 5.1 Ic. The struc-
tural stiffness matrix is

[K\ =

+SMOU c(-SMYu
c2(SVYn

symm

- SMYu) s(SMYii+SMYu)
-SVY12) sc(-SVYu + SVYu)
f SNUu) +sc(SNUi i - SNUu)

s2(SVYu +S¥Y12)
+c2(SNU]] +SNU]2).

(c)

where s = sin 45° and c = cos 45°. The determinant of [K\ yields a frequency equation in which
longitudinal and flexural vibrations are coupled because the zero determinant cannot be evaluated
by using these two groups of stiffness independently.

For the given structural properties, we find the parameters of longitudinal stiffness from Eqs.
(5.40) and (5.41), in which the variable 4>\ is a function of flexural frequency. The singularity of [AT],
as in the case of zero determinant, yields <pln which is then substituted into Eq. (b) for the vibrating
frequencies of the system. The results of Cases (A) and (B) are given in Eq. (d), where pn is in
rad/sec. It is apparent that the vibration is dominated by flexure in the first mode, and the coupling
effect becomes significant for higher modes.

Mode
Case

First Second Third Fourth

A

B

01/7

Pn

01/7

Pn

3.92699
35.1444

3.92576
35.1224

7.06858
113.8807

4.72703
50.9229

10.21018
237.7539

7.06324
113.6962

13.35176
406.2689

7.83831
140.0172

(d)

EXAMPLE 5.4.3 Study the coupling effect of the structure given in the previous example. (A)
Find the natural frequencies of flexure only, p, and of coupling effect, p', for the first five modes
by considering a wide range of slenderness ratios for the two identical members: L/R = 20,
40, 60, and 80. (B) Study the influence of longitudinal frequency parameter on the coupling fre-
quencies by letting the longitudinal dynamic stiffness be replaced by static stiffness as AE/L;
find the pseudo-coupling frequencies p", and compare them with p' obtained in (A).

Solution: (A) Employing the given structural properties in Eqs. (a) and (c) of the previous
example, p and p' are first found and then tabulated in Eq. (a). The ratios of p'/p are plotted
in Fig. 5.12.

L/R
Mode p '

1
2
3
4
5

2862.64
3666.82
5638.55
5994.03
9998.64

= 20
P

2998.
9713.
20266.
34657.
52885.

.04

.64

.76

.30

.42

L/R
P'

742.17
1054.27
2264.11
2410.09
3035.93

= 40
P

749.51
2428.41
5066.69
8664.33
13221.35

L/R
P'

331.
477.
1059.
1257.
1861.

.67

.17

.12

.17

.46

= 60
P

333.12
1079.29
2251.86
3850.81
5876.16

L/R =
P'

186.
269.
601.
730.

1211.

.91

.96

.55

.51

.67

= 80
P

187.38
607.10
1266.67
2166.08
3305.34

(a)
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1.0

0.5,

0.0

mode 1

mode 2

• " • " - - > mode 4 X _„ - , _/ _. — •Ssi/"*-—*"*•modejs. ̂ - • -^ jr—- - • f
mode 5

20 40 L/R 60 80

FIG. 5.12 p'/p vs L/R.

1.6 1

1.4 '

G.

"0.1.2 '

1.0'

0 0

2

_. — • — •• — - N
V / mode 3 X

**> mode 4 \/ mode 5
\'s/ ^

mode 2N
 N

N-.̂  X-^.^

mode 1

0 40 L/R 60 80

FIG. 5.13 p"/p> vs L/R.

It is apparent that longitudinal vibration significantly influences the coupling frequencies in
higher modes. A structure having smaller slenderness ratios displays more significant effects.
At the fifth mode, the ratios of p'/p are 0.189 and 0.366, corresponding to L/R = 20 and
80, respectively, p' is always smaller than p.

(B) Replace SNU\ \ and SNU\2 by AE/L in Eq. (c) of the structure's stiffness matrix given in
the previous example; then consider axial deformation but not longitudinal frequencies. The fre-
quency is called pseudo-coupling frequency, signified by/)", which is tabulated in Eq. (b). The
ratios of p" I p' andp"/p are shown in Figs. 5.13 and 5.14, respectively.

Mode

1
2
3
4
5

L/R = 20
P"

2887.85
3871.75
8380.78
8556.34
15084.68

L/R = 40
P"

742.52
1057.62
2348.64
2739.30
4680.52

L/R = 60
P"

331.70
477.45
1063.92
1283.46
2180.74

L/R = 80
P"

186.91
270.01
602.29
734.33
1244.95

(b)
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1.0'

0.5

0.0

' mode 1

^mode 3
_ — — f — — — — —;.—;.—.—..rr...™. mode 5

'mode l^.~-m-^z:~^-—- ——-^ -—-
mode 4

20 40 L/R 6°
80

FIG. 5.14 p"/p vs

dx _

T,,Y,

Y Y+l^-dx

(a) Torsional Shaft

FIG. 5.15 Element subjected to torsion.

T + d T

(b) Force and Displacement

The above three figures reveal that: (!)/> andp' are respectively upper and lower bounds of the
frequencies; (2) the coupling effect on frequencies becomes more significant for higher modes and
smaller slenderness ratios; and (3) the pseudo-coupling approach may be used for lower modes.

5.5. TORSIONAL VIBRATION AND STIFFNESS COEFFICIENTS

Consider an element, dx, of a circular shaft shown in Fig. 5.15. Let y = y(x,t) be the angular
displacement of the section mn at the time measured from the position of equilibrium. The angle
of twist or angular displacement at mi n\ at time t is y + (dy/dx) dx. If T = T (x,f) signifies
the torque or twisting moment at mn and time t, then the torque at m\n\ at the same time is
T + (dT /dx) dx. Let G = the shear modulus and the polar moment of inertia be

7p = IR2 dA = Ix + Iy (5.43a)

Then the torsional inertia may be expressed as

/ = c7p (5.43b)

where R is radius of gyration and c is a constant. For an element of the member between mn and
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m\n\, the twisting moments are

T = GJ- (5.44a)

(5.44b)

Since the resulting torque acting on the element dx is equal to the element's mass moment of inertia
multiplied by angular acceleration, the differential equation of motion of the element can be
expressed as

P/Pg=^g (5-45)

where p is unit mass per unit volume (or mass density). Using the separation of variables y =
X(x)g(t) in the above yields

0 (5.4*0dx2 GJ

-JL-p2
g = 0 (5.46b)

The solution of Eq. (5.46a) is

X = C\ cos(if/X) + Ci sm(if/x) (5.47)

where

* = ̂  (5.48)

Using the sign convention shown in Fig. 5.15b leads to

Y — 0 Y — ,, • T ——GI—— fS 4£AA —— V, Vl —— fj, 1 i —— \JJ ^J.T-y)

and
T y

X = L, X = y,\ Tj = GJ— (5.50)1 dx

Substituting Eq. (5.47) into Eqs. (5.49) and (5.50) then yields the following dynamic torsional
stiffness coefficients

(5.51)|_symm STyl J r |_ symm

5.6. DYNAMIC STIFFNESS MATRIX OF GRID SYSTEMS
Grillage is a structure consisting of two sets of orthogonal or nonorthogonal beams rigidly con-
nected at the intersections. A gridwork may be used for building floors, ship decks, bridge floor
systems, missile ground facilities, electronically steerable radar systems, and so forth. In a plane
grid system, the constituent members are subjected to both bending and torsion. General grid
patterns are shown in Fig. 5.16. A typical member is given in Fig. 5.17, in which the member
ends have moments Mh M/, shears Vh V/, and torques Th 7). The dynamic stiffness coefficients
and their sign convention are the same as those given in Eqs. (4.25b) and (5.51).
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FIG. 5.16 General grid patterns.

V- YM)11

FIG. 5.17 Typical member of plane grillage.

The formulation of a dynamic stiffness matrix may be illustrated by using Fig. 5.18a with
eight d.o.f. as shown in Fig. 5.18b: six rotations and two displacements. The rotations are positive
in the clockwise direction, signified by right-hand rule, and the displacements are positive
downward (perpendicular to the x-z plane). The internal forces acting on the individual members
are shown in Fig. 5.18c. From the accompanying figure of the free-body diagram at node G, the
following equilibrium equations are derived as:

ZM.V. = 0
= cT\ i + sM\ i cTw cT2 - sM2 -

(5.52)

= 0
-STU +cMu- cMlo + sT2 + cM2 + cM3

(5.53)

I.Fy=0

' i o - - V-,
(5.54)

where c = cos 30° and s = sin 30°. Applying the three equilibrium conditions to the other two
nodes, C and F, and then combining with Eqs. (5.52)-(5.54) yield the following equilibrium
matrices:

(5.55)
(5.56)
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y D
(a) Given Plane Grid (b) External Action

z

(c) Internal Resistance
V,,

(d) Free-body Diagram

FIG. 5.18 Plane grid system.

in which

[A0] =

"0
0
0
0
0
0

— s
c
0
0
0
0

— s
c
0
0
0
0

0
0
0
0

—s
c

0
0
0
0
0
0

0
0

—s
c
0
0

0
0
0
0
0
0

0
0
s
c
0
0

0
0
s
c
0
0

s
c
0
0
0
0

s
c
0
0
0
0

0"
0
0
0
0
0

(5.57)

O c c O O O O O 0
0 s s 0 0 0 0 0 0
O O O O O c O c c
0 0 0 0 0 ^ 0 - 5 - 5
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

c c
—s —s
0
0
0 0 0
0 0 0

0 0
0 0 (5.58)

and

" 0 1 - 1 0 0 0 0 0 0 1 - 1 0 "
0 0 0 0 0 1 0 1 - 1 0 0 0 (5.59)

Note that the first and second rows of Eqs. (5.57) and (5.58) are based on Eqs. (5.52) and (5.53),
respectively. Likewise the first row of Eq. (5.59) is based on Eq. (5.54). By using a fundamental
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structural mechanics approach, the dynamic stiffness matrix may be obtained as

{':}•"= Ae SMO A] A0 SMY
+ At STy Al

symm As SVY Ac
,lpl — X0=[K\ e«" (5.60)

which is a general expression for all plane grid systems and can also be obtained by using the
physical interpretation or the direct element formulation. General concepts of these formulations
were presented in Section 5.4.2.

5.7. COUPLING OF TORSIONAL AND FLEXURAL VIBRATION

The dynamic structural stiffness matrix in Eq. (5.60) comprises flexural and torsional stiffness
coefficients in which the frequency parameters <j> (flexural) and ij/ (torsional) must be unified
so that the vibration frequencies of a system can be coupled. Let the ratio of polar moment
of inertia and that of torsional inertia of member i to a reference member 1 be T/ and <r/,
respectively, as

T/ = ̂  (5.61)
Ipi

ffi = J-j- (5.62)
J\

Then the parameters in torsional stiffness coefficients of Eq. (5.48) may be unified in terms of
flexural frequency parameter </>] (0,- = <5,- <f>\) as

(5.63a)

Jiil/, = [(EGJ} Ip] ) (ff//J.Tl./e/)]iMi (5.63b)

and

(5.64b)
i*-'\

where a,-, fth and d, may be found from Eqs. (4.107)-(4.110). Note that Eqs. (5.63a) and (5.64a) are
for a system having both structural and nonstructural mass while Eqs. (5.63b) and (5.64b) are for a
system with structural mass only. Once the singularity of [K\ is obtained, the coupling frequency is
then found from

EI^1'2

^ '

EXAMPLE 5.7.1 For the prismatic beam given in Fig. 5.19a, find the frequencies of the first
three modes. The member properties are 2L = 6.096m, A = 77.419 cm , /v = 14.9843 /^m ,
7p = J = 16.649 /(m4, y = 6.405 kN/m3, E = 206.843 GPa, and G = 82.737 GPa. The slender-
ness ratio of this beam is 138.56.
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(a) Given Beam (b) Diagram for d.o.f.

FIG. 5.19 Example 5.7.1.

Solution: Introduce a node at the midspan of the beam as shown in Fig. 5.19b, at which the
assigned first two d.o.f. are associated with bending and the third with torsional motion. The
structural stiffness matrix may be expressed as

SMOu+SMOu -SMYn+SMYi2 0
SVYu+SVYu 0 (a)12

symm STyu + STyl2

from which

\K\ = [(SMOn + SM012)(SVYU + SVY12) - (-SMYU + SMY12)2] (STyu + STyu] = 0
(b)

This is an uncoupled vibration. The torsional frequencies can be determined from the second term
of Eq. (b),

STyu + STy12 = 2GJij/ cot \j/L = Q (c)

or

7i STE 5n
+L = -, -, -,...

The corresponding torsional frequencies can be obtained from Eq. (5.48) as

p' = ̂  ^-= 1673.19, 5019.58, and 8365.97 rad/sec (d)
L y pip

Similarly, the flexural frequencies obtained from the first term of Eq. (b) are

p= 136.03, 374.96, and 735.07 rad/sec (e)

Note that the torsional frequencies are significantly larger than the flexural frequencies in the
following order of magnitude

^=12.300, 13.387, and 11.381, z = l , 2 , 3 (f)
Pi

EXAMPLE 5.7.2 Find the first five frequencies of the following plane grid composed of two
identical members. Consider (A) the coupling effect of bending and torsional vibration, (B) bend-
ing vibration only, and (C) the pseudo-coupling effect of bending vibration with static torsional
stiffness of GJ/L. The member properties are: A = 77.419 cm2, /,. = 14.9843 ,um4, /p = /
= 16.649 /(m4, y = 76.921 kN/m3, E = 206.843 GPa, and G = 82.737 GPa. The member length
varies according to the slenderness ratio of 20, 40, 60, 80, and 100.
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W5\
kX

(a) Plane Grid 45° \
^x1

__I

(c) Internal Forces 4
for(b)

(d)CaseB " (e) Internal Forces N
for(d) 4

FIG. 5.20 Example 5.7.2.

Solution: (A) The d.o.f. are numbered in Fig. 5.20b with the first four rotational in a positive
clockwise direction and the fifth transverse downward positive. The internal forces are numbered
in Fig. 5.20c; each member end has bending, shear, and torsion. The dynamic stiffness matrix
is formulated as

[K\ =

' SMO + S2SM012

+c2STy]2

symm

scSMOn
-scSTyl2

STyu+c2SMOl2

+s2STyn

sSM022 -cSTy22 sSMY22

cSM022 sSTy22 cSMYu

SMOU 0 SMY12
STyu 0

SVY12

(a)

where s = sin 45° and c = cos 45°.
(B) For flexural vibration only without considering torsional effect, the d.o.f. and internal

forces are similarly numbered in Figs. 5.20d and e, respectively. The dynamic stiffness matrix is

[K\ =
' SMO\\+s2SMOn sSM022 sSMY22

SMOU SMYU
symm SVY\2

(b)

(C) In the case of pseudo-coupling vibration with consideration of dynamic flexural stiffness
and static torsional stiffness, the d.o.f. diagrams and internal forces are the same as those used
in (A). The stiffness matrix in Eq. (a), however, needs to be modified by replacing the dynamic
torsional stiffness coefficients, STy\ and STy2, with static coefficient GJ/L.

Let p' be the frequency due to coupling flexural and torsional vibration of Case A, p be the
frequency due to flexural vibration only of Case B, and p" be the pseudo-coupling frequency
due to flexural vibration with the static torsional stiffness of Case C. The results of p and p'
(in rad/sec), from Cases A and B, for the first five modes and various slenderness ratios are given
in Eq. (c). Comparisons of the frequencies are shown in Fig. 5.21. For Case C, p" and p' com-
parisons are revealed in Fig. 5.22.
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1 -

0.8'
p/p

0.6-

0.4-

0.2-

0 -
2

mode 3

f--"~ f mode 2
.. .. • • • 'x

x"\ \nodel
,' mode4______- -— —— • ~"

mode 5

0 40 60 80 10
L/R

FIG. 5.21 p'/p vs L/R of Example 5.7.2.

60 I/R 8°

FIG. 5.22 p"/p> vs L/R of Example 5.7.2.

Mode

1
2
3
4
5

L/R
P'

520.84
2966.67
4877.92
5939.58
10296.60

= 20
P

833.21
4499.49
6480.55
14581.24
30422.59

L/R
P'

130.61
771.16
1284.13
2627.18
3167.15

= 40
P

208.
1124.
1620.
3645.
7605.

.30
,88
14
.32
,67

L/R
P'

58.08
341.94
583.53
1271.47
1598.58

= 60
P

92.58
499.94
720.06
1620.14
3380.30

L/R
P'

32.55
192.58
328.70
730.38
921.55

= 80
P

52.07
281.22
405.04
911.33
1901.43

L/R
P'

20.92
123.35
210.43
467.44
589.79

= 100
P

33.33
179.98
259.22
583.25
1216.90

(c)

Significant observations from this example may be summarized as follows: (1) the coupling
frequencies of flexural and torsional vibration are always smaller than those of flexural vibration
only; the difference is sensitive to vibrating modes and to smaller slenderness ratios (when
L/R is less than 50). (2) The difference between coupling frequencies and pseudo-coupling
frequencies is significant for higher modes when the slenderness ratios is less than 50. (3) The
first five mode shapes {X} and {X'} associated with p and p', respectively, for L/R = 100
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are given in Eqs (d)-(h). Other numerical examples show that the ratio ofp'/p can be smaller or
greater than 1, and mainly depends on whether system stiffness is responding to torsional or
flexural vibration of a particular mode. The solutions of Problems 5.11 and 5.20 illustrate the
situation in which some vibration modes are mainly influenced by torsional vibration.

m1= [0.1003 0.2855 1.0]T

[X'}1 =[0.0328 0.2135 0.24444 0.1264 1.0]T (d)

{X}2 = [-0.8680 0.8932 1.0]T

[X'}2 = [0.0858 1 -0.8660 0.6556 -0.1060]7 (e)

0.5688 1.0]T

{X'}3 = [1 -0.2846 0.5166 -0.9466 - 0.3352]7

[X}4 = [1 0.9988 0.6216]7

{X'}4 = [-0.0109 1 0.7312 0.8868 0.0391]7 (g)

{X}5 = [-0.9999 1 0.4309]7

[X'}5 = [-0.6544 0.3318 -0.2375 1 - 0.2033]7 (h)

PART B ADVANCED TOPICS

5.8. BERNOULLI-EULER EQUATION WITH ELASTIC MEDIA

Consider a prismatic member shown in Fig. 5.23 subjected to transverse force, w(x,t), and
supported by elastic media (foundation) with a spring constant, q. Applying the equilibrium
equations of EFy = OandZM = 0 (neglect the higher order items) to the accompanying free-body
diagram yields

dx qy m 3t2 ' an dx

Substituting 82y/dx2 = - M/E1 into the above yields

C* T * \ inf. * \ ,-.-.. ,.,/-.. -A

(5.66)

= W(-X' ^ (5'67)

Let w(x,t) = 0 and use the separation of variables as y = Y(x)g(t); then Eq. (5.67) may be written

w(x,t) w(x,t)

nmmmh "^
I——————L———————I

* * *

I t t t t )M+^dx

FIG. 5.23 Beam on elastic media.
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as

EI(d4y/dx4) | q ̂
mY m

from which

d4Y , „
dx4

where

d2y/dt2
 2-————=p

and

(5.68)

(5.69)

mp
~ET

JL
' EI (5.70)

Since the differential equations of Eq. (5.69) are formally identical to Eqs. (4.14) and (4.15), the
stiffness coefficients, fixed-end forces, structural stiffness matrix, eigensolution techniques,
and response analysis presented in Chapter 4 can be directly used for the problem depicted above.

5.9. BERNOULLI-EULER EQUATION WITH ELASTIC MEDIA AND P-A EFFECT

A beam shown in Fig. 5.24 supported by elastic media, q, is subjected to time-dependent transverse
force, w(x, t), and static axial force, P. From the free-body diagram, we may observe that the axial
force, P, times the incremental deflection, (dy/dx) dx (or A), gives additional moment,
P [(dy/dx) dx] (or .P-A). Since the incremental deflection results from the primary moment,
the additional moment is called second-order moment due to the P-A effect. If P is in the opposite
direction, then the vibration is affected by tensile force.

Taking the free-body diagram for equilibrium conditions of Z,Fy = 0 and 1.M = 0 gives

d2y
I__ (5.71)

and

~ dx dx

Employing the moment curvature relationship, E^y/dx2 = - M, in the above yields

(5.72)

(5.73)

w(x,t)

\-~\ . . . . Id* I

lliHiiiiH

FIG. 5.24 Beam on elastic media with P-A. effect.
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Let w(x,t) = 0 and y = Y(x)g(f); then Eq. (5.73) can be expressed as

EI(d4y/dx4) | P(d2Y/dx2) | q ^ d2g/dt2 ^ 2

mY mY m g

from which

and

where

.4 mp q'~ = ~E7~~£7
Let the solution of Eq. (5.75) be Y = eax', we then have

P -,

of which the roots are

cti a
02 —a

P i f
-2EI + 2[

iP\2 f
(i) +424\£7/

and

a4 -
P 1 P

239

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

where ; = </—!. If the axial force is in tension, then a negative sign should be placed before P. The
solution of Eq. (5.75) is

Y = Ci sin fix + C-i cos fix + C3 sinh ax + C4 cosh ax (5.81)

Using the typical beam of Fig. 4.4, leads to the following boundary conditions:

End forces

X

X

X

X

= 0

= L

- 0

= L

d2Y
~dxT='
d2Y

dx3 El
d3 Y Vj
dx3 ~ El

Mi
El

M,
El

P AY
El Ax
P AY
El Ax

End deformations

dY

dY

Y =

Y =

0:

1 I

Y,

(5.82)
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Following the procedures shown in Eqs. (4.22)-(4.25) yields the following dynamic stiffness
coefficients:

(5.83)symm

SM02 SMYi SMY2
SMOl SMY2 SMY}

SVY-, SVY2
SVYl

in which

D

SMY, =

-a3XJ ID

(5.84)

SVY\ = -

SVY2 = -

where c = cos fiL, s = sin fiL, s' = sinh aL, c' = cosh aL, D = [(cc'—l)2a/fi — [(a2//3 ) — l]ss']
(11 El).

The above stiffness coefficients can be converged to the following five cases.

1. Flexural vibration with P-A effect but no elastic media—when elastic media are not
included, then q = 0. /, in Eq. (5.77) has only the frequency parameter, p. Consequently
the stiffness coefficients of Eq. (5.84) are modified for flexural vibration with the
P-A effect.

2. Flexural vibration with elastic media but no P-A effect—when the P-A effect is neglected,
then P = 0. Therefore a and ft in Eqs. (5.79) and (5.80) have only the parameter /. which
includes q and p as expressed in Eq. (5.77). This converges to the result presented in
the previous section.

3. Flexural vibration without elastic media and P-A effect—when P and q are both
neglected, then the modified stiffness coefficients are identical to those in Eq. (4.25b).

4. Static stability without elastic media—in this case q andp are dropped from Eq. (5.77); "/.
becomes zero and a and /? in Eq. (5.79) include only the axial force P. If P is a compressive
force, then the revised stiffness coefficients can be employed for stability analysis of buck-
ling loads and buckling modes of a structure.

5. Static stability with elastic media—when the frequency parameter, p, is not considered,
then the stiffness coefficients converge to the case for stability analysis (assume P is
in compression) with elastic media.

Numerical procedures for eigensolutions, steady-state vibration, and response due to various
types of dynamic excitations are the same as presented in Chapter 4.

5.10. TIMOSHENKO EQUATION (BENDING AND SHEAR DEFORMATION AND
ROTATORY INERTIA)

5.10.1. Differential Equations
A member whose flexural vibration includes the effect of rotatory inertia, bending and shear
deformation on the natural frequencies is called a Timoshenko beam. Timoshenko theory refers
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w(x,t)

Normal to surface

Tangent to axis

FIG. 5.25 Element of Timoshenko beam.

to the procedure of taking into account the aforementioned effect of the cross-sectional
dimensions on the flexural vibration. Consider an element shown in Fig. 5.25. Let z be the distance
measured at any point from the neutral axis; then the displacement of a fiber located at z is

/ = -z— (5.85)

Since y varies with time and distance, y" must also vary with time and distance along the axis. Thus
for every dx length of a beam, the cross-section dA has an inertia force

-(dA)(dx)ya (5.86)
g

Since the displacements above and below the neutral axis are equal and opposite, the inertia forces
at any cross-section are equal and opposite, and form a time-dependent couple which is rotatory
inertia and has the following expression:

(5.87)

This couple is in the counterclockwise direction based on the sign convention in Fig. 5.25.
Applying ZAf = 0 and 'LFy = 0 yields

T=v--A and -¥=«*'»--w (5-88)
dx g dxdt2 dx g dt2

As shown in the figure, the total slope dy/dx is a combination of the bending slope, \ji, and the
shear slope, ft

^ = <A + 0 (5.89)

Using the bending and shear slopes, we can write

M = —EI— and V = nAGft = pAGl — — \j/ I (5.90)

where G is the shear modulus; fj. is a constant called the shear coefficient, denned as the ratio of
average shear stress on a section to the product of shear modulus and shear strain at the neutral
axis of the member.
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Since shear slope does not have opposite displacements above and below the neutral axis, no
rotatory inertia is associated with the shear slope. Substituting Eq. (5.90) into Eq. (5.88) yields

,5.9,,

and

"*•>=•>
Eliminating either ij/ or y from Eqs. (5.91) and (5.92) gives

_ _ _
dx4 g dt2 \g guGj dx2dt2 g g^G dt4 uGA dx2 g^A G dt2 { ' '

(5-93)

and

^S + -S-(- + -f)A + -^-^ = ° ^ox* g at2 \g g^iGJ axzdt2 g gjj.G ar ox

Let

w(x, 0 = 0 (5.95)
iA = Veipt (5.96)
y=Yel>" (5.97)

£ = T (5-98)

Then

Y=Ci cosh ba^ + C2 sinh ba.^ + C3 cos A^<^ + C4 sin A^<^ (5.99)
*¥ = C( sinh tec + C'2 cosh tec + C'3 sin ftjg^ + C^ cos bfc (5.100)

in which

(5.101)

(5.102)

(5.103)

(5.104)
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ba2+s2

ba2+s2

C-> = — —————— C2 = 1 C2L a

r ol 2bfj -sz

(5.105)

(5.106)

(5.107)

(5.108)

where L = the length of the prismatic member.
The bending moment and shear of a Timoshenko beam can now be derived by applying the

total derivative of Eq. (5.90) to Eqs. (5.99) and (5.100). Thus the end displacements Y, ¥
and end forces V, M of the beam may be obtained without considering external force W:

Y
Y
V
M

=

cosh bat; sinh bv.£, cos bftt; sin bftf,
T sinh bat; T cosh bat; — U sin bfit; U cos bfit;
(u-GAnT) (u-GAfj,T) (-ri + GAfiU) (r\ - GA/J.U)

sinh ba,<; cosh ba.^ sin b($<; cos bfti;
— Q cosh bat; — Q sinh bat; i' cos bfit; -c' sin bflt;

1
C2

3
(5.109)

in which

r*u = GAfi—

r\ = GAjj,
L

(5.110)

(5.111)

(5.112)

(5.113)

5.10.2. Stiffness Coefficients
The derivation of the stiffness coefficients may use either the method presented previously or the
following procedures. Let Eq. (5.109) be expressed in matrix notation,

(5.114)

When £ = 0, the integration constants, {C}, can be expressed in terms of end forces, {AF}, and end
displacements, {AG}, at end ; in the form

{C} = [5(0)]-
AG

AF
(5.115)
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By substituting Eq. (5.115) into Eq. (5.114) for £ = 1, the end displacements and end forces at end i
and end j can be related as

\AG\ =|v;Jy
=wl)]WO)]1

which can be expanded as

AG

AF
(5.116)

AG

AF

Sl\ | S\2

--- 1 ---
_S2\ \ S22 _

AG

AF
(5.117)

such that the end forces, {AF}, and {AF}j, can be expressed in terms of end displacements, {AG},
and {AG}j, in the form

[AF], =
[AF]j = - [S22][S12]-1[SU]}

(5.118)
(5.119)

The force-displacement relationship of Eqs. (5.118) and (5.119) must be expressed in accord-
ance with the sign convention of the typical member shown in Fig. 4.4 for which the boundary
conditions of a Timoshenko beam should be expressed as:

5 = 0

1 = 1

| = 0

5 = 1

End

M; =

M —™j —

Vt = GAp,

Vj = GAfj.

forces

L dt;
Eld^
L d!=

idYl \
\d!=~L )
idY\ \

End deformations

\j/ — ^*

Xj/ — xj/ .
'

y = -y,

^= YJ

(5.120)

The final stiffness coefficients obtained from Eqs. (5.118)-(5.120) are symbolically written as

(5.121)V,

SMOi SM02 SMYi SMY2
SMO} SMY2 SMY}

SVYl SVY2
symm

Y,
Y J )

Let n = sinh bx, n' = sin bfi, c = cosh ba, c' = cos bfi; then the coefficients are

[-a(jg2 - s2)nc' + jg(a2 + s2)cri] ElSMOi = -

SM02 = -

SMYi =

bD L
?2 - s2)n - /3(a,2 + s2)ri] El

77bD
[a£(2s2 + a2 - jg2) (1 - cc') - (2a2fl2 - a2s2 + fS2s2)nn'] El

b2(a2 L2

(5.122)

(5.123)

(5.124)
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_

2+^/] (5.126)

in which

J2 - s2) (a2 + s2) (1 - cc') + [(a2 - £2) (a2^2 - /) + 4oi2fs2]nn'D =
b2(a2 + (]2)afl

The dynamic stiffness coefficients shown above are based on Eq. (5. 101) by assuming b2r2s2 <
1. However, when the condition b r s > 1 occurs, n = sinh ba = i sin ba' = i m\ then

(5.128)

should be used. Thus the solution of Eqs. (5.93) and (5.94) becomes

Y = Ci cos ba'£ - C2^l sin btxfS, + C3 cos b^ + C4 sin b^ (5.129)
(/, = -V^Tc; sin ba'<; + C'2 cos ba'<; + C'3 sin b^ + C'4 cos b(^ (5.130)

in which the integration constants, C and C , are formally identical to those given in Eqs.
(5.105)-(5.108) with a'/V^T replacing a.

Using the procedure given in Eqs. (5. 1 14)-(5. 120) with the new notations of m = sin ba' and d
= cos ba' leads to the following stiffness coefficients:

SMO: =--[a'(f-s2)mc' + li(a2 + S
2)n'd}- (5.131)

U LJ Li

SM02 = —j^j [«'(£2 - s2)m + fl(a2 + S
2)n'] *j- (5.132)

+a2- ft2} (1 - dd) + (2«2/?2 - «2^2 + fs2}mn'} El
a'fJb2(a2+f]2)D' L2

-*% (5,34)

^""-^ E1
<x'pbiy z.3

and

(5135)

SVY2= —^——•——-——•——-—————r (5.136)/ L D J~\f T 3 ^ '

in which

D, ̂  2a'IW2 - s2} (a2 + s2) (1 - c'd) - [(a2 - f}2) (a2fi2 - /) + 4a2f}2
S

2]n'm
r fll / "> , fO \ V * /
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f t t T)J|j
Moj '

Y O]

FIG. 5.26 Uniform load.

5.10.3. Fixed-end Forces for Steady-State Vibration
The derivation of fixed-end forces for a Timoshenko beam is illustrated for the beam shown in Fig.
5.26 subjected to uniformly distributed load w(x,f). Boundary conditions of the beam are
expressed in Eq. (5.138):

1 = 0

5 = 1

| = 0

1 = 1

End forces

M EId^

EldV
°J = ~L~d£

idYl \K« = ̂ Uz-*J
/^y i \

End displacements

*,= 0

*/ = 0

Y, = 0

YJ = 0

For b2r2s2 < 1

v°'=

(a2 - ^ + 2.2)(1 - cc>) + (a2 + [?}(c - c') - /? - nn' (5.139)

d-l)n (c'-l)

(5.138)

M0j = -M0i; V0i = -V0j (5.141)

in which

For b2r2s2 > 1

2 / 2 ~ 2 « / (5.143)

M0j = -Mo,-; Kq,- = - V0l (5.145)
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F(t)
A T t t t -L-fc——————

TIT -A, 1, JL SJ5 * '

(a) Given Beam and Force

F(t)

Pi,X

0.1 sec

(b) External Action (c) Internal Resistance

FIG. 5.27 Example 5.10.1.

in which

(5.146)

The numerical procedures for analyzing steady-state vibration are identical to those presented
in Chapter 4, so they are not repeated here.

5.10.4. Response Analysis for General Forcing Functions
For general forcing functions of periodic excitations, impulsive loads, and earthquakes, the
numerical procedures presented in Section 4.9 can be used for the present case. A sample problem
is given below.
EXAMPLE 5.10.1 The continuous beam shown in Fig. 5.27 is subjected to an impulsive load of
F(t) = 3000(1-^/0.1) Ib/in. Member properties are / = 200 in4, A = 1.871 in2, E = SOxlO6

lb/in2, G = 1.12xl07 Ib/in2, ^ = 0.833, m = 0.2 Ib sec2/in2, and L = 150 in. Find the response
by considering the first three modes. Note that this problem was solved in Example 4.9.1 with
bending deformation only.

Solution: Based on the diagrams in Fig. 5.27b and c, we can formulate the system structural
matrix as

[K\ =
'SMOU SM02

symm

0
SM02i
SMO\\

(a)

in which stiffness coefficients are given in Eqs. (5.122) and (5.123) as well as Eq. (5.131) and
(5.132). As pointed out earlier (Example 4.7.1), the second subscripts refer to member numbers.
Eq. (a) is a condensed form with consideration of SMOU = SMO]2, SM02\ = SM022 because
the two members are identical. Note that the only variable in the stiffness coefficients is b, in
which the frequency p is unknown as expressed in Eq. (5.102). By varying b in performing zero
determinant of Eq. (a), one can find the first three eigenvalues as

b = 9.0409872; 12.75753191; 30.057537

Then the frequency is obtained from

(b)
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Thus

^ = 69.5967; 98.1741; 231.2822

The eigenvectors are

= [1 - 1 1]T

= [-1 0 1]T

{X}3 = [1 1 1]T

Using Eqs. (5.99) and (5.100) for <; = 0 at i end and <; = 1 at j end, we have

CHAPTER 5

(c)

(d)
(e)
(f)

0 T 0 U '
Tn Tc -Un' Uc'
1 0 1 0
e n c' n '

Q
C2c,
Q

(g)

in which integration constants are based on the relationship expressed in Eqs. (5.105)-(5.108). Eq.
(g) is a general equation which can be applied to different members for various modes.

For the first mode of members 1, the boundary condition is given in Eq. (d) as ¥,- = 1, *P/ =
-1, YJ = YJ = 0. Evaluate the coefficients in Eq. (g), which is then inverted as

Q

C4

0 0.0220297 0 0.0182941
0.193499 0.194749 0 -0.0182941

1 0 1 0
8.840277 8.783536 -1 0

-1 1
-1
0
0

(1.10743)10-4

(-1. 24066) 10-4

(-1.10743)10-4

54.6626
(h)

Substituting Eq. (h) into Eq. (5.99) yields the member's displacement shape function as

= (1.1 0743) \Q -(1. 24066) IQ -( 1. 1 0743) 10~4 cos x2£, + 54.6626 sin
(i)

in which x\ = ba, x2 = bfi, sh = sinh, ch = cosh. For the first mode of member 2, the boundaries
are also based on Eq. (d) as ¥,- = — 1 ,*?,•= 1 , Y, = Y/ = 0. Since the two members' properties are
identical, the coefficients in Eq. (h) can be used without change. Thus

[Q C2 C3 C4] = [(-1.10743)10-4 (1.24066)10-4 (1.10743)1Q-4 -54.6626] (j)

The displacement shape function of this member is similar to Eq. (i) except that the coefficients
should be replaced by those in Eq. (j).

In calculation of pseudo-static displacement, Eq. (4.145) may be expressed in the present case
as

Ysik = • oo

For convenience, the integration of shape functions in the denominator of Eq. (k) is expressed
below in mathematical closed form, which can be used for different members and various mode
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shapes

i i
/ Y2(c) d£,= I (C\ chx] c + C2shx] £ + C3 cos x2£ + C4 sin x2c,)2 dt,

o o (1)
= C\h + C\h + C\h + C\h + 2Ci C2/i0 + 2C, C3/9 + 2C, C4/7 + 2C2C3/8

in which /'s are symbolic notations of the integration results. They are

(n)

(o)

(p)

75 = — — — (1 -COS 2X2}

— j (•"•! s'n X2 chxi ~ X2 cos X2 shx\) (r)

1
/7 = —j———j (-"-I Sm -"-2 S"X\ — X2 COS JC2 chx\ +1) (s)

/g = ———j (-^i cos X2 chx\ + X2 sin *2 shx\ — 1) (t)

/9 = —2——2 (-"-I cos -^ S/Z.KI + x2 sin X2 chx\) (u)

/io =——(ch2x\ — 1) (v)

Substitute the numerical values (x, = ba = 2.869251, x2 = bfl = 3.141594) of Eq. (m)-(v)
and coefficients of Eq. (h) into (1); then

i
I Y2

l(£)d^= 1493.998 (w)
o

The participation factor can be calculated as

i i
= f F(£)Yu(£)d£, = f(3000)Yn(£)d£ = 3000(34.79928) = 104, 397.8 (x)

J Jo

where Y\\(^) is given in Eq. (i). Similarly for member 2

i
JY2

u(i;)di;= 1493.998 (y)
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(z)

in which F(£) is zero for member 2.
The pseudo-dynamic mass of the two-span beam is

^ } ,MI = m V / Y2(c,)d^ = 0.2(2) (1493.998) = 597.5992 (aa)
j - f Jo

and the pseudo-static displacement of the first mode is

= FU = 104,397.8 =
stl

 p2JMl 4843.6958(597.5992) ' l '

For the second mode, the calculations are carried out by following the above procedures for x\
= ba=3.339641, x2 = bfl = 3.796126. The displacement shape functions are

F21(0 = (-7.18893)10-4c/zjc1 £-(1.95299)lO~Ashxi <^+(7.18893)10"4 cos x2£ -45.208 sinjc2<^
(cc)

^22(0 = -27.5224chxii; + 21.59l6shxi £ + 27.5224 cos x2 £ - 35.8655 sin x2 £ (dd)

Performing integration yields

i
/Vf !(£)</£ = 1098.4 (ee)

o
i

F2l = I F(£) Y2l (£,) d^ = -84, 331.59 (ff)
o

i
= 1021. 504 (gg)

(hh)

= 0.2(1098.4+1021.504) = 423.9808 (ii)±t=\J

The third mode does not affect response because the mode shape of member 1 is
antisymmetric (see Example 4.9.1); therefore F-$\ = 0.

The displacement of member 1 may be calculated from Eq. (4.146) derived in Chapter 4 as

(kk)
4=1

in which A\(t) and A2(t) are dynamic load factors corresponding to the first and second modes,
respectively. Y\\(£) is given in Eq. (i), and the moment and shear equations for member 1
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are

,t)=^YslkAk(t)(-EI——\ (11)
k=\ \ ax/k
« r /flY \~|

» 0 = / ^sti^iCO G^/i( —— — *P 1 (mm)

in which Y and *P and their derivatives can be obtained from Eqs. (5.99) and (5.100).
For the first frequency found, we have

r = ̂  = 0.0903; 1 = ̂ =1.1074 (nn)

From Fig. 1.17

Al (0=1- 60; — = 0.455 (oo)
i i

Then tm = 0.455(0.093) = 0.0411 < £, the time at which maximum response of the first mode
occurs. Using the time to find second mode response, we then write Eq. (1.81) as

- ! ' l = , J S 4 ,PP)

which can also be obtained from Fig. 1.17 at tmITi = 0.642.
Displacement at the midspan of member 1 can now be obtained from Eq. (kk) as

X0.5) = 0.0361(1.6) [Eq.(i) at £ = 0.5] + (-0.02063) (1.1364) [Eq.(cc) at £ = 0.5] = 4.278 in
(qq)

Moment at the midspan can be calculated from Eq. (11) as

1.60(0.0361)[--

+ 1.1364(-0.02063)|"-^j| (rr)

= 3, 639, 980.35 lb in

where *P in the first and the second term correspond to the first and second mode, respectively, of
Eq. (5.100). Shear at the left end of the member is obtained by using Eq. (mm) as

K(0) = (1.12)107(1.871)(0.833) {1.6(0.0361)1"-^f |̂ -

[IL(g)-+(1.1364) (-0.020603) I —— I ̂ -) - ¥ I ' (ss)

= 222, 8 14.20 lb

where Y and T in the first and second term are associated with the first and second mode,
respectively. Y is given in Eq. (5.99).
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______B_______C_______D
_Ofi_ a^ p*ftrrff* /7/7/ JW7/

L ^ 0.8L ^^ 0.8L ^i

FIG. 5.28 Example 5.10.2.

5.10.5. Effect of Various Parameters on Frequencies
Various parameters of shear deformation, rotatory inertia, and shear factor can affect vibration
frequencies. For a given beam, Bernoulli-Euler theory and Timoshenko theory yield upper
and lower bounds of frequencies, respectively. A comparative study of frequencies is given in
the following example.
EXAMPLE 5.10.2 The three-span, continuous, uniform beam shown in Fig. 5.28 is analyzed for
natural frequencies. The given conditions are: g = 32.2 ft/sec2, E = 30,000 kip/in2, and j = 0.49
kip/ft3, and G = 12,000 ksi. Let the slenderness ratio, L/R, of span AB vary from 20, 30,40, 50, to
60; then find the first five natural frequencies by considering: (A) bending deformation only; and
(B) bending and shear deformation as well as rotatory inertia. In Case B, the values of n are
assumed to be 0.833 and 2/3 for showing the effect of the shear factor on natural frequencies.

Solution: Let member AB be reference member 1; then the dimensionless parameters may be
expressed as a/ = Lt/L\, ftt = /,7/i, <!>/ = AJ A\. Thus

By changing member length, L, and keeping other member properties constant, then
0:2 = 0:3= 0.8, jS2 = J?3 = 1, and <X>2 = $3 = 1 for various slenderness ratios of L/R. For a given
L/R, we can evaluate the singularity of the structure's stiffness matrix by varying frequency par-
ameter b\. The frequency is then found from

Let p = frequencies of the Bernoulli-Euler theory and p* = frequencies of the Timoshenko
theory; then the ratio of frequencies, p*/p, of the first five modes for various slenderness ratios
of Cases A and B are shown in Fig. 5.29. Observation reveals that (1) Timoshenko theory yields
lower frequencies than Bernoulli-Euler theory; (2) reduction is more pronounced for higher modes
and lower slenderness ratios; and (3) the shear factor has a greater effect on higher modes while
smaller jj, reduces frequency more than larger p.

5.11. TIMOSHENKO EQUATION WITH ELASTIC MEDIA AND P-A EFFECT

The Timoshenko equation is extended here with consideration of elastic support and axial force.
Efforts are focused on derivation of differential equations, stiffness coefficients, and fixed-end
forces. Sample numerical studies are also illustrated.
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FIG. 5.29 Comparison of natural frequencies.

FIG. 5.30 Beam element.

5.11.1. Differential Equations
Consider the beam element shown in Fig. 5.30; equilibrium equations for the free-body diagram
yield

dV A 32y- = PA——2———qy (5.147)

(5.148)
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FIG. 5.31 Plane for axial force component.

where p = y/g; other notations were defined previously.
Assume the component of axial load P on the cross-section is acting on the plane of the total

slope as shown in Fig. 5.31; then P sin(dy/3x) x P 3y/3x. Shear deformation becomes

(5.149)

where

(5.150)

By eliminating i// andy from Eqs. (5.147)-(5.150), the complete equations my and i// are obtained
as

(5.151)

where

_
dx2 P

dw
(5.152)

(5.153)

Let w = 0; following the procedures in Eqs. (5.95)-(5.98) yields

= Ci cosh ba£ + €2 sin ba£ + C^ cos bj^ + €4 sin bj^
= C[ sinh bat; + C'2 cosh bat; + C'3 sin bfll; + C'4 cos bfll;

(5.154)
(5.155)
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where

a 1
b2 i i (5-156>

Depending on the values ofr4T2, 4U/b2 and r2T2, there are three distinct cases for a and ft: a and /?
are complex; a is imaginary and /? is real; and a and /? are real. However, the solutions derived for
stiffness coefficients and fixed-end forces are valid for all cases [8]. Here, T, U, b2, s2, and r2

are nondimensionless parameters defined as

b2 = p——p
2 (5.157)

r2=-^ (5.158)

s2=-^ (5.159)

(5.160)

The constants are

2 + *2-ftJVi (5.162)

(5.164)

(5.165)

5.11.2. Stiffness Coefficients
The force-deformation relationships of a typical member are based on Fig. 4.4, for which the
boundary conditions are

End forces End displacements

M.-^d4
(5.166)

0 Vt = 4>(y^-*) Y = -Y,



256 CHAPTER 5

Following the procedures in Eqs. (5.114)-(5.119) yields the stiffness coefficients as

EIbB'A'[(\ - cc>) (aA' - fiff) - nn'(aB' + /?A')]

\R'\L
' - * f f )

\R\L

in which n = sinh ha, «' = sin b/?, c = cosh ba, c' = cos b[], and

\R'\ = nn'(A2 - B'2) + 2(1 - cc')A'B' (5.173)

(5.174)

(5.175)

5.11.3. Fixed-end Forces
The fixed-end forces of a beam subjected to uniform load, Weipt, and axial compression, P, shown
in Fig. 5.32 can be obtained by using Eq. (5.166) with end deformations as ¥, = *Py = Yf = Yj = 0.
Thus

Elb WA'B'[( 1 - cc') (aA' - [JB') - (aB1 + f3A')nn' + (c- c') (aA' + f$B')]
\R\(q-pAp*)L

= -M0i (5.178)
= -Vu (5.179)

Voj

t tqy MOJ

FIG. 5.32 Uniform forcing function.
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FIG. 5.33 Natural frequencies for P/PE = 0.6, q = 0 and various slenderness ratios: (a) L/R = 10;
(b) L/R = 20; (c) L/R = 40.

5.11.4. Case Studies of the Effect of Various Parameters on Frequencies
For convenience in calculation, stiffness coefficients and fixed-end forces are expressed in terms of
physical parameters such as PIPE, q/qe, L/R, and b. PE = n2EI/L is the lowest buckling load, or
Euler buckling load, of a simply supported, single-span beam of length L subjected to axial load in
in the absence of an elastic foundation and vibration motion. qe = n2EI/L4 is the lowest
eigenvalue or critical foundation constant of the same beam supported by an elastic foundation,
but here the axial load is zero and vibration is not present.

A simple illustration can be observed from the beam shown in Fig. 5.33. The dynamic system
matrix of the beam is

(W - M0i)eimt = SMOiXgeio" (5.180)

where W is the magnitude of the applied moment, M0i is the fixed-end moment of the applied
uniform load wemt, co is the forcing frequency, and Xg is the joint rotation. Knowing the forcing
frequency, co, and the loading magnitudes of W and w, we may calculate Xg of steady-state
vibration from Eq. (5.180). When the external loads are not applied, we may calculate the natural
frequencies by evaluating the zero determinant of the right-hand side of the equation. This
calculation yields the stiffness-coefficient variation for different values of frequency parameter,
b, as shown in Fig. 5.33. The graphs of ASH [ASH = SMO{/(EI/L)] are plotted for three cases
of slenderness ratios, L/R = 10, 20, 40, with q = 0, and P = 0.66PE, where PE = n2EI/L2 is
associated with the three slenderness ratios. Other parameters used are v = 0.25, fi = 2/3,
p = 7839 kg/m3, and £ = 212.95 kN/m2. Fig. 5.33 shows two distinct characteristics: zero
and infinite points. The former is associated with natural frequencies of the member shown
in Fig. 5.33; the latter corresponds to the natural frequencies of the member with both ends fixed.
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FIG. 5.34 Natural frequencies for L/R = 40 with various elastic media and axial load conditions: (a)
P/PE = 0.6, ? = 0; (b) P/PE = 0.6, q/qe = 0.6; (c) P = 0, q = 0; (d) P = 0, q/qe = 0.6.

Because the end-rotations are restrained, the end-moments must approach infinity when the natu-
ral frequency reaches resonance. Note that when L/R is reduced, the frequency parameter, b,
decrease.

The effects of axial loads and elastic media on the natural frequencies and stiffness coefficients
are shown in Fig. 5.34. It is apparent that axial force reduced stiffness and natural frequencies,
while elastic media increases stiffness and natural frequencies.

These formulations of stiffness coefficients and fixed-end forces, as noted earlier, are discussed
in terms of nondimensional parameters associated with the effects of transverse inertia, b, rotatory
inertia, r, shear deformation, s, axial force, P, and elastic media, q. When individual effect is not
considered, the associated parameter can be dropped. Therefore the formation presented in this
section can be converged to the results in Section 5.8 for P = 0, r = 0 and s = 0; in Section
5.9 for r = 0, s = 0; in Section 5.10 for q = 0 and P = 0; and in Chapter 4 f o r r = s = q = P = Q.

The numerical procedures for steady-state vibration and response analysis for various types of
dynamic excitations presented previously can be directly applied to this section. Therefore they are
not repeated here.
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Consistent Mass Method for Frames and Finite
Elements

PART A FUNDAMENTALS

6.1. INTRODUCTION
Mathematical models for structural dynamic analysis may be generally classified into three
approaches: lumped mass, dynamic stiffness (frequency-dependent stiffness), and consistent mass
(finite element). For computer application, all these are formulated by using the displacement
(stiffness) matrix method. Lumped mass and dynamic stiffness approaches were already presented
in previous chapters. The characteristics of these two approaches differ in that the motion
equation for the lumped mass model consists of independent mass and stiffness matrices, while
the dynamic stiffness model has mass implicitly combined with stiffness. The lumped mass
and consistent mass approaches are similar in terms of motion equation: both of them have inde-
pendent mass and stiffness matrices; their mass matrices, however, are not the same. Consistent
mass may be considered an alliance of finite elements normally used in continuum mechanics.
This method is often used for frameworks as well as plate structures.

The fundamental concept of finite element is able to model a structure or continuum by
dividing it into a number of regions. Each region behaves as a structural member with nodes
compatible to the nodes of neighboring regions. These regions are called finite elements. A plate
shown in Fig. 6.1 represents a continuum where two regions are sketched with nodes 1, 2,
• • •, 9. the boundaries of neighboring elements at node 5 are compatible at the node but not necess-
arily compatible along the edges such as 4-5 or 5-8 and so on. Framed structures, however, are
automatically discretized by the nature of their members and connections. We may say that finite
element analysis is in the monarchy of structural matrix methods, and frameworks are special

261
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(a) Flat Plate (b) Framework

FIG. 6.1 Discretized elements, (a) Flat plate, (b) Framework.

cases of finite elements. Depending on the nature of structural problems and a structure's geo-
metry, finite elements can be modeled as triangular, quadrilateral, axisymmetric solids,
tetrahedrals, or other shapes.

The finite element approach has been recognized as a powerful tool in structural analysis and
is therefore introduced in this chapter. Discussed herein are the fundamental concepts of finite
element formulation (consistent mass) and their application to frameworks and plates. Also
included are response analysis techniques and numerical comparisons between lumped mass,
dynamic stiffness, and consistent mass models. Finite element formulation is illustrated by using
two approaches: generalized coordinates and natural coordinates. The latter leads to
isoparametric elements, which are currently in vogue in structural mechanics.

6.2. ENERGY METHOD FOR MOTION EQUATION

The governing motion equation of a structural system can be treated separately as two structural
models: rigid frames and elastic frames. Motion characteristics of these two structural models
can be illustrated by the gable frame shown in Fig. 6.2a, for which the rigid frame model has
five d.o.f. (see Figs. 6.2b and d) and the elastic frame model has nine d.o.f. (see Fig. 6.2f). Fig.
6.2b and d represents two possibilities of assigning d.o.f. of sidesway for the rigid frame model.
When the sidesway at node B of the rigid frames moves (see Fig. 6.2c), other d.o.f. do not move;
the work of the external load, P\(t), must be transferred to nodes B and D because node C does
not have linear d.o.f. and can move up or down. This side-sway movement induces member
BC to have inertia force resulting from both deflection and axial rigid-body motion. However,
when the d.o.f. of side-sway at B of Fig. 6.2d moves, member BC will not have axial rigid-body
motion and P\(t) will not induce work because the vertical d.o.f. at node Cmust not be distorted
(see Fig. 6.2e). Thus, the formulation of mass matrix and the external load's work of a rigid frame
must include possible axial rigid-body motion of members, which is dependent on the assignment
of d.o.f. of the system's side-sway. For the elastic frame shown in Fig. 6.2f, however, each node
has three d.o.f. When the lateral d.o.f. at B is moved (see Fig. 6.2g), the inertia forces and work
of P\(t) transfer into nodes at which the deformed members are connected. Since each node
of a structure (i.e. two-dimensional plane structure) has three d.o.f. and each constituent member
has three local d.o.f. at the member end, the structural formulation can be automatically generated
through the relationship between local and global coordinates at the connecting nodes. For the
sake of clarity, the governing motion equation is presented separately for rigid and elastic frames.
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(a) Gable Frame (b) Possible d.o.f for
Rigid Frame Model

(c) Deformation due
to Sidesway at B

Pi(t)

(d) Possible d.o.f for
Rigid Frame Model

(e) Deformation due
to Sidesway at B

Pi(t)

(f) Possible d.o.f for
Elastic Frame Model

(g) Deformation due
to Sidesway at B

FIG. 6.2 Rigid and elastic frame models.

6.2.1. Rigid Frames
Let y(x, t) be the transverse displacement of each point in the direction perpendicular to the axis of
a structural element where x denotes the points of the coordinates of the structure. In addition to
the transverse displacement, the structure has axial rigid-body motion resulting from side-sway.
If N,{x) is chosen as coordinate functions of the structure and q(t) represents the generalized
coordinates, then the dynamic deflection of the structure can be expressed as

(6.1)

where n is the number of generalized coordinates. For simplicity, the variables x and t are dropped
from now on. Then the longitudinal displacement of they'th member of the structure can be given
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as

(6-2)

where A/7 is axial displacement of the y'th member due to qt = I .
The kinetic energy of the structure can be represented by

(6.3)

where p(x) is the mass density per unit volume and MP is the total number of members having
axial displacement.

The potential energy due to bending is

V -I £>«> '* CM)

The work of the external load is

,. NP n
W = I F(x, t) £ qiNt dx + ZPj Y, A// qi (6.5)

^ 1=1 1=1

where F(x, t) is linear transverse load and Pj is axial force (static or dynamic) acting on the yth
member. The second term in Eq. (6.5) is the work done by axial force times rigid-body motion
in the member's longitudinal direction.

The dissipated energy due to viscous damping is

D =l-{q?[C\{q} (6.6)

where [C] is a damping matrix, which is generally constructed using mass and stiffness, [C] =
a[M] + ft [K\, as presented in Chapter 3.

Employing Largrange's equation of Eq. (4.114), we have

d (8T\ d(U-T) 3D 9W
~TA~^)+ —— a ——— + "a^ = ~2~~ (6-'>at \dqjj 3qi Si?,. 9<?,

Substituting Eqs. (6.3)-(6.6) into the above yields the following motion equation:

= {Q} (6.8)

where [M] is the mass matrix, \K\ the stiffness matrix, and {Q} represents generalized forces.
Let NJ be the shape function (also known as displacement function) of individual members, and

be so defined: the displacement shape of a member when one d. o.f. of that member has unit value and
the other d.o.f. is zero. Thus the displacement function of a structural system can be related to the
members' shape functions through local coordinates (member) and global coordinates (system).
The mass and stiffness coefficients of a typical member can be obtained by using a member's
shape functions as

^*
= p(x)Ni Nj dv + T-Mj^q, (6.10)
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where I(x) and p(x), expressed as the function of x, signify that the formulation is applicable to a
member with nonuniform cross-section. The generalized force can be found as

Qt = I F(x, t) TV; dx + > P, A/7 (6.11)^-i I \ ' / j ^_j j ji \ /
^ 7

By following procedures presented in Section 4.5 (similar procedures are in Sections 5.4 and 5.6),
we can assemble &/_/, m/j, and Qt to form [AT], [M], and {Q} in Eq. (6.8).

6.2.2. Elastic Frames
A typical elastic frame model is shown in Fig. 6.2f where the members have axial deformations.
Therefore rigid-body motion in the longitudinal direction of the members does not exist; con-
sequently, the second term in Eqs. (6.3) and (6.5) should be dropped. For general consideration
of a member in space (three-dimensional), the stiffness and mass coefficients as well as the gen-
eralized force can be formulated through the energy theorem (see Section 6.3.1 or [13]) as follows:

x (6.14)

where a = a(x) and e = s(x) represent stress and strain, respectively, and the superscript, r,
denotes the number of stresses and their associated strains, such as axial, bending, shear, and
torsion. The integral is taken over the entire volume, v, of the member. This general formulation
applies to various types of finite elements in continuum mechanics.

6.3. STIFFNESS, MASS AND GENERALIZED FORCE MATRICES FOR FRAME
MEMBERS

6.3.1. Two-Force Member
Consider a tapered member subjected to longitudinal deformation as shown in Fig. 6.3, of which
the cross-section varies along the member's longitudinal axis and may be expressed as

A(x) = A\\ - a (6.15)

F,,u, . _____
F2J u2

K-Hb

FIG. 6.3 Two-force member.
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which represents various shapes of truss members. When

a = 0, prismatic member
a = 1, then A2 = 0, wedge member

0 < a < 1, tapered shape with A2 < A\
a < 0, tapered shape with A2 > A\

The member has two d.o.f. of generalized coordinates, {qe}, and their associated forces, {Qe},
denoted as follows:

M = [qi <72]T = [MI M2]T (6.16)
{Qe} = [ Q ^ Q 2 ] r = [ F l F 2 ] r (6.17)

6.3.1.1. Stiffness Matrix
Assume the displacement function of the member to be

u(x) = ai+a2x (6.18)

Using the boundary conditions of deformation of the bar in the above equation yields

u(x) = Ni qi + N2 q2 (6.19)

in which the shape functions are

N] = \-j; N2=j (6.20)
_/_j _/_j

The axial strain and stress are

3u(x) q2-qi

a = Ee (6.22)

Substituting Eqs. (6.21) and (6.22) into the following strain energy yields

(6.23)

where dv is formulated by using Eq. (6.15) as

dv = A\l\ — a— j dx

Then we have

(6.24)

From Castigliano 's first theorem, we know that the partial derivative of the total energy of a
structure, with respect to displacement at any point, is equal to the load applied at that point
in the direction of the displacement. Thus

fi = (6.25,
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Substituting Eq. (6.24) into the above yields

{£}=¥(-!)[-!, -,'](:;)
By definition of force-displacement relationship, we can conclude that Eq. (6.26) gives the

stiffness matrix of the member as

Note that the second derivative of the strain energy yields stiffness coefficients. Also note that,
using unit displacement in formulating e, we can directly formulate a member's stiffness matrix
(without using the procedures given in Eqs. (6.21)-(6.25) as

= f £[Ke] = £adv (6.28)

Apparently when a = 0, Eq. (6. 27) becomes a stiffness matrix of -a. prismatic member. When a = 1,
Eq. (6.27) becomes

which means that [K^\ of a wedge member is equivalent to using a prismatic member with the
average height or area of the wedge shape.

The derivation presented above is an approximation. In order to examine the accuracy of the
approximation, we may find the displacement of the member by applying an axial force, P, at
end-2 with end-1 restrained. Thus, from Eq. (6.21),

L
P

U2
f f= edx= -

J I "w~ (6.30)
PL

In 1- —aEA\

For a = — l,A2 = 2A] (i.e. tapered shape),

PI
u2 = 0.6932—— (6.31)

From Eq. (6.27) the approximate solution is

2 PL
3EA, (6.32)

Thus the exact solution is about 4% higher than the approximate one. Dividing the member into
more segments will give a solution closer to the exact one.



268 CHAPTER 6

6.3.1.2. Mass Matrix
The mass matrix of the member can be derived from Eq. (6.13) as

1symm I — -

(6.33)

By changing a, the above equation yields the mass matrix associated with the member of a given
shape.

6.3.1.3. Generalized Force Matrix
For a uniformly distributed load acting along the member's length, F(x, t) = F[\ - (t/(,)], the

generalized force can be obtained from Eq. (6.14) as

-^\ f[L-x x ] T d x = F l - [ l 1 ] (6.34)(,/ J

If the uniform load is applied to a portion of the member, say from node 1 to distance x, then

(6.35)

6.3.2. Torsional Member
A torsional member of a uniform circular cross-section is shown in Fig. 6.4 with generalized
coordinates and forces denoted by

= [q\ (6.36)

(6.37)

T,,Yi

FIG. 6.4 Torsional member.
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6.3.2.1. Stiffness Matrix
Assume the displacement function to be

y(x) = ai + a2x (6.38)

Using the boundary deformations of the bar, we have

y(x) = Niqi+ N2 q2 (6.39)

where

#! = !-£; JV2=| (6.40)

The shear strain at any point distant from the center, r, of the cross-section is

For a cantilever member

#=£j (6.42)(jj

where G is shear modulus and J is polar moment of inertia. The shear stress is

•t = G\li (6.43)

From Eq. (6.28) with unit displacement, we have

L 2n R

0 0 0

where

In R

J= I fr3 dr dO = 7^- (6.45)
o o

6.3.2.2. Mass Matrix
To obtain a consistent mass matrix, assume that the translational displacement at any point of

the cross-section is ry(x); therefore, the acceleration may be expressed as ry(x). For the overall
cross-section, mass moment inertia per unit length is

2m=/r<MT = / / p(ryy(x) dr dO = PJj(x) (6.46)
o

Thus the consistent mass matrix of the member is

L L
\M~\- (nT(xMN^\Wdx-— (\T -x xf\f - x x]dx-^-^\^ M (647}\i.VA. Q\ —— I Ui/ I A I I J V I \i V I LiJ\. —— ^T I \J—i -%• -tj I J—i A. A I 6fJL —— ~ « ^ I w.T1 / I

0 0
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FIG. 6.5 Flexural element.

V YV], I j

6.3.2.3. Generalized Force Matrix
For uniform torsional force, T(x, f) = T[\ — (t/£j\, acting along the member, we have

L L

(Gel = I T(x, t) [N]T dx = \ T(\ - l\ f[L - x x? dx = T(\ -£)£[! 1]T

J L \ 4/ j \ <,/ /
(6.48)

6.3.3. Flexural Member
For flexural vibration of a beam, the typical element is shown in Fig. 6.5. The generalized

coordinates and forces are

(2e} = [2l 22 23

(9e} = [9l 92 ft 9

(6.49)

(6.50)

6.3.3.1. Stiffness Matrix
Displacement function is assumed to be

Y(x) = ai -

Applying the following boundary conditions of the beam:

dY(Q)x = 0,

x = L,

dx
dY(L)

= q\\

dx

to Eq. (6.51) yields

7(0) = -q3

Y(L) = q4

93
94 .

=
" 0 1 0 0

0 1 2L 3L2

- 1 0 0 0
1 L L2 L?

d\

&3

of which the inverse gives

«3

1
~J?

0 0 -L3 0 "
L3 0 0 0

-2L2 -L2 3L 3L
L L -2 -2 i

(6.51)

(6.52)

(6.53)
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Substituting Eq. (6.53) into Eq. (6.51) yields

Y(x) = [Ni N2 Ni N4]{q}

in which the shape functions are

271

(6.54)

2x2

3.x2 2x3

~L2~~[J: N4 =
3^_2x3
L2 L3

(6.55)

For a beam subject to bending moment, the curvature, stress, and strain are

(6.56)

where z is the distance measured to any point from the neutral axis of the cross-section. Thus from
Eq. (6.12), a stiffness coefficient can be obtained:

= E fefEj dv =E I N"N"z2 dv (6.57)

For instance

ku = L= EJ j(N'{}2z2dAdx = L
0 A 0
L

k]2 = E f I N% N% z2 dA dx = El
0 A 0

In summary, the stiffness matrix of the member is

L

6 \2x\ / 2 6x 6EI

(6.58)

(6.59)

«=§
4L2 2L2

4L2

symm

-6L -6L"
-6L -6L

12 12
12

=
SMO

symm

SMY

SVY
(6.60)

in which the coefficients' array is identical to that of the dynamic stiffness shown in Eq. (4.26a,b).
Therefore Eq. (6.60) also comprises the symbols SMO, SMY, and SVY.

6.3.3.2. Mass Matrix
Mass coefficients can be similarly obtained from Eq. (6.13). For illustration,

Ip(7Vi)2 dv = pA *-- + 2
pAL3

105

3jc2 2x3\ x2 13

(6.61)

(6.62)
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Ff(t)
Q-C) * M * PQ* Q,

O. I *,-. r

Q4

(4)

(2)

a

Ql

Qf(t)

tT~ ' <6>

FIG. 6.6 Generalized forces of six loading cases.

The mass matrix of the beam is

= pAL

L2 L2

105 140
L2

105

symm

11L
~2lO

13L
420

13
35

13L "
420

-11L
210

9
~70

13
35

MMO1 | MMT
--- I

_ symm | MVY1
(6.63)

For the sake of comparison with the Timoshenko member's mass matrix to be discussed in Sec-
tions 6.7 and 6.8, the above mass matrix is symbolically represented by MMO1, MMY1, and
MVY1. Recall that a Timoshenko beam has bending and shear deformation as well as transverse
and rotatory inertia; here the superscript t signifies transverse inertia.

6.3.3.3. Generalized Force Matrix
The generalized forces of the six loading cases in Fig. 6.6 are derived and summarized in Table

6.1. For illustration, derivations of Q\ are given in Eqs. (6.64)-(6.66) corresponding to cases 1, 2,
and 4, respectively.

L L

Ql = JF(X, t)Nl dx = 2x2 x3

0

= F(XO--
L

0

= FL(r0 - 2rl +

f / 4x 3jt2

F(x, t)N{ dx = j F(x, t){A-T + ——

J_

12 (6.64)

(6.65)

(6.66)

In Eq. (6.65), r0 =
EXAMPLE 6.3.1 Using the fundamental structural mechanics presented in Section 4.5, find the
system matrix equation of the gable frame shown in Fig. 6.7a subjected to steady-state vibration
with forcing frequency w. Since the system matrix formulation for both the dynamic stiffness
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TABLE 6.1. Equations of Generalized Forces

273

Cases

1

2

3

4

5

6

Qi
1 2

FL(ro_2,2+,3)

WL2

30

0
1

Q(\ - 4r0 + 3r2)

Q2 Q3

1 2 1

-FL(r2-rl) -F(l-3^ + 2^0)

f^L2 3 *FL
20 20

0 q
1 j

T2?/L 2*'
„ /- - 2\ ~6Q 1 , 2\-Q(2r0 - 7>r^\ —— (-r0 + r0 1/^

Q4

l

F(3r2 - 2rl)

1WL
20

q
j
2*'

, y u 'o/

Note: (I) r0 = XQ/L; (2) all the coefficients should be multiplied byf(t); (3) fixed-end forces should have
a sign opposite to that given above.

method and the consistent mass method is similar, this example is based on the formulation pro-
cedures presented in Chapter 4 to illustrate the technique for a more complicated rigid frame
than the one-story two-bay frame shown in Fig. 4.7.

Solution: The d.o.f. in rotation of the frame is determined from Eqs. (4.27b) and (4.27e) as

NP = 3NJ - (3NFJ + 2NHJ + NRJ + NM) = 3(5) - [3(2) + 0 + 0 +4] = 5
NFS = 2NJ - (2NFJ + 2NHJ + NRJ + NM) = 2(5) - [2(2) + 0 + 0 +4] = 2

(a)
(b)

Therefore, total d.o.f. is five with three in rotation (NPR = NP — NFS) and two in side-sway. The
rotational d.o.f. are logically assigned to structural joints that can rotate; the side-sway d.o.f. must
be assigned to joints which are so chosen that they can have independent translational movement.
In other words, the displacement of any side-sway d.o.f. need not be expressed in terms of other
d.o.f. The side-sway d.o.f. may be assigned to the gable frame in several ways; two possibilities
are shown in Fig. 6.2b and d. For the present problem, take the case of Fig. 6.2b, for which
the diagram of external action is shown Fig. 6.7b, where F's are the possible longitudinal inertia
forces associated with the displacements, {7s, of individual members due to linear rigid-body
motion of the system. Internal moments and shears are numbered in Fig. 6.7c. Since no axial
deformation is considered, the internal axial forces of individual members shown in Fig. 6.7d
result from the equilibrium conditions at the joints.

Using notations in Section 4.5, the system matrix equation may be symbolically expressed as

0

0 A*
[S]

^9

o

0

As_

i
o

—CO

~Ae

0

0

^4S

[MS]
0 A

[0]

(c)

for which the formulation of individual matrices is discussed below.



274 CHAPTER 6

A E(a) Given Structure
i j

(b) External Action

(c) Internal Resistance

N,

(d) Free-body Diagram

D

(e) Deformations due to X,,, (f) Deformations due to

FIG. 6.7 General rigid frame, (a) Given structure, (b) External action, (c) Internal resistence. (d)
Free-body diagram, (e) Deformation due to Xs\. (0 Deformation due to XS2-
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[Ag] is the equilibrium matrix of moments for the relationship between {Pg} and {M}.
From Fig. 6.7b and c, we obtain

0 1 1 0 0 0 0 0
0 0 0 1 1 0 0 0
0 0 0 0 0 1 1 0

(d)
NPRx2NM

• [S] is the stiffness coefficient matrix, which is arranged using the notations in Eq. (6.60) as
follows:

SMO

symm

SMY

SVY
\

(e)

2NMx2NM

in which the submatrices are diagonal band matrices; NM equals the number of members.
[MS] is the mass coefficient matrix composed of individual members' coefficients given in
Eq. (6.63)

[MS] =

\
MMO1

symm

\
MMY1

MVY1

\

(0

2NM*2NM

in which the submatrices are arranged like those shown in Eq. (e).
[As] is the equilibrium matrix of shears for the relationship between {Ps} and {V} , as {Ps}
= [As] {V}. In order to achieve the equilibrium of lateral force at a structural joint, note
that the axial forces, {TV}, are not independent and therefore must first be expressed in
terms of the independent shears, {V}, which are then related to {Ps}- Consider the
free-body diagram of joint C shown in Fig. 6.7d; 1,FX = 0 gives

A^2 cos T + Vs, sin T + ¥5 sin T — N^ cos T = 0

and ZFy = 0 yields

A^2 sin T — ¥4 cos T + KS cos T + Nj sin T = 0

From Eqs. (g) and (h)

N2 = V4 cot T -
sec T esc T - K5 cot T + cos 2r esc T sec T

Vi, csc T sec T ¥5 cos 2r esc T sec T

(g)

(h)

(i)

G)
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Thus the equilibrium conditions at joints B and D give

0 1

0 0

— sin T

0

— cos 2r esc T
2

CSC T

2

CSC T

— cos 2r esc i

0 0 0

— sin T 1 0
NPSx2NM

00

[D] is the inertia force matrix for the relationship between nodal forces, {Ps}, and inertia
forces, {F}, as {Ps} = [D] {F}. From Figs. 6.7b, e, and f we have BBl = U2 = Xsl
cos T and D\D' = U3 = Xs2 cos T; thus

0 COS T 0 0

0 0 cos T o (1)
NPSxNM

• [\ML\]is the mass matrix with diagonal elements, w,-L,-, to express inertia forces, {F}, in
terms of longitudinal displacements, {{/}, as {F} = - o>2 [x ML\ ]{{/}; and {£/} = [Dy{Xs}.
The positive direction of {F} and {U} is sketched in Fig. 6.7b.

• The external load matrix should be composed of applied loads and fixed-end forces. For the
present problem

-e
0

-SMY24A-MMY24& e"'" (m)

-\W2 cot T

W\+\Wi cot T - STl^A - MVY24A , NJ>xLC

where LC signifies number of loading condition (see Example 4.8.1; here LC = 1); the
fixed-end forces are due to the foundation movement at the member's j'-end, for which
the sign is negative. The generalized force vector due to the nodal force, Wi, can be
obtained by using the virtual work as

PslXs] = -W2C'C1, (see Fig. 6.7e) = -]- W2Xsl cot

Ps2Xs2 = W2C]C' (see Fig. 6.If) = - W2Xs2 cot T

(n)

(o)

Note that the procedures presented here are general and can be applied to various types of
rigid frames such as continuous gable frames, towers, and vierendeel trusses. Readers are urged
to learn how to formulate the compatibility matrices (i.e. [AS]T and [D]T) in the example in order
to fully understand the kinematics (see Sections 4.5.3 and 4.5.4).

EXAMPLE 6.3.2 Based on the consistent mass method, find the displacements and internal
forces of the beam shown in Fig. 6.8 subjected to a harmonic force F(x,t) = W cos cot. Use
the analytical techniques of (A) steady-state vibration and (B) modal matrix. Check the equilib-
rium condition of the solution. Let L = 12ft, / = 13,824 in4, E = 30,000ksi, y = 490 lb/ft3,
A = 288 in2, W = 500 k/ft , and <o = 150 rad/sec.
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F(x,t)

L B J
(a) Given Structure

PI
(b) d.o.f for External Action

1 2 3 4
(c) Internal Resistance

M,e .vt

FIG. 6.8 Example 6.3.2. (a) Given structure, (b) d.o.f. for external action, (c) Internal resistance M,
9 J V, Y ;.

Solution: Based on the diagrams given in Figs. 6.8b and c, the equilibrium matrices, [Ag] and
[As], structural stiffness matrix, [K\, and mass matrix, [M], are formulated as

0]; [AS] = [Q 1 - 1 0 ] (a)

_
~L

" 4 2 0 0 "
4 0 0

4 2
symm 4

symm

"-6/L -6/L 0 0
-6/L 0 0

-6/L -6/L
symm —6/L

"12/L2 12/L2 0 0
12/L2 0 0

12/L2 12/L2

_symm 12/L2

(b)

[MS] = pAL

L2/105 -L2/140 0 0
L2/I05 0 0

L2/105 -L2/140
symm L2/105

symm

-11L/210 13L/420 0 0
-11L/210 0 0

-11L/210 13L/420
symm -11L/210

'13/35 -9/70 0 0
13/35 0 0

13/35 -9/70
symm 13/35

(C)
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[K\ =

8£7
~T

0

0

24£7

2mL3

105

0
26mL

35 J

1920000 0

0 40000

1.0017 0

0 0.2713

(d)

(e)

The eigenvalues and eigenvectors are obtained as

pi = 383.97 rad/sec; p2 = 1384.48 rad/sec (f)

(g)

For the given load, we find the generalized forces for one member from Table 6.1 of Case 3 as

' Q\
Q2
23

24

= •

L
30

L
~20

3
~20

7
20 .

WL cos (at = •

2400 ft k
-3600 ft k
-900k
2100k

cos cot (h)

Change the above into fixed-end forces

= -{0

as shown in Fig. 6.9.
The load matrix is

-1200)
3000 I cos cot

(i)

G)

(A) Steady-state vibrational analysis—substituting Eqs. (d), (e), (j) and the given forcing
frequency into the following system matrix equation,

([ATI - co2[M]){X} cos cot = {P} cos cot (k)

2400 3600

2100 900 2100

3600

FIG. 6.9 Fixed-end forces.
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and then performing inversion yields

f-6.324(10-4)rad
= ([K\-o)2[M\)~{P} = 3.0885 ft

279

(1)

To calculate internal forces, we may conclude from the dynamic stiffness solutions presented
in Chapters 4 and 5 that these forces stem from three sources: strain energy associated with
stiffness, kinetic energy resulting from inertia force, and generalized force corresponding to
fixed-end force (F.E.F.). Internal forces can be expressed as

M

V

0

A,
cos cot — ca2[MS] - - - cos (at ± {F.E.F.

in which the first and second term on the right-hand side pertain to strain and kinetic energy,
respectively. Consider the maximum response; let cos a>t = 1, where co = 150 rad/sec and
t = 0.0419 sec. Substituting stiffness and mass coefficients as well as fixed-end forces into Eq.
(m) yields the following internal forces:

M\ '
M2
M3
M4
Vi
V2
V,
Y4

-10,923.56
-11,227.13
10,012.87
1316.44
1845.89
1845.89

-1694.11
-1694.11

275.46 '
-464.26
450.00

-264.77
-95.43
273.35

-266.85
91.57

+ •

-2400
3600

-2400
3600
900

-2100
900

-2100

- 13599.02 ft k
-7 162.87 ft k
7162.87 ft k
14181.21 f t k

2841.32 k
-527.46 k
-527.46 k
-3885.68 k

(n)

due to
stiffness

due to inertia
force F.E.F.

The resulting forces in Eq. (n) are shown in Fig. 6.10, for which the equilibrium conditions of
'EM = 0 and EFy = 0 at B are apparently satisfied.

The deformations of member AB given in Eq. (1) are sketched in Fig. 6.1 la for which the
elastic curves due to deflection and rotation are shown in Figs. 6.lib and c, respectively. The
displacement functions, Fs, are represented by N2 and N4 which are given in Eq. (6.55). Since
total displacement at any time, t, is

y(x, 0 = Y(x)g(t) (o)

13599.02s-
2841.32

7162.87-5
t

527.46

7162.87cr
527.46

14181.21

3885.68

FIG. 6.10 Internal forces.
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6.324 (10-4)
rad.

(a)

Y=l

(b)
dx

TB
la°885ft-

M, C

\

A

'i

x,=7.2'

xn=8.4'
In 1 IP

' ] 1"
——— 1

B-K
——— iJM2

V2(d)

FIG. 6.11 Elastic curves and forces.

where Y(x) = EJV#,- and g(t) = cos cot, the acceleration becomes

y(x,t)=g(t)Y(x) = -co2 cos co40.0885(7V4)-(6.3244)Kr4(yV2)] (P)

The total inertia force of the member can be obtained by substituting Eq. (p) into the following
equation:

L

PE= fy(x,t)pAdx (q)

and then integrating. The inertia forces, PI and Pu, associated with the deflection and rotation,
respectively, are obtained as

PE = Pl + Pn = (-363.622 - 5.197) cos cot = -368.819 cos cot

The centroids of the forces are

_ fy(x)x dx_f Y(x)x dx_4.5\5
E~ fydx ~ fY(x)dx ~ 05386

- _fxdA fx(-N2) dx 86.4
Xl———— ~ f-N2dx =lT = 7-2

- fx(N4) dx 50.4
Xn= fN4dx =~=8-4f t

(r)

(s)
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where Y(x) is from Eq. (p). Note that the magnitude of slope and deflection at B of the elastic curve
is not included because it will cancel itself as both numerator and denominator in the equations.
Equilibrium conditions of the member are:

T.Fy = 0

2841.32 + 527.56 - 3000 - 363.622 - 5.197
= 3368.78 - 3368.819 = -0.039

Z.M = 0 about A

13599.02 + 7162.870 + 527.46(12)
- 3000(8) + 363.622(8.4) + 5.197(7.2)
= 27091.41 - 27091.84 = -0.43

(t)

(u)

For cos cot = — 1, where a> = 150 rad/sec at t = 0.0209 sec, the displacements and internal forces
are the same as those in Eqs. (1) and (n), respectively, except that the sign is opposite.

(B) Modal matrix analysis—from Eqs. (2.49) and (2.50), the displacement response is

' \
sin pit — A)

\

'\
(v)

For the given problem

[<£] = 0
1.9199

0.9991]
0 J

(w)

sin p\(t - A) 0
0 sin

383.97 0
0 1384.

1 '[ 5759.7
.48J (-1 198.

70
98

Consider cos wt = — 1; then t = A = 0.0209 sec. Thus

-0.03749
1.57983 x 10~

and

[x] = [«D] {X1} = 1.57841 x 10~4 rad
-0.071981 ft

From Eq. (2.51), we may calculate accelerations at A = 0.0209 sec as

\

(y)

(z)

1197.872
-11058.0

_ f 302.547 1 _ f 895.325 1
{-10612.5 J ~ { -445.5 J

(aa)
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The final forces at the members' ends due to strain energy, kinetic energy, and fixed-end forces
can be calculated from

M

V
[MS\

Ag | 0

--- I ---
0 I As

± {F.E.F.l (bb)

Substituting Eqs. (a), (b), (e), (h), (z) and (aa) into above yields numerical values as follows:

MI '
M2
M3
M4
v\
V2
VT,
V4

8713.49
8789.29

-8486.17
-8562.00
-1458.56
-1458.56
1420.68
1420.68

+ '

-396.76
550.71
346.17

-275.90
142.37

-265.94
-145.18
100.53

• + •

2400
-3600
2400

-3600
-900
2100
-900
2100

-10716.73 f t k
5740.00 ft k

-5740.00 ft k
-12437.90 f t k

-2216.19k
375.50 k
375.50 k

3621.21 k

due to due to inertia p p p
stiffness force

The inertia forces at t = 0.0209 sec are

L
PE =

=/**•
0

f)pA dx =

= f(-895.325)N2pA dx+ f (445.5) N4pA dx
o o

= 326.99 + 81.38 = 408.37 k

The centroid of PE is

^ /[(-895.325)JV2 + (445.5)JV4]jc dx ̂  99819.036 ̂  ? ,,„ ft
E ~ /[(-895.325)7V2 + (445.5)7V4] dx ~ 13418.082 ~ '

(cc)

(dd)

(ee)

All the final forces are shown in Fig. 6.12; the centroids of PI and Pu are the same as those
obtained previously, from which the equilibrium conditions of member AB give

ZFy =0

2216.19 + 375.5 + 326.99 + 81.38 - 3000
= 3000.06 - 3000 = 0.06

(ff)

I.M = 0 about A
10716.73 + 5740.0 + 81.38(8.4) + 375.5(12) + 326.99(7.2) - 3000(8)
= 24000.65 - 24000 = 0.65

Note that there is some difference between the solutions resulting from the steady-state analy-
sis of (A) and those from the modal matrix analysis of (B). This is because the modal matrix
approach is based on Duhamel's integral, which yields a transient response comprising both
(1) the initial response due to the application of the harmonic force and (2) the response of
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FIG. 6.12 Final forces of Case B.

the forced vibration. However, the steady-state analysis only yields the response of the forced
vibration. As stated in Section 1.4.1, the initial response due to application of force will diminish
during the first few cycles of vibration when damping is considered.

Note also that the stress at a member's cross-section, according to the consistent mass
analysis, should stem from three components: deformation, fixed forces combined with externally
applied load, and inertia force. It is easy to include all three components in calculating
displacements and internal forces, but difficult to include inertia force in calculating stress. This
is because the complicated procedures shown in Example 6.3.2 must be used to determine the
concentrated inertia force and its location and then to find the moment at a given cross-section.
To avoid complication and still achieve reasonable accuracy, we may divide a member into numer-
ous elements and then calculate the stress on the basis of deformation only.

6.4. EIGENVALUE COMPARISONS AMONG LUMPED MASS, DYNAMIC
STIFFNESS AND CONSISTENT MASS METHODS

Three models of lumped mass (Chapters 2 and 3), dynamic stiffness (Chapters 4 and 5), and
consistent mass (presented earlier in this chapter) are now applied to typical frameworks for
eigenvalue comparison. Let us consider bending deformation only and find natural frequencies
of the one-bay one-story framework shown in Fig. 6.13a by using (A) the lumped mass method,
(B) the consistent mass method, and (C) the dynamic stiffness method. For (A) and (B) the struc-
tural members are divided into three, six and nine elements, respectively, and the masses of
(A) are lumped at the center of the divided segments. Dynamic stiffness, lumped mass, and con-
sistent mass models are shown in Fig. 6.13b, c, and d, respectively. Assume that all members
are identical with m = 0.04837 kg s2/m2, / = 0.00286 cm4, E = 20,684.27 kN/cm2, and L
= 0.2413 m.

Eigenvalues of the first three modes are shown in Table 6.2 for comparison with the accurate
solution by the dynamic stiffness method. Observation of the solutions reveals that the lumped
mass method needs six elements for the first two modes and nine for the third mode, while
the consistent mass method needs three elements for the first mode and six for the second
and third modes. The lumped mass model can give eigenvalues higher or lower than the dynamic
stiffness's solution depending on how much mass is lumped at each node of the structure.
The consistent mass model always gives frequencies higher than the dynamic stiffness.

The consistent mass and dynamic stiffness methods are further compared through eigenvalues
of a typical one-bay three-story rigid frame shown in Fig. 6.14a. Assume that all the members are
identical with A = 1.5483 10'2 m2, / = 3.99582 10'5 m4, E = 20,684.27 kN/cm2, and y =
7849.045 kg/m3. Consider the nine structural members as nine elements for both methods.

Let the slenderness ratio of the individual members be LI R. Then changing LI R by increasing
the member length but not changing its cross-sectional area, we can find the natural angular fre-
quencies corresponding to the various values of LI R as shown in Table 6.3.

Comparison of the results shows that, for the first three modes with the same number of
elements, consistent mass and dynamic stiffness give similar solutions. Consistent mass yields
higher values than dynamic stiffness in the fourth mode (i.e. about 12% higher). Variation of
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(a) Given Structure
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3 elements

3 elements

r^
6 elements

(c) Lumped Mass Model

(b) Dynamic Stiffness Model
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9 elements

6 elements

(d) Consistent Mass Model

9 elements

FIG. 6.13 Modeling for three analysis methods, (a) Given structure, (b) Dynamic stiffness model (c)
Lumped mass model (d) Consistent mass model.

TABLE 6.2. Comparison of Eigenvalues by Lumped Mass

Methods

Lumped mass

Consistent mass

Dynamic stiffness

Number of
elements

3
6
9
3
6
9
3

First mode
(rad/sec)

210.5
195.8
194.5
194.5
194.3
194.3
194.3

, Consistent Mass and Dynamic Stiffness

Second mode
(rad/sec)

531.2
762.5
765.7
891.7
771.7
767.8
766.8

Third mode
(rad/sec)

840.0
1323.6
1265.0
1988.6
1264.9
1254.2
1250.7
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*~

(a) Given Rigid Frame (b) Model of Dynamic Stiffness
and Consistent Mass

FIG. 6.14 Rigid frame model, (a) Given rigid frame, (b) Model of dynamic stiffness and consistent
mass.

TABLE 6.3. Comparison of Eigenvalues by Consistent Mass and Dynamic Stiffness

Cases

Consistent mass

Dynamic stiffness

LIR

40
80

120
40
80

120

First mode
(rad/sec)

60.1
15.0
6.7

60.1
15.0
6.7

Second mode
(rad/sec)

199.2
49.8
22.1

199.0
49.7
22.1

Third mode
(rad/sec)

359.2
89.8
39.9

358.4
89.6
39.8

Fourth mode
(rad/sec)

732.1
183.0
81.3

653.8
163.4
72.6

slenderness ratio does not affect the consistency of the comparison. Note that, for the structure
having more members than the one-story one-bay frame (see Fig. 6.14), the consistent mass
method does not need to divide the constituent members into segments to yield an accurate
solution. Also note that smaller frequencies are with larger slenderness ratios because of smaller
flexural rigidity.

The consistent mass model does not yield accurate solutions for higher modes because the
shape functions, which are based on four generalized coordinates in deriving the mass and stiffness
coefficients of a typical member, cannot be flexible enough to represent the deformed shape of
higher modes. Consequently, the rigidity resulting from modeling can give greater value of fre-
quencies as observed in the fourth mode. For the same reason, the lumped mass method also
yields larger rigidity in structural modeling.

PART B ADVANCED TOPICS

6.5. STIFFNESS, MASS AND GENERALIZED FORCE MATRICES FOR FINITE
ELEMENTS

A flat plate may be subjected to in-plane or out-of-plane forces. It should therefore be modeled
either as an in-plane or a bending element. The stress-strain relationship of an element can
be plane stress or plane strain. Plane stress is a condition that prevails in a plate in its plane
(x-y plane), loaded only in the plane without any restraint in the z-direction perpendicular to
the x-y plane. Plane strain means the deformation in z-direction is zero and the deformation
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u6

•L,
(a) Plate Structure (b) Triangular Element

FIG. 6.15 Triangular element modeling, (a) Plate structure, (b) Triangular element.

in its plane (x-y) is a function of x and y but not of z. Plane strain is usually applied to the member
for which the geometry and loading do not vary significantly in the longitudinal direction
(z-direction) such as strip footings, cylinders, tunnels, walls, and dams. Material presented here
is confined to in-plane elements for both plane stress and plane strain.

A plate subjected to in-plane or out-of-plane force can be modeled as a triangular,
rectangular, or quadrilateral element. Triangular and quadrilateral elements can effectively rep-
resent various geometric configurations of a physical problem.

Finite element formulation and calculation can be based on generalized coordinates or natural
coordinates. The generalized coordinate is fundamental and provides the basis of understanding
the finite element formulation. The natural coordinate finite element, commonly called the
isoparametric element, is more effective in practical analysis. As introductory material, this dis-
cussion includes only the triangular element for generalized coordinates and the quadrilateral
for natural coordinates. Standard texts on finite elements are available for further study.

6.5.1. Finite Element Formulation — Generalized Coordinates
A plate structure shown in Fig. 6. 1 5a is discretized into three triangular elements. Let a typical
triangular element, as shown in Fig. 6. 1 5b, have the following generalized forces and coordinates

{Qs} = [Qi Q2 Qi Q4 Qs Q6]r = [Fi F2 F,
{<7e) = [q\ <?2 #3 <?4 qs <?6]T = ["i "2 «3 "4

Displacement function of the element is

ux = ai + a2x + a3y
uy = 04 + a5x + a(,y

F4 F5 (6.67)

(6.68)

(6.69)
(6.70)

The displacement function selected is general because it satisfies the basic requirements of finite
element formulation: the number of constants is equal to the number of coordinates; the function
allows the element to have rigid-body motion; and the element displacements are not dependent
on the orientation of the coordinate axes.
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Displacements at the element's nodes may be expressed as

287

MI
U2

U3

U4

U5

«6

1 xi yi 0 0 0
1 x2 y2 0 0 0
1 x3 y3 0 0 0
0 0 0 1 xi yi
0 0 0 1 x2 y2
0 0 0 1 jc3 Y3

a\
a2
a3
04
as
a6

(6.71)

and in symbolic form

= [c] {a} =
c\

0 c\
{a}

from which

\a}=\cTl\u}

(6.72)

(6.73)

The determinant of submatrix [c\\ is

x\ y\
x2 y2

xi y
x2 y2

= (x2 - xi)(y3-yi) - (x3 - Xi)(y2-y3) = X23y3l - X3ly23 = 2A (6.74)

(6.75)

(6.76)

in which

and A = area of the triangular element. Thus

J_
'2A

and

0
(6.77)

Substituting Eqs. (6.76) and (6.77) into Eq. (6.73), which is then substituted into Eqs. (6.69) and
(6.70), yields the displacement function of the element as

N2 N3][qi q2 q3]r

(6.78)

+y\2x +

N5 N6][q4 q5

+ y23x + X32y)u4

+ yux

(6.79)
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The strain-displacement relationship is

du±
dx

dux du},
~dy+~dx

J_
2A

723 yi\ y\i o o o
0 0 0 * 3 2 Xi3 X2l

X32 XU X2\ >"23 J31 Jl2 .

= [b]{u] (6.80)

which indicates that the assumption of linearly varying displacement [see Eqs. (6.69) and (6.70)
within the element leads to constant strains, and hence, by Hooke's law, leads also to constant
stresses. From the elasticity, the stress-strain relationship of plane stress is

1 -fi 0
-n i o
0 0 2(1 +

(6.81)

where fi is Poisson's ratio which may be 0.3 for steel and 0.15 for concrete [10]. The inverse of [B] is

E
H 0
i o

0 0
2 J

Thus the stress-strain relationship may now be expressed as

M = [D\[b]M
Finally, the stiffness matrix can be formulated by using Eq. (6.12) as

dv

or

(6.82)

(6.83)

(6.84)

Et

symm

1x21x32
"723*32

JC32Xn + n>'23>'31 xf3 + «>3!
X32X21 + «>'23>'I2 *2I*I3 + «>'31>'l2 X}i + «>'f2 _

(6.85)

in which t is the plate thickness and

\-tJLn =

For plane-strain problems, [D] in Eq. (6.84) is replaced by

[D]=-(1+0X1-2/0

\-(i n 0
H I - f t 0
0 0

2 J

(6.86)

Consequently, the stiffness coefficients should be modified accordingly.
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(a) Given Structure (b) Global d.o.f

X=l

(c) Nodal Forces

FIG. 6.16 Example 6.5.1. (a) Given structure, (b) Global d.o.f. (c) Nodal forces.

The generalized force may be obtained in the manner presented in Section 6.3 as

Qt = JF(x,y,t)NidA (6.87)
A

where TV,- is given in Eqs. (6.78) and (6.79).
The consistent mass coefficients may also be obtained by using the general procedure as

f
mtj = I p(x,y)NiNj dv (6.88)

Since Nt and Nj each has several complicated terms, the integration becomes awkward for plate
elements. Lumped mass is generally used in practical analyses.

EXAMPLE 6.5.1 Formulate the stiffness matrix, [K\, and lumped mass matrix, [M\, of the struc-
ture composed of plate element, a, truss elements, b and c, and beam element, d, as shown in
Fig. 6.16. Thickness of the plate is 0.5 in and Poisson's ratio is 0.25, the cross-sectional area
of the truss elements is 2 in2, and the moment of inertia of the beam is 144 in4. The beam is
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rigid in the axial direction and has a mass, 40 k s /in, including its own weight, lumped at node D.
Plate and truss elements have a unit weight of 490 lb/ft3. Modulus of elasticity of the elements is
30,000 ksi.

Solution: Since the beam element is rigid in the axial direction, it has no axial deformation and
the structure has only one d.o.f. as shown in Fig. 6.16b. The nodal forces of the constituent mem-
bers due to the unit global displacement are shown in Fig. 6.16c.

Member a—the nodal forces due to the unit displacement are

fa — JM . fa — T,a ~\
f\ — ~K\5> f2 — ~K25
pa __ _1M . pa __ _IM I / \
^3 — K15> M — K45 ( W
pa _ _T,a . pa _ _iuir5 — K55' f(, — K65 I

where the stiffness coefficients are given in the fifth column (or fifth row) of Eq. (6.85). Since
Ff, F", F", and Fg are transmitted to the supports, they are not needed for the present problem.
F% is zero due to the axial restraint of the beam.

The stiffness coefficient needed to be evaluated is

(b)

where

A = ̂ 23^31 - x3ly23) = ^[(x2 - *3)(y3 -yi) - (x3-xl)(y2-y3)] = ̂ [20(15) - (0)] = 150 ft2

(c)

(d)

= 2250 k/in (e)

Note that stiffness coefficients, kfj, in Eqs. (a) and (b) are based on notations used for elements (i.e.
in local coordinates), which can nonetheless be treated as a structural system's stiffness
coefficients, K\,, because the global d.o.f., X, is the same as the local d.o.f., u5.

Members b and c—Ff is transmitted to the support and

i\
(0

FI = F2=0 (g)

Member d—Mf is zero due to the center hinge; M2 and V2 are transmitted to the support; and

L> (10x l2 ) j (h)

Mass—the mass at node D is assumed to be equivalent to one-third of the triangular element,
one-half of the truss member, and the given mass of the beam

- s2/in (i)

Motion equation—the nodal forces and the mass at D are shown in Fig. 6.16c, for which the
motion equation is

1.484JC +2329.5* = 0 (j)
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(a) Bar Element (b) Two-Node Shape Functions

(c) Three-Node Shape Functions

FIG. 6.17 Shape functions for bar element, (a) Bar element, (b) Two-node shape function, (c)
Three-node shape function.

Solution techniques for eigenvalues and responses presented in the lumped mass and the con-
sistent mass methods can be directly applied to finite element structures.

6.5.2. Finite Element Formulation—Natural Coordinates

6.5.2.1. Natural Coordinates and their Fundamental Concept
Natural coordinates are dimensionless and are expressed with reference to the element rather

than with reference to the global coordinate system in which the element resides. As noted, finite
element modeling based on the natural coordinates is called isoparametric finite element, which
is powerful and efficient in application. The relationship between generalized coordinates and
natural coordinates may be illustrated by using a truss (bar) element formulation as follows.

Let a bar element be shown in Fig. 6.17 in which £ is at any arbitrary point of the element
defined as a natural coordinate. £ = — 1 and + 1 at nodes 1 and 2, respectively. The variation
for two nodes and three nodes is shown in Figs. 6.17b and c, respectively. Consider the two-node
case shown in Fig. 6.17b; we have

X = 2( (6.89)

where Nf is called the interpolation function or shape function, for which a general derivation
procedure will be discussed later in this section.
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The displacement of the bar can also be expressed as

(6.90)
u2

The element is isoparametric because the interpolation function is used for both x and u. If the
shape function used for x in Eq. (6.89) is of a higher degree than the shape function used for u in
Eq. (6.90), then the element is called subparametric; otherwise, the element is called super-
parametric.

For derivation of stiffness coefficients, from Eqs. (6.89) and (6.90)

= ( M 2 _ M l ) (6.92)
d<; 2

In general, du/l; is not obtained directly; we must first calculate 3x/3l; and then find its inverse. For
the present simple case

^7 = ̂ (x2-xi)=-; dx = -d£,=Jd^ (6.93)
OC, 2. L L

where J is called the Jacob ian: it reflects a scale factor that describes physical length dx with a
reference length dE,. Substituting Eqs. (6.92) and (6.93) into Eq. (6.91) yields

1 |~ 1 l l ( « i ) f3^i 3N2~\ f w i )
e = -(U2-U})= -- - ' = — i- — i = [B] {u} (6.94)

L I L LJ (u2\ I 3c 3c J [w2J

The stiffness of the prismatic bar is

(6.95)

The generalized forces are

i

(ge = j [N?\~F(x, t)}AJ d^ + j[N?\F(x, t)}j d^ (6.96)

where {F(x, t)} is a known body force and {F(x, i)} is a distributed surface load.
The mass matrix is

i
[Me] = / p(x)[N]f[N]JA dE, (6.97)

-i

6.5.2.2. Interpolation Scheme
The shape function can be obtained by means of several techniques [2]. Below is the

Lagrange's interpolation technique of curve-fitting. Let the true curve be "a" and the interpolating
curve be "b" as shown in Fig. 6.18.
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U2

FIG. 6.18 Interpolating curve.

The expression of curve b is

(6.98)

where

(6.99)

in which II denotes a product of the indicated binomials, (x-Xj) or (x-Xj), over the indicated range
j. For instance

(6.100)

The equation can be used for both physical coordinates and natural coordinates. For a
two-dimensional problem

(6.101)

where uy is the value of u at x = xt and y = y/.

6.5.2.3. Gauss Method for Numerical Integral
As shown earlier in this section, the stiffness, load, and mass matrices involve an integral over the
natural coordinates and Jacobian scale factor. For two- and three-dimensional elements, these
matrices cannot be integrated in closed form and are thus obtained using a numerical integral.
Among many numerical integration schemes, the most appropriate for finite element work is
the Gauss method, commonly referred to as Gaussian quadrature [15].
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Consider the following equation originally given in Eq. (6.89):

l (6.102)

Since £, is a function of x, we may write

(6.103)

The definite integral of Eqs. (6.102) and (6.103) is

X2

= f f ( x ) d1= f(x)dx (6.104)

or

i
I=jg(^)Jd^ (6.105)

-i

where Jdf, is obtained from

dx 1

or

In practice, the integration of Eq. (6. 105) is obtained by numerically evaluating g = g(£) at n
locations (or sampling points); for each £,•, we find g,- and then multiply g,- by a weight factor Wt.
Thus

(6.106)

Eqs. (6.104) and (6.106) are graphically shown in Fig. 6.19 where the accompanying figures, Figs.
6.19b and c, represent two and three sampling points, respectively.

The numerical values of some sampling points and weight factors for Gauss numerical inte-
gration over £, = — 1 to <; = +1 are listed in Table 6.4. For instance, let

for n = 1, then c,i = 0, and W\ = 2; the result is

7 = 2(6) = 12

for n = 2, then ^ = —<^2 = 1/V5, and W\ = W^ = \

= 13.333
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(a) Definite Integral

gl g2 S3 v

- 1 0 I g

(b) Two Sampling Points
- 1 0 1 £

(c) Three Sampling Points

FIG. 6.19 Schemes for integral.

TABLE 6.4. Numerical Values of £; and W;

"73

5/9
8/9

1 1
2 6VT2

2 6VT2

Here the solution associated with n = 2 is exact. In general, Gaussian quadrature is exact for
polynomials of 2«-l; that is, two and three sampling points are needed respectively for third
and fourth order polynomials. Use of more than n points still produces exact results.

For a two-dimensional problem, g = g (£,rf), we can use Gaussian product rule as

/ =
1 1
/ / (6.107)

6.5.2.4. Quadrilateral Element
Quadrilateral element offers versatility, being suitable for rectangular as well as triangular

elements. Sample cases are shown in Fig. 6.20.
A quadrilateral element can have straight or curved edges. Consider the straight-edged

quadrilateral element shown in Fig. 6.21; it has four nodes with axes c; and r\ passing through
the geometric center or mid-point, P. £ and r\ are dimensionless natural coordinates and the
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Area A

(a) Castellated Beam

(b) Finite Element Idealization of Area A

(c) Finite Idealization of Transverse Frame of Oil Tank

FIG. 6.20 Sample finite element idealization, (a) Castellated beam, (b) Finite element idealization of
Area A. (c) Finite idealization of transverse frame of oil tank.

mid-point is defined as

XP = T(XI +x2 + XT, yP =~i(y\

where x-t and yt correspond to the node numbers. Note that the geometric center does not necess-
arily coincide with the element's centroid.

Any location of the element on the x-y plane can be expressed using Eq. (6. 101) as discussed in
Eqs. (6.89) and (6.90); then

0 N2 0 N3 0 N4 0
Ni 0 N2 0 N3 0 N4

x\ y\ x2 y2 XT, y?, x4 y4]

(6.108)
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FIG. 6.21 Quadrilateral element,

or in symbolic form

4 4

(6.109)

Similarly, the displacement at any point of the element on the x-y plane can also be expressed as

(6.110)

where the shape functions can be determined by using the interpolation scheme shown in Eqs.
(6.99) and (6. 101) as

N3 =
(6.111)

Although the above shape functions can be obtained by inspection, the illustration shows how to
apply Lagrange's interpolation to an element with many nodes.

The strain-displacement relationship yields

(6.112)

du
dx
dv
dy

du dv
~dy + ~dx

. ——

~m' o "
~97

8N-
0 — -dy

8Ni dNj
- dy dx -

or in symbolic form

(6.113)
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Since Nt is a function of £ and t], we cannot obtain dNf/dx directly, but the chain rule for dif-
ferentiation gives

aw. a,,
(6.114)

ov, = av,a* a*,*,
3»? 3jc 9»7 3y 3^ v y

In matrix form

Ni'i
Ni>n

where

f y w - . - v . yw.,.i,.l f ^,, ^,,1
(6.117)

The symbols used above are: N/^ represents the differentiation of TV, with respect to £; x>£ means
the differentiation of x with respect to <^; and [J] is the Jacobian matrix. Thus from Eq. (6.116)

i>x I — r n~' J ''^ i t& 1 1 s~\-IvJ A . (6.1 IS)

The inverse of [J] is usually performed by cofactor method as

which can be used for different types of quadrilateral elements. For those having curved edges with
higher order function, [J] is always a 2 x 2 matrix. For hexahedrons, the Jacobian matrix is 3 x 3;
the cofactor technique can still be used. This technique is therefore popular for computer appli-
cation. Note that the order of numbering an element's nodes can vary, such as 1234 (see Fig.
6.21) and 2541 (see Fig. 6.1), but the numbers must go counterclockwise in order to have the
Jacobian be positive.

For plane stress or plane strain problems, the stiffness of an element with uniform thickness
can be derived as

= f f[B]T[D][B]tdxdy = f j[BF[D\[B\t det[7] dtdt, (6.120)

where det[J] is the magnification factor transforming area dx dy into dc, dr\. \K^ is obtained by
Gaussian quadrature as

det[/,v] (6.121)

where [#,_,•] and det[Jij] are evaluated at each integration point corresponding to coordinates £,• and
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(b) Nine-node

FIG. 6.22 Four-node and nine-node quadrilaterals.

For the four-node and nine-node quadrilateral elements shown in Fig. 6.22, the sampling
points and weight factors are given in Table 6.4; numerical integrations become

1 +g2 + g4) (6.122)

I =

where gt represents g(c,-,
The mass matrix is

[ M e ] = p t f f[N]T

-i -i

(6.123)

'JjNij det[y,v] (6.124)

and the generalized force matrix due to body force should be

r r
t I [Nf{

J J

(6.125)

EXAMPLE 6.5.2 Find the stiffness, mass, and generalized force matrix for one of the triangles
of the plate structure shown in Fig. 6.23. Use the quadrilateral element just presented with E
= 30(106) psi and fj. = 0.25. The plate has body force, w(x,t) = P sin (at; constant thickness,
t = 1 in; and mass density, p.

Solution: The plate can be analyzed by using rectangular or triangular element models as
shown in Figs. 6.23b and c, for which quadrilateral element formulation can be directly applied.
Here a triangular model illustrates how to employ the quadrilateral element for the present prob-
lem.

Element 1 of Fig. 6.23c is shown in the accompanying figure d; by collapsing side 3-4 of the
four-node quadrilateral element in Fig. 6.23e, a triangle is obtained, as shown in the accompanying
figure f. From Eqs. (6.108)-(6.111), we have

+ N2X2 + + N/[Xi,
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2'-0" -
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(a) Plate Structure

y
3 1

(b) Rectangular Model

1 3

(c) Triangular Model

11 2'-0"

(d) Triangular Element (e) Quadrilateral Element

1 2

(f) Collapse Model

FIG. 6.23 Example 6.5.2. (a) Plate structure, (b) Rectangular model, (c) Triangular model,
(d) Triangular element, (e) Quadrilateral element, (f) Collapse model.

and

y = N\y\ + N2y2 + N3y3 + N4y4 (b)

Since x3 = x4 and y3 = y4 at the collapsed side, Eqs. (a) and (b) become

-( ' 0(1 ~~ *l)X2 + T(! + l)x-$ = N\X\ + N2X2 + NT.XI (c)

v = — (1 — 0(1 ~~ tl)y\ + — (1 + 0(1 ~~ tl)y2 + — (1 + w)v3 = Niyi + N2y2 + NT,VT, (d)4 4 4

(A) Stiffness matrix—the general expression of a quadrilateral element is

4 4

yT[£>][y3,v]J det[Jij] (e)
7=1 '=1

where Wt = W: = 1, and

0 0

H 0 '
i ol-fl

2 J

(0

The individual matrices in Eq. (e) are obtained by employing Eqs. (c) and (d) in quadrilateral
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element formulation as

-AVc Nrt Ny.l
N\ >,j N2 >n NT, >n \

~Nilx 0
0 Niy

_N,y Ni.x_

=

x\ y\
x2 y2 =

-1 1 -i-7(1 — i) T(I — i) o4 4
1 .„ .. 1., ,. 1

_ 4 ^ - ! > 4 (?-1} 2\
N\'X 0 Nrx 0 Nyx 0

0 N\,y 0 N2>y 0 Nyy

N\>y N\'X N2y, N2'X Nyy Nyx

x\ y\
x2 y2

in which

\'X N2,x N3
\>y N2y NI

Let us consider sampling point 3 at £3 = 0.57735 and rj3 = 0.57735; then

['3,3] =
-0.105662 0.105662 0
-0.105662 -0.394337 0.5

= ro.3L-o.
394337 0

-0.055556 0.055556

r t f i<* N2,x N3,xl =
\_Nly N2y N3y\~

0.394337 0 IT-0.105662 0.105662 0
yj L-0.055556 0.055556 J L-O. 105662 -0.394337 0.5

-0.041667 0.041667 0 1
0 -0.027778 0.027778 J
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(g)

(h)

(i)

" 0 0 "
24 0

_24 36_

I" 2.5359
~ L 2.5359

det[/3j3] = 45.6462

°1i s j 0)

(k)

(1)

0.041667 0 0.041667 0 0 0
0 0 0 -0.027778 0 0.027778
0 -0.041667 -0.027778 0.041667 0.027778 0

(m)

30(106)
1 - (0.25)2

1 0.25 0
0.5 1 0
0 0 0.375

Substituting Eqs. (j)~(n) into Eq. (e),

det[/3,3] =

2.5359

symm

0
0.9510

-2.5359
0.6340
2.9586

0.4227
-0.9510
1.0566
2.0780

0
-0.634
-0.4227
0.6340
0.4227

-0.4227"
0

0.4227
-1.1271

0
1.1271

106

In a similar manner, we may calculate

[Ke]b at point 2 for £2 = 0.57735, J?2 = -0.57735
[K^]c at point 4 for £4 = -0.57735, v\4 = 0.57735
[Ke]d at point 1 for £, = -0.57735, »?, = -0.57735

(n)

(o)
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The stiffness coefficients of element 1 are finally obtained as

24.0 0 -24.0 4.0 0 4.0
9.0 6.0 -9.0 -6.0 0

28.0 -10.0 -4.0 4.0
19.67 6.0 -10.67

symm 4.0 0
10.67

(B) Mass matrix—from Eq. (6.124) with W, = Wj = \, we have

106 Ibs/in

(P)

= p?[/V]T[/V] det[J] = pt det[J]

/V

symm

0 N\N2 0 NiN3 0
TV2 0 NiN2 0 NiN3

/Vf 0 N2N3 0
0 N2N3/V2

2

0

(q)

For sampling point 3, ^3 = 0.57735, rj3 = 0.57735, the shape functions in Eqs. (c) and (d) are
calculated as

Nl = 0.044658; N2 = 0.166667; N3 = 0.788675

Upon substitution, Eq. (q) becomes

(r)

f3.3] det[/3,3] = P

9.1035(10-2) 0 0.33975 0 1.607698 0
9.1035(1Q-2) 0 0.33975 0 1.607698

1.26795 0 6 0
1.26795 0 6

28.3923 0
symm 28.3923

(S)

where det[/3j3] is from Eq. (j). Similarly, we can calculate [MJt,, [Me]c, and [MJj corresponding to
sampling points 2, 4, and 1, respectively. The final mass matrix is

[Me] = [Me]a + [Me]b + [Me]c + [Me]d = p

112.0525 0 45.4641 0 42 0
112.0525 0 45.4641 0 42

112.0525 0 42 0
112.0525 0 42

symm 72 0
72

(C) Generalized force matrix—from Eq. (6.125)

' /Vj 0
0 Ni

= t[N]T{P sin wt} det[J] = f det[J] ^2 ^
U 7V2

/V3 0
0 N3

P sin cat
P sin mt

(0

(u)
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For sampling point 3 at £3 = t]3 = 0.57735; N\, N2, and 7V3 are given in Eq. (c); det [J] is in Eq.
(k). Upon substitution, Eq. (u) yields

(Gela = [2.0385 2.0385 7.6077 7.6077 36 36]T P sin cot

Following the same procedures, the generalized force matrix is obtained as

(Gel = {gela + (gelb + {ge}c + (geld

= [172.3923 172.3923 172.3923 172.3923 144 144]T P sin mt

(v)

(w)

6.6. MOTION EQUATION WITH P-A EFFECT
As presented in Chapter 5, when a member is subjected to a compressive force, P, the force times
the member's deflection, A, yields additional moment which is called second-order moment
due to the .P-A effect. For the dynamic stiffness method, the P-A is implicitly expressed in
the stiffness coefficient. For consistent mass and lumped mass methods, the P-A effect is for-
mulated separately from stiffness in a geometric matrix. The geometric matrix is important
in response analysis for large deflection problems with material and geometric nonlinearity. This
section presents the formulation of geometric matrix to be included in motion equations for
eigenvalues and response analysis of linear systems. Nonlinear analysis with P-A effect will
be presented in Chapter 9.

6.6.1. Potential Energy and Motion Equation
Consider a member subjected to axial compression, P, as shown in Fig. 6.24. The influence of axial
force on bending deformation can be taken into account by studying the potential energy due to
relative axial displacement

(6.126)

in which

<a?A = ds - dx

Since (ds)2 = (dx)2 + (dy)2, then

ds = dx\ 1

(6.127)

(6.128)

FIG. 6.24 P-A effect on bending deformation.
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Using binomial expansion,

\(dy\ds = dx , , . . .2 \axj 8 \dx

neglecting higher-order terms,

ds = dx

Substituting Eqs. (6.127) and (6.129) into Eq. (6.126) yields

L 2

A = / — ( —- I dx
o

Thus the potential energy may be expressed as

L

o

For a member with the following displacement function,

the expression of potential energy becomes

of which the second derivative yields a coefficient denoted by

CHAPTER 6

(6.130)

(6.131)

(6.132)

(6.134)

For the general expression of Lagrange's equation of either a member or a system, the poten-
tial energy can be included in Eq. (6.7) as

d (dT\ 8T 8U 8V 3D dW ,
-rAir}-ir+ir-ir + ir = ̂  (dt \dqj dqj dqt dqj dqt dqj

Applying Eq. (6. 1 35) to a system with kinetic energy, T, strain energy, U, dissipated energy, D, and
work of external load, W, given in Section 6.2, as well as the potential energy just derived, we have

- [Ks](q] = [Q] (6.136)

The system matrices above are assembled from members' matrices through the compatibility con-
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dition as shown in Sections 4.5, 5.4, and 5.6
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[M] = E[M'']
[K\ =

[Ks] = (6.137)

where [Ml], [K1], and [K'g] are element matrices of member i in global coordinates; [Kg\ is the
geometric matrix, for which the coefficient is derived in Eq. (6.134). The negative sign of [K^[
is associated with compressive force. If a member has tensile force, then a positive sign should
be used for [Ks] of that member. The negative sign shows that compressive force reduces structural
stiffness and consequently induces the structure to have larger deflections and smaller natural
frequencies.

6.6.2. Geometric Matrix with Rotation and Deflection
The geometric matrix of a member can be derived by substituting the shape functions of Eq. (6.55)
into Eq. (6.134) which yields

= P

- 1L L
I5 ~30

2L
Is"

symm

_

1
"To

i
"To

6
5L

1 -
"To

1
"To

6
5L
6

5L .

GMO GMY

symm GVY
(6.138)

in which submatrices are symbolically denoted by GMO, GMY, and GVY. This denotation gives
the submatrices the same coefficients array in the stiffness matrix of Eq. (6.60) and allows ease
of comparison with Timeshenko member's geometric matrix later in Sections 6.7 and 6.8.
For illustration, two coefficients in Eq. (6.138) are derived in detail as follows:

rfdx=plh*+*) dx=2-^
I—I I—I I 10

L.

kg]2 = P f N[N'2 dx = P 1 - 4x PL

6.6.3. Geometric Matrix (String Stiffness) with Deflection
Observation of Eq. (6.138) reveals that compressive force influences both deflection and rotation.
For lumped mass analysis of large building structures, the model may be simplified as a rigid
bar such that axial force will only influence deflection but not rotation, as shown in Fig. 6.25.
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B

FIG. 6.25 P-A effect on rigid bar.

The displacement function of the member may be expressed as

Y = - -

of which the shape functions are
Xz N4=-

(6.139)

(6.140)

Substituting Eq. (6.140) into Eq. (6.134) yields

0 0
0

symm

1 o
1 o
1 ---

1
' Z
1

0 "
0

1
Z
i
Z .

" 0 0
= - - - - ----

symm GVY
(6.141)

For illustration

koT,T, =

= P N(N'dx = P -i N- \dx = ̂

Eq. (6.141) is commonly used for lumped mass model of such structures as trusses and tall
buildings. Since we normally consider linear inertia force (i.e. associated with displacement)
and neglect rotatory inertia of a lumped mass, the rotational d.o.f. of a building can be condensed
from (\K\ — [.Kg]). What then remains is the d.o.f. coinciding with linear inertia forces. This
numerical strategy can significantly reduce computer time in eigensolutions and response analyses.
To distinguish from the geometric matrix derived in Eq. (6.138), [Keg] in Eq. (6.141) is sometimes
called the string stiffness matrix.

6.7. TIMOSHENKO PRISMATIC MEMBER WITH P-A EFFECT

6.7.1. Displacement and Shape Functions
Consider a typical member shown in Fig. 6.26a with generalized coordinates and generalized
forces represented by qt and Qh respectively; the member is similarly shown in Fig. 6.5. For Fig.
6.26b, take the equilibrium condition of the moment, Qmx = Q\ + Qjx, and then use d2Y^/dx2



CONSISTENT MASS METHOD 307

rY (a) End Forces and Deformations (b) Free-body diagam

FIG. 6.26 Timoshenko member, (a) End forces and deformations, (b) Free-body diagram.

= — Qmxl El; we obtain

*b = -Si -
where E = modulus of elasticity, / = moment of inertia of a cross-section, and Y^ = displace-
ment due to bending deformation only. Integration yields

EIY'b = -Q\x - Q3x2/2 + d (6.142a)

Let Y = Yb + Ys and Y = Y^ + 7S', where 7S is displacement due to shear; then

and

EIY' = EIY^ + EI-^- (6.143)
GAfi

where G = shear modulus, A = cross-sectional area, and n = shear coefficient. Integration of the
above becomes

c«^
The displacement, Y, in Eq. (6.144) can be applied to a member with substitution of that

member's boundary conditions. Let us consider the displacement due to q4, when q\ = q2 =
q3 = 0, for which the boundary conditions are

x = 0, 7(0) = 0 and ^(0) = 0
x = L, Y(L) = q4 and Y^(L) = 0•I

Applying the boundary conditions at jc = L to Eqs. (6.142a) and (6.144) yields

C, =QlL+Q3L2/2

Consequently, the displacement expression of Eq. (6.144) becomes

EIY = ̂ h(x-V-^X
2--M^ + (Q,L + -Q,L2\X--QlL2--Q,l}+EIq.- - - - - 3 q4

(6.146)
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Applying the boundary conditions at x = 0 to Eq. (6.146) gives

l + EIq4=0 (6.147)X-T J '^^'-^ ^ | -̂  lE^-^ 1 ^^"J^ ~

2

Note that Q3/GA^i in Eq. (6.146) is associated with shear slope; because bending slope and shear
slope are expressed separately as Y' = Y^+ 7S', the derivative of Eq. (6.146) for the bending slope
of Eq. (6.148) does not include Q3/GAii. The effect of shear deformation can be obtained by
solving Eqs. (6.147) and (6.148), and represented by

' UEI (6.149)

Then

-6EI „ UEI
-q4 (6.150)

(,1 -t- vj^

Eq. (6.146) finally becomes

Y4 = ———[<j> + 3r2 — 2r3 + Mr — \)*]q4 = (Nb4 + Ns4)q4 = N4q4 (6.151)
1 +<f>

where Nb4 is associated with bending slope, Ns4 is due to shear slope, and

x

The term (N^) marked with an asterisk (*) is the displacement due to shear linked with Q3/GA[i
shown in Eq. (6.143). Note that the shape function comprises bending and shear slope; thus,
the bending shape is influenced by both bending and shear. For other shape functions, we have

1 "1
- <j)r — ^(f» \q\ = (N\,\ + Ns\)qi = N\q\ (6.152)

2 J
-L n ,/ i \ , /i i vi

YI = ——— \-q> -\- r \\ — —<p \ — r + \—q>r — -<p \ \q2 = (N^2 + NS2)q2 = N2q2 (6.153)

Y3 = -—[-fQ - 2r) + 1 + 0(1 - r)*]q3 = (Nb3 + Ns3)q3 = N3q3 (6.154)

If the shear effect is not considered, then (/> and the term marked with an asterisk (i.e. Ns) should be
dropped from Eqs. (6.151)-(6.154) which become shape functions due to bending deformation
only, as shown in Eq. (6.55).

6.7.2. Stiffness Matrix
Let bending and shear strains be expressed as £b = atE = zlR = — Y^z, gs = ys' (see Eq. (6.142a),
respectively, where R is the radius of curvature and z is the distance from the fiber location to the
neutral axis of a cross-section. From Eq. (6.12),

fib/% dv + G j esiesj dv = E j Y& Y^z2 dv + G j Fs', Y1^ dv (6.155)
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For illustration, consider the derivation of k\\\ then from Eq. (6.152), we have

1
6r)

Y> =
sl

Upon substitution, Eq. (6.155) becomes

E

0 A
4(1 + 4>y A/J.L dr =

Similarly, for

4(1+ 0/4) £7
(1+0) L

(6.156)

Y>53

Thus Eq. (6.155) yields

-6 El

The stiffness coefficients of a member may be summarized as

2(1-0/2) -6/L -6/L
4(1 + 0/4) -6/L -6/L

12/L2 12/L2

12/L2
1+

L7
>~L

(6.157)

(6.158)

in which 0 is dropped when only bending deformation is considered; then Eq. (6.158) becomes Eq.
(6.60). Note that the notations used in this section are consistent with those used previously (see
Figs. 4.4, 6.5, and 6.26). The stiffness coefficients derived above may also be symbolically
expressed as [see Eqs. (4.26) and (6.60)].

(6.159)

" SMOi SM02
SMOl

symm

SMYi SMY2 '
SMY2 SMYi

SVYi SVY2
SVY}

SMO

symm

SMY

SVY

6.7.3. Mass Matrix
As discussed in Section 5.10.1, the Timoshenko beam has two components of inertia force:
transverse and rotatory. In the consistent mass method, the mass matrix associated with these
two components may be derived by following Eq. (6.13) as

[Me]=pj[N?[N]dv (6.160)
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~7 Ya-

FIG. 6.27 Couple due to rotatory inertia.

in which

N2 N3
N.,2 N.,,

NA
(6.161)

where N]-N4 are given in Eqs. (6.151 )-(6.154); Na]-Na4 are the shape functions in the longitudinal
direction above and below the neutral axis of the cross-section of a member. Let z be the distance
measured at any point from neutral axis; then the displacement of a fiber located at z shown
in Fig. 6.27 is

7dY_
'~dx

(6.162)

which is a horizonal displacement. During vibration the displacement induces horizontal inertia
force acting to the right, say, below the neutral axis. There is an equal and opposite force above
the axis. These two forces form a couple due to rotatory inertia. Substituting Eqs. (6.151)-(6.154)
into Eq. (6.162), we can find the corresponding Y,d. For instance, employing Eq. (6.152) gives

- 4r + <£ - = zN.d]qi = Na]qi (6.163)

Note that the derivative of Y\ has not included the term marked with * as

because it is associated with shear slope which does not induce rotatory inertia. In a similar
manner, we can find

- (3r2 -2r+ <pr]q2 = zNa2q2 = Na

(-6r+6r2)qi = zN^qj = N

(6r - 6r2)q4 = zNa4q4 = Na

(6.164)

(6.165)

(6.166)

Employing Nj and Nai in Eq. (6.161) which is then substituted into Eq. (6.160), we have a typical
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member's mass matrix as

311

=>\
N'I N\N2 N\N3 NiN4

N2 N2N3 N2N4

N2 N3N4

_ symm N$

dv + p
V

Na\ Na\N.d2 Na]Nz3 Na\h

symm N2
3 N,d3!\

N*<

dv

[Mr]
(6.167)

where [Ml] and [Mr] are mass matrices corresponding to transverse inertia and rotatory inertia,
respectively. In symbolic form

'MMO\ MMO\ | MMY\ MMY2

MMO\ | MMY2 MMY\

symm

| MVY\ MVY\

| MVY\

' MMO1

symm

MMY1

MVY1

and

[Ml] =

MMO\ MMOr
2 | MMY[ MMY2'

MMO\ | MMY2 MMY\

|

| MVY\ MVY2

symm | MVY\

The coefficients of [M^] are

MMO\ =^^(^(h2+^ch+^

MMOr

symm

MMY1'

MVYr

MMO\ =

MMY\ =

MMY2 =

-wL3

-mL2

(1+0)
mL2

120

I20(

60

"60^+140

MVY\ =-

MVY\ =

mL

—mL

^40'

— ft,

3 ,

——)420/

70

(6.168)

(6.169)

(6.170)
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Ff(t)

(4)

Qlcf -r
x Q4

(5)

Q
'

FIG. 6.28 Generalized forces of six loading cases.

For [Ml], the coefficients are

= MM F9
r = -

10

(6.171)

If rotatory inertia is neglected, we can simply let [MT
e] = 0. If shear deformation and rotatory

inertia are both neglected, then [A/,1] = 0 and <j> in [M^\ should also be zero; consequently, Eq.
(6.170) converges to Eq. (6.3), where the mass matrix results from bending deformation.

6.7.4. Generalized Force Matrix
The generalized forces of six loading cases shown in Fig. 6.28 are summarized in Table 6.5. Note
that the given loading cases are identical to those shown in Fig. 6.6; consequently the derivation
is similar to that of Eqs. (6.64)-(6.66) and is not repeated here. When <f> = 0, the coefficients
in Table 6.5 become those of Table 6.1.

6.7.5. Geometric Matrix
The geometric matrix may be formulated by following Eq. (6.134) as

&j = P I N'jN'j dx (6.172)

Substituting the shape functions of Eqs. (6.151)-(6.154) into the above yields a geometric matrix.
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TABLE 6.5. Generalized Forces of Six Loading Cases of Timoshenko Beam

L 2
(—0 — 6rn

313

Cases Q] Q2 Q3

1 -FL2 --FL2 --FL

1 + 0 1 \ 2y 1+0 1 2 1+0
/ 0\ ?1 / 0\ 2 3 ! 2 31

^ wL2 ^ 0 1 ̂  wL2 ^ 0 1 ̂  wL ^3 0^
1 + 0 \24 ' 30 J 1+0 \24 ' 20/ 1 + 0 \20 ' 6 )

4 0 0 q

24

i-

1+0

l+0(3+2o)

q

Note: (1) TO = ^o/^; (2) all the coefficients should be multiplied byf(t); (3) fixed-end forces should have
a sign opposite to that given above.

For instance

/tgii = . 2 L dr

PL
60(1 + 4>Y

which is also kg22- Other coefficients may be similarly derived as

-PL ,, ,,
60(1

= kgT.4 =

-2)

-P

60(1
(60</>2+120</>

Expressing the coefficients in a matrix,

symm Cg44j

GMO GM7

symm GVY

(6.173)

(6.174)

(6.175)

(6.176)

(6.177)
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If the effect of shear deformation is not considered, then
become those given in Eq. (6.138).

CHAPTER 6

= 0; the coefficients in Eq. (6.177)

6.8. TIMOSHENKO TAPERED MEMBER WITH P-A EFFECT

The beam element shown in Fig. 6.29a represents a typical tapered member with variable bending
stiffness, EIt and El/, at ends i and/, respectively. Distribution of mass, rotatory inertia, and axial
load is also shown in the figure. Stiffness, mass, generalized force, and geometric matrices of the
element are presented below with consideration of rotatory inertia as well as shear and bending
deformations.

6.8.1. Stiffness Matrix
To adapt the general expression of the stiffness coefficients given in Eq. (6.12) to the present
problem, the formulation may be expressed as

kjj = E I £bj£bj es;es; dv
1 1

= EItL j <X; dr + (EIj - EIt)L I

(6.178)

for which the shape functions are given in Eqs. (6.151)-(6.154); variation of area is not considered
in the volume integration associated with the shear deformation term. To illustrate, derive £33 and
&3i as

EI'
L\\

o

12£7

L\\
-6+l2rfrdr +

L(\
(6.179)

(El,- - EIi)x/L+EIi

(a) Stiffness Distribution

p. (fi-PJx/L+P, p.

(d) Axial Force Distribution

(b) Mass Distribution (c) Rotatory Inertia
Distribution

C
(e) Sign Convention

FIG. 6.29 Tapered beam, (a) Stiffness distribution, (b) Mass distribution, (c) Rotary inertia
distribution, (d) Axial force dstribution. (e) Sign convention.
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where GAjji is replaced by\2EI/<pL2 and El = (El, +£7/)/2

315

Eli
L2(\ + <tf

2(1 + 4>Y

+ 6r)(-6+l2r)dr-

2£7 ,„

(EIj - Eli)
L\\ + 4>)2 f r(-4 -$ + 6r)(-6 + 12r) dr

o

(6.180)

where Al = (El, - El]} I (Elt + EIj).
Other stiffness coefficients can likewise be derived, and the final results are arranged according

to Eq. (6.158) as follows:

2EI
L2(\-<j)/2) -L(3 + A:) -L(3 + Al

L2(2-Al+4>/2) -L(3-^i) -L(3-Al
symm 6 6

6
(6.181)

When Elf = El/, then A\ = 0 and £7 = £7; consequently, Eq. (6.181) becomes Eq. (6.158).

6.8.2. Mass Matrix
Using the basic expression of mass coefficients shown in Eq. (6.13), the shape functions in Eqs.
(6.151)-(6.154), and pA = pAt + p(Aj — A^x/L, we can employ Eq. (6.167) to express the
transverse inertia as

i i
m\j = I pANtNjLdr = PAtL f NfNj dr + (pAj - pAt)L f Nf

o o

and the rotatory inertia [using the shape functions in Eqs. (6.163)-(6.166)] as

rrfv = j JpLNaiNajdA dr = f f PLNalNajz2 dA dr

i

(6.182)

= pit I N.diNy dr + (plj - pli) f NaiNajr dr
o o

For illustration,

(6.183)

'33' ^Jl- d>) J
[I + (1 - r)<j) - r2(3 - 2r)]2 dr+

i
!)L f

J

—- + —15 35

(1 + (h

12" 6 35

r[\ - r2(3 - 2r)]2 dr

(6.184)
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1
r r ^ f - \ r

- I I P(~6r + 6r2)2z2 dA dr = ————=- I pM-4 + r2)2 dr
J J (1+<^)2LJ

36
i i

// A-4 + r2)2 dr + (plj - p/,-) f(-r + r2)2r dr
(6.185)

- + -
5(1 + (j))2L 5(1 + <f>)2L

The final results of the transverse inertia expressed in symbolic form of Eq. (6.168) are

"MMO\ MMO\ | MMY\

symm

~MMO\ | ~MMY\ ~MMY\
--- I

| MVY\ MVY\

MVY\

MMO1 | MMYt

--- I
_ symm | MVY1 _

in which
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1+6+35

(6.186)

(6.187)

Note that the coefficients denoted with and without superbar are not the same. Therefore
~MMO\ ^ MMO\. When pAf = pAj = pA, then Eq. (6.187) becomes Eq. (6.170).
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The rotatory inertia coefficients, when expressed identically to Eq. (6.169), are written the
following symbolic form:

[Ml] =

MMO\ MMOr
2 | MMY\

MMO\ |

I

l MMY\

symm

| MVY\

| ~MVY\

' MMff | MMYr

symm | MVYr
(6.188)

in which

_
\2

_ _ _ _ . _

12 6 0 ( l + < » 2 1 2 12 60

MM Y\ = MMY< =1 2
Pit J_

To

(6.189)

When plf = pi/ = pi and pAt = pA/ = pA, then Eq. (6.189) becomes Eq. (6.171).

6.8.3. Generalized Force Matrix
Since the shape functions used in the stiffness and mass derivations for the tapered beam are based
on those of a prismatic member, these functions are approximate and commonly acceptable in
practical applications. For consistency, the same shape functions should be used for deriving
the generalized force matrix of a tapered beam, which apparently is the same as that of a prismatic
beam. The generalized force for various loading cases given in Table 6.5 can be directly applied
here.

6.8.4. Geometric Matrix
Following Eqs. (6.134) and (6.172), we can formulate the coefficients of the geometric matrix as

= j PfN'jL dr + j(Pj - PtWN'j •dr (6.190)
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For illustration

CHAPTER 6

^33 = f P'L

J L2(\ + (Pi ~

60L(1 + 30 60 60L(1 +
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30 60

(-<j> -6r + 6r2) r

(6.191)

The expression of the geometric matrix in symbolic notation is

'GMOi GM02 GMYi GMY2

~GMOi ~GMY2 ~GMYi

GVYi GVY2

symm GVY\

in which

(6.192)

GMOi = P,L
60(1

PjL
60(1

GM02 = - L

PtL
60(1

GMY\ =GMY2 =

GMY{ = GMY2 = -

60(1 + </>)2

Pi
o

60(1 +</>) 60(1

(6.193)

60L(1 + 4>

When Pt = Pj = P, Eq. (6.193) converges to the coefficients in Eqs. (6.173)-(6.176).
The matrices of a typical element derived in Sections 6.6, 6.7, and 6.8 are expressed in closed

form with the same sign convention used in previous chapters. Therefore, the system matrix for-
mulation and numerical procedures of eigensolution and response analysis already presented
can be directly used here.

6.9. COMMENTS ON LUMPED MASS, CONSISTENT MASS, AND DYNAMIC
STIFFNESS MODELS

The three well-known models of lumped mass, consistent mass, and dynamic stiffness were pre-
sented in previous chapters as well as this chapter for free and forced vibration with and without
damping. The significant characteristics of these models may be summarized as follows:

• For a structure having the same number of divided segments or elements, dynamic stiffness
and lumped mass models yield, respectively, the lower- and upper- bound of natural fre-
quency of a given mode, while consistent mass gives a solution closer to but somewhat
greater than that of dynamic stiffness.
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• The three models can give a closer eigenvalue for fundamental mode but quite different
results for higher modes. This behavior is particularly true for lumped mass case. In order
to have accurate solutions, a larger number of divided segments is necessary to lump
the masses, which in turn will create more unknowns in eigensolutions. Therefore, the
dynamic stiffness model can be advantageous for some structures such as Example 4.7.1.

• The natural frequency of lumped mass and consistent mass models is explicitly expressed in
the mass matrix. Therefore the eigensolution techniques, currently in vogue and presented
in Chapters 2 and 3, can be applied to both models. The dynamic stiffness model, however,
has natural frequency implicitly expressed in stiffness. Consequently, special eigensolution
techniques are needed for this method, such as the determinant technique in Chapter 4.

• Due to lumped mass nature, the inertia force associated with rotational d.o.f. is usually
small in comparison to that associated with linear d.o.f. and therefore can be neglected.
Consequently, the number of eigensolution unknowns can be remarkably reduced by using
matrix condensation of structural stiffness to eliminate the rotational d.o.f. of large struc-
tural systems such as tall buildings. Note further that the lumped mass method ably serves
to model structures with constituent members having nonuniform cross-sections as well as
those with structural and nonstructural masses irregularly distributed.
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Numerical Integration Methods and Seismic
Response Spectra for Single- and
Multi-Component Seismic Input

PART A FUNDAMENTALS

7.1. INTRODUCTION
In Chapter 1 we discussed DuhamePs integral method for dynamic response of a single d.o.f.
system, and introduced maximum response of a single d.o.f. system by using response spectra
and shock spectra (see Figs. 1.28 and 1.30). In Chapter 2 DuhamePs integral method as well
as response spectra were further applied to multiple d.o.f. systems. In this chapter, additional
numerical integration methods along with their stability and accuracy are introduced. These
methods are general in that they can be used for irregular loading patterns, such as earthquake
ground motion, and for structures whose members change from elastic to inelastic during
response.

Since maximum structural response is usually needed in structural design, sophisticated
response spectra and design spectra are developed in this chapter. Included are elastic spectra,
inelastic spectra, modal combination techniques, and spectra for multicomponent seismic input.
The multicomponent input comprises three translational directions, x, y, and z, which are used
to form main, intermediate and minor principal directions and three rotationals. The derivations
of rotational ground records and principal components are presented in detail.

7.2. EARTHQUAKES AND THEIR EFFECTS ON STRUCTURES

7.2.1 Earthquake Characteristics
An earthquake is an oscillatory, sometimes violent movement of the earth's surface that follows a
release of energy in the earth's crust. This energy can be generated by sudden dislocation of

321



322 CHAPTER 7

segments in the crust, volcanic eruption, or man-made explosion. Most destructive earthquakes,
however, are caused by dislocation of the crust. When subjected to geologic forces from plate
tectonics, the crust strains, and the rock in the crust is stressed and stores strain energy. When
stress exceeds the rock's ultimate strength, the rock breaks and quickly moves into new positions.
In the process of breaking, strain energy is released and seismic waves are generated. These waves
travel from the source of the earthquake, known as the hypocenter or focus, to the surface and
underground. The epicenter is the point on the earth's surface directly above the hypocenter,
as shown in Fig. 7.1. An earthquake's location is commonly described by the geographic position
of its epicenter and its focal depth. The focal depth of an earthquake is the distance from epicenter
to focus. These terms are illustrated in Fig. 7.1.

Seismic waves are of three types: compression, shear, and surface waves. Only compression
waves can pass through the earth's molten core. Because compression waves, also known as longi-
tudinal waves, travel at great speeds (5800 m/sec, or 19,000 ft/sec) and ordinarily reach the surface
first, they are known as P-waves (primary waves). P-wave velocity is

(7.1)

in which /. = vE/[(\ + v)(l - 2v)], where v is Poisson's ratio, G is the shear modulus, E is the
modulus of elasticity, and p is mass density. Shear waves (transverse waves) (3000 m/sec, or 10,000
ft/sec) do not travel as rapidly as P-waves. Because they ordinarily reach the surface later, they are
known as S-waves (secondary waves). S-wave velocity is

(7.2)

While S-waves travel more slowly than P-waves, they transmit more energy and cause the majority
of damage to structures. Surface waves, also known as R-waves (Rayleigh waves) or L-waves
(Love waves), may or may not form. They arrive after the primary and secondary waves. R-waves
move at approximately 2700 m/sec or 9000 ft/sec. Rayleigh waves move both horizontally and
vertically in the direction of movement in a manner similar to ocean waves. Configurations
of P-, S-, and R- waves are shown in Fig. 7.2.

7.2.2. Intensity, Magnitude, and Acceleration of Earthquakes
There are two scales to measure earthquakes. One is intensity, referred to as the Modified Mercalli
Intensity Scale, a measurement of the degree of shaking caused by an earthquake at a given
location. The other is magnitude, referred to as the Richter Magnitude Scale, a measurement
of the amplitude of an earthquake. Magnitude can be translated into the amount of energy

Epicentral distance
*L- Epicenter ^Earth surface
t — ———— *

Observation station

1
t Focal depth

Seismic wave V»_

N T1 * rfypocenter (focus)

FIG. 7.1 Earthquake terminology.
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Sjwave

Rayleigh wave

FIG. 7.2 Types of seismic waves.

released by an earthquake. Force generated by an earthquake is usually expressed in terms of
gravitational acceleration.

7.2.2.1. Intensity
The intensity of an earthquake is based on damage and observed effects on people, buildings,

and other objects. It varies from one place to another within a disturbed region. An earthquake in
a densely populated area that results in severe damage and loss of life may have the same
magnitude (see the next section) as one in a remote area that does not cause much damage,
but the intensity of the earthquake in a densely populated area is much higher than in a remote
area.

The Mercalli scale was developed in 1902 by Italian priest and geologist Giuseppe Mercalli,
and later modified by American seismologists H.O. Wood and Frank Neumann to include
descriptions of damage to more modern structures. The Modified Mercalli scale consists of
12 increasing levels of intensity expressed as Roman numerals following the initials MM. Numeri-
cal values are based on direct experience of people and structural damage observed. An abridge-
ment of the MM scale, as prepared by Wood and Neumann, follows:

I. Not felt except by a very few under especially favorable conditions.
II. Felt only by a few persons at rest, especially on upper floors of buildings. Delicately

suspended objects may swing.
III. Felt quite noticeably indoors, especially on upper floors of buildings, but many

people do not recognize it as an earthquake. Standing vehicles may rock slightly.
Vibration similar to a truck passing.

IV. During the day felt indoors by many, outdoors by a few. At night, some awakened.
Dishes, windows, and doors disturbed; walls make cracking sound. Sensation like
heavy truck striking building. Standing vehicles rock noticeably.

V. Felt by nearly everyone; many awakened. Some dishes, windows, etc., broken.
Unstable objects overturned. Disturbance of trees, poles, and other tall objects some-
times noticed. Pendulum clocks may stop.

VI. Felt by all; many frightened and run outdoors. Some heavy furniture moves; few
instances of fallen plaster or damaged chimneys. Overall damage slight.
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VII. Everybody runs outdoors. Damage negligible in buildings of good design and con-
struction; damage slight to moderate in well-built ordinary structures; considerable
damage in poorly built structures. Some chimneys broken. Noticed by persons
driving vehicles.

VIII. Damage slight in specially designed structures; considerable damage in ordinary sub-
stantial buildings with partial collapse. Damage great in poorly built structures.
Panel walls thrown out of frame structures. Fall of chimneys, factory stacks,
columns, monuments, and walls. Heavy furniture overturned. Sand and mud ejected
in small amounts. Changes in well water. Disturbs persons driving vehicles.

IX. Damage considerable in specially designed structures; well-designed frame structures
thrown out of plumb. Damage great in substantial buildings with partial collapse.
Buildings shifted off foundations. Ground cracked conspicuously. Underground
pipes broken.

X. Some well-built wooden structures destroyed; most masonry and frame structures
destroyed along with foundations; ground badly cracked. Rails bent. Landslides con-
siderable from riverbanks and steep slopes. Sand and mud shift. Water splashes over
bank.

XL Few, if any, masonry structures remain standing. Bridges destroyed. Rails bent
greatly. Broad fissures in ground. Underground pipelines completely out of service.
Earth slumps and land slips in soft ground.

XII. Damage total. Wave motion seen on ground surface. Lines of sight and level dis-
torted. Objects thrown in the air.

7.2.2.2. Magnitude
Earthquake magnitude is directly measured by instruments called seismograms. This tech-

nique was developed by Charles F. Richter in 1934. The Richter scale is actually open-ended.
It technically has no upper or lower limit. The smallest earthquakes generally measure above
zero; the largest ever recorded measured 8.9. The magnitude, M, of an earthquake is determined
from the logarithm of the amplitude recorded by a seismometer as

M=log>»UJ (7-3)

in which A is the maximum amplitude of the seismometer trace (see Fig. 7.3). A0 is a constant equal
to 0.001 mm resulting from the seismometer reading produced by a standard calibration
earthquake. Because Richter magnitude, M, is a logarithmic scale, each whole-number increase
in magnitude represents a 10-fold increase in measured amplitude. For example, an earthquake
measuring 6.0 on the Richter scale has ground waves 10 times stronger than an earthquake
measuring 5.0 on the same scale. People can slightly detect a measurement of 2.0. A 5.0 magnitude
earthquake can damage structures, and those measuring 6.0 can inflict severe damage.
Earthquakes measuring between 7.0 and 8.0 can be catastropic.

Equation (7.3) assumes that a distance of 100 km separates the seismometer and the epicenter.
For other distances, the Richter magnitude should be modified. In such cases, the nomograph of
Fig. 7.4 with the following procedure can be used to calculate magnitude.

1. Determine the time between the arrival of the P- and S-waves. For example, the time
difference between P- and S-waves in Fig. 7.3(b) is 2 sec.

2. Determine the maximum amplitude of oscillation A. In Fig. 7.3(b), A = Zmax= 1.7 mm.
3. Connect the arrival time difference on the left scale and amplitude on the right scale with a

straight line.
4. Read the Richter magnitude on the center scale. For example, the Richter magnitude is

2.9 for the earthquake shown in Fig. 7.3(b).
5. Read the distance separating the seismometer and the epicenter on the left scale. From

Fig. 7.4, the distance is about 80 km for the earthquake shown in Fig. 7.3(b).
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FIG. 7.3 Seismograph and seismometer amplitude recording, (a) Definition of Richter magnitude,
(b) Typical Seismometer emplitude.
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While one seismometer can approximate distance to the epicenter, it takes three seismometers
to reliably locate the epicenter. As shown in Fig. 7.5, three seismometers designated Cl, C2, and
C3 are located at sites 1, 2, and 3, respectively. Approximate distances to the epicenter measured
from Cl, C2, and C3 are a, b, and c. From this figure, the epicenter based on seismometers
Cl and C2 is located at either point A or B. However, if seismometer C3 exists and is applied,
the epicenter can be located with certainty at point B.
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FIG. 7.5. Epicenter location.
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7.2.2.3. Pea/: Ground Acceleration
Peak ground acceleration (PGA), measured by a seismometer or accelerometer, is one of the most
important characteristics of an earthquake. PGA represents a maximum meaured value and is
commonly expressed in terms of gravitational acceleration, g, although it can be given in various
units as length (ft, m, or in) per second squared. Thus, PGA = (acceleration in ft/sec2/32.2) rep-
resents a fraction of g which has a unit of ft /sec .

Earthquake acceleration records used to analyze a structure at a given location may not be
directly obtained from instrumentation on that site. However, earthquake records from a
neighboring station may be modified to find the acceleration needed by using appropriate accel-
eration attenuation formulations such as

-09 ^
(7'4)

where a\ is modified acceleration; a = peak acceleration in g (gravity acceleration) obtained from a
neighboring instrumentation station; M = magnitude of earthquake at that station; R\ = distance
from epicenter to structure being analyzed, in kilometers; and R2 = distance from epicenter
to instrumentation station, also in kilometers. For the Mission-Gothic Undercrossing collapse
during the 1994 Northridge earthquake, an instrumentation station at Sylmar County Hospital
parking lot was about 18 km from the epicenter, R2; the bridge was about 7.5 km from the
epicenter, R\; and the magnitude of the earthquake was 6.7, M. Therefore, the modifying
coefficient is obtained as a1/a=1.16. This coefficient was used to amplify the parking lot's
earthquake records for N-S, E-W, and vertical components in the bridge analysis.

7.2.3. Relationship Between Seismic Zone, Acceleration, Magnitude, and
Intensity

The primary factors affecting structural damage due to earthquake are: (1) earthquake
characteristics, such as peak ground acceleration, duration of strong shaking, and frequency con-
tent; (2) site characteristics, such as distance and geology between epicenter and structure, soil
conditions at the site, and natural period of the site; and (3) structural characteristics, such
as natural period and damping of the structure, and seismic provisions included in the design.

In order to design a structure to withstand the effects of an earthquake, many seismic codes
have evolved a simplified model based on seismic zones. This method is to correlate the zone
with approximate ground acceleration, Richter magnitudes, and Modified Mercalli Intensity Scale
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as shown in Table 7.1. The seismic zones and their corresponding effective peak ground
accelerations (EPGA) are from the 1994 Uniform Building Code. PGA and EPGA can be related
to each other but are not necessarily the same. When very high frequencies are present in ground
motion, the EPGA can be significantly less than PGA. EPGA includes the effect of ground motion
frequencies as well as duration (more on the subject is presented in Section 10.9.4).

The relationship between earthquake magnitude, intensity, and annual incidence is shown in
Table 7.2.

7.2.4. Earthquake Principal Components
As noted in Section 7.2.1, earthquake motions are considered as several types of waves
propagating through the earth's crust. These waves mix together and cause random ground
motion. For dynamic analysis of structures, it is usual to consider two horizontal components
(N-S, E-W) and sometimes three components: two horizontal (N-S, E-W) and one vertical.
Studies of the correlative character of translational components have shown that, in general,
the N-S, E-W, and vertical components are statistically correlated. However, there is a set
of three orthogonal axes along which the ground translational components, called earthquake
principal components, are not correlated. These three independent components are called main,
intermediate, and minor principal components. They represent the maximum, intermediate,
and minimum acceleration of motion, respectively. The orientation of the main principal
component, ux, is along the epicentral direction (see Fig. 7.6) in which uy and uz represent
the intermediate and minor principal components. For a three-dimensional structure subjected

TABLE 7.1 Seismic Zone, Effective Peak Ground Acceleration, Peak Ground Acceleration, Mag-
nitude, and Intensity

Zone Effective
peak ground
acceleration

Peak ground
acceleration

Maximum
magnitude MM intensity

1 0.075 #

2A O.l5g

2B
3

0.

0.16*

0.33g

4.75 Minor damage corresponding
to MM V and VI

5.75 Moderate damage corresponding
to MM VII

7.00 Major damage corresponding to
MM VIII and higher

TABLE 7.2 Magnitude, Intensity, and Expected Annual Incidence

Richter
Magnitude

MM
Intensity

Expected
Annual Incidence

Below 3.0
3.0-3.9
4.0-4.9
5.0-5.9
6.0-6.9
7.0-7.9
8.0-8.9

I
II - I I I
IV-V

VI-VII
VII-VIII

IX-X
XI-XII

1,000,000
49,000

6,200
800
120

18
Fewer than 1

Source: Magnitude and intensity: measures of earthquake size and severity. Earthq
Information Bulletin, September-October 1974.
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FIG. 7.6 Earthquake principal components.

to multi-component seismic input, structural response is dependent on the orientation (i.e. ref-
erence area x\,X2,x-$) of the structure with respect to the earthquake principal component's
direction. A structure should be capable of resisting earthquake motion from any possible
direction.

As shown in Fig. 7.6, earthquake principal acceleration records can be calculated from N-S,
E-W, and vertical acceleration records. The relationships of earthquake principal components
to N-S, E-W, and vertical components are as follows:

ux(i) = «E-w(0 cos 0' + iiN-s(0 sin 0'
Uy(f) = -«E-w(0 sin 0' + «N-s(0 cos 0'
Uz(t) = MverticalCO

(7.5)

in which 0' is the angle from the ME-W component to the ux component. ME-W> WN-SJ and ^vertical are
actual acceleration records in the E-W, N-S, and vertical directions, respectively. Similarly,
principal velocity records, ux, uy, and MZ, can be obtained by

iix(f) = HE_w(0 cos 0' + MN-s(0 sin 0'
Uy(f) = -«E-w(0 sin 0' + «N-s(0 cos 0'
Uz(t) = MVertical(0

(7.6)

For the 18 May, 1940 El Centre earthquake, the orientation of the main principal component was
reported to be 26° clockwise measured from the north direction, or 0' = 64° [19]. Therefore, the
main and intermediate principal components of that earthquake can be obtained by substituting
0' = 64° into Eq. (7.5) as

ux(t) = ME-w(0 cos (64°) + MN-s(0 sin (64°)
uy(t) = -ME-w(0 sin (64°) + wN-s(0 cos (64°)

(7.7)
(7.8)
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7.3. NUMERICAL INTEGRATION AND STABILITY

The dynamic response of a multiple-do.f. system subjected to the three components of earthquake
excitation can be obtained by solving the following motion equation:

[M]{x(t)} + [C]{x(t)} + [K]{x(t)} = {F(t)} (7.9)

in which {x(f)} signifies N-S, E-W, and vertical earthquake accelerations. The solution of Eq. (7.9)
can be obtained by numerical integration techniques. The three well-known numerical techniques,
Newmark, Wilson-0, and Runge-Kutta fourth-order, are discussed next.

7.3.1. Newmark Integration Method
The Newmark integration method assumes that, during an incremental time, At, acceleration
varies linearly as shown in Fig. 7.7. Average acceleration from t to t + At is
Wavg = 3 ({•*(')) + (•*(' + Af)}). Thus the velocity vector at t + At can be expressed as

At (7.10)
= {x(t)}+—({x(t)} + {x(t + At)})

The displacement vector at t + At can be obtained from Eq. (7.10) as {x(t+At)} = {x(t)} +A^{jc}avg
in which {x}avg = 3(WO} + {x(t + At)}) or

[x(t + At)} = {x(t)} + {x(t)}At + --({x(t)} + {x(t + At)}) (7. 1 1)

Equations (7.10) and (7.1 1) represent the Newmark trapezoidal rule or the average acceleration
method. The general Newmark integration may be expressed as

{x(t + At)} = (x(t)} + [(\-d) (x(t)} + d{x(t + At)}]At (7.12)

{x(t + At)} = (x(t)} + [x(t)}At + - «W)1 + «{*(' + A O J ( A 0 2 (7.13)

where a and <5 are parameters that can be determined to obtain integration accuracy and stability.
When 5 = !/2 and a = Vt, Eqs. (7.12) and (7.13) correspond to the average acceleration method.
When 5 = !/2 and a = 1/6, Eqs. (7.12) and (7.13) are then associated with the linear acceleration
method.

From Eq. (7.13),

{x(t + At)} = \{x(t + At)} - (x(t)} - At{x(t)} - At2(- - «W)}1 (7.14)

t t+At

FIG. 7.7 Linear variation of acceleration.
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Substituting Eq. (7.14) into Eq. (7.12) leads to

1
{x(t + At)} ={x(t)} (1 - 5){x(t)} + 5

.7/1

aAt2

-At{x(t)}-At2l--oc){x(t)}

- A/)} - WO)
(7.15)

At

Employing Eqs. (7.14) and (7.15) in Eq. (7.9) at t + At gives

]l^ y.At --2-1W01 - 6)At{x(t)}

AO} ~

(7.16)

Based on time-increment approach, response parameters are known at t but unknown at t + At;
collecting appropriate terms in the above yields

1

{x(t)}\+[C]\-^-

1 1 £
At2 aAt a

+ - + - « - (1 -
(7.17)

Eet

1 5 At (b
U —— A ^9 ' **' —— A ^oiAt2 aAt

Eq. (7.17) becomes

, a\ = —r-, a2 = ——, a3 = — - 1, a4 = - - 1, and a5 = —- - - 22«

A/)} ={F(t + At)} + [M](a0{x(t)} + a2{x(t)}
+ [C](ai{x(t)}+a4{x(t)}+a5{x(t)})

2 V «

(7.18)

or

[K]{x(t + At)} = {F} (7.18a)

from which {x(t+At)} can be obtained. Substituting {x(t + At)} in Eq. (7.14) leads to

[x(t + At)} = a0[{x(t + At)} - {x(t)}] - a2{x(t)} - a3{x(t)} (7.19)

Employing [x(t + At)} from Eq. (7.19) in Eq. (7.12), we have

[x(t + At)} = {x(t)} + a6{x(t)} + a7{x(t + At)} (7.20)

where a6 = At(l—5) and a-/ = 5At. When a = 1 /6 and d = 1/2, the Newmark integration method
becomes the linear acceleration method; Eqs. (7.18), (7.19), and (7.20) are then expressed as Eqs.
(7.20a), (7.21), and (7.22), respectively.

(7.20a)
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or

[K\{x(t + At)} = [F(t + At)} (7.20b)

{x(t + At)} = [{x(t + At)} - WO)] - : WO) - 2«0)At A; (?_21)

A/)} = «0) + ̂  I «0) + T^

in which

{A} = --^(jc(0) -1- WO) - 2 W01 (7.23)

and

{B} = -2 WO) - y WO) - |p WO) (7.24)

EXAMPLE 7.3.1 Let {Ax} = {x(« + AO} - WO}, {Ai} = {(x(t + AO} - {i(0}, and {&x} = {x
(t + At)}-{x(t)}. Derive Eqs. (7.20a), (7.21), and (7.22) of the linear acceleration method in
incremental form.

Solution: Since the displacement response is due to time increment A?, the external force
should also be expresed incrementally. Thus Eq. (7.20a) should be written as

x] = ({F(t + At)} - {/•(/)}) - [M]{A] - [C]{B] (a)

From Eq. (7.21),

(Ax} = [x(t + At)} - [x(t)} = -^ [x(t + At)} + [A] - [x(t)}

= - {x(t + At)} - - WO) - T, WO) - 2{x(t)} - {x(t)} (b)

in which

- -— •
At

From Eq. (7.22)

{Ax} = {x(t + At)} - WO) = |p {x(t + At)} + {B} - {x(t)}

=1 [X(t+AD} - 2 woj - ̂  [x(t)} - ^- w:
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(e)

7.3.2. Wilson-0 Method
The Wilson-0 method is an extension of the linear acceleration method in which a linear variation
of acceleration from time t to t + At is assumed. In the Wilson-0 method, acceleration is assumed
to be linear from time t to t + OAt, with 0 >1 (0= 1 is the linear acceleration method), as shown
in Fig. 7.8. Let {Ax}, {Ax}, and {Ax} be expressed as

{Ax} = {x(t + At)} - {x(t)}
{Ax} = [x(t + At)} - (x(t)}
{Ax} = {x(t + At)} - {x(t)}

The incremental velocity vector from t to t + x can be expressed as

(7.25)

{Ax,} = {x(t {x(t + T)}]T

~

T

"2A;
9

T

"2A;

(7.26)

Integrating Eq. (7.26), we have

<• ! • ( , ( ,

Ax(f + T)} d-i - f{x(t)} dx = f{x(t)}T d-i + l^~ {Ax} di
J J J J •£-i-±l
0 0 0 0

, Acceleration

x(t9)
x(t,)

x(to)

=t t+T
T .

t,=t+At te=t+6At

At
AtB=6At

Time

FIG. 7.8 Wilson-0 integration method.
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After integration and rearrangement,

or

{x(t + T)} = MO} + T«0) + «0) + (Ax} (7.27)

{Ax,} = T{i(0) + {x(t)} + (Ax) (7.27a)

Since the Wilson-0 method assumes linear variation of acceleration from t to t + OAt, Eqs. (7.26)
and (7.27a) can also be expressed as Eqs. (7.27b) and (7.27c), respectively, with t < T < t + OAt.

j

{Ax,} = {JcCOh + {Axg} (7.27b)

{Ax,} = T{x(0) + {x(t)} + TT {A*e} (7.27c)
2.

When T = OAt, let Atg = OAt; Eqs. (7.27b) and (7.27c) are reduced to

(7.28)

= {x(t)}Ate + {x(t)}(^6)2 + {Axe}(Ate)2 (7.29)
2 6

From Eq. (7.29)

{Axe} = -^-2 \{Ax0} - {x(t)}Ate - l-{x(t)}(Ate)2

(7.30)
{AXe} - — {x(t)} - 3{x(t)}(Atg)2 AtB

Substituting Eq. (7.30) into Eq. (7.28) results in

{Axe} = {x(t)}Ate +^~{^e} - 3 {x(t)} -
e

Based on Eq. (7.9), the incremental equation of motion can be expressed as

[M]{Axe} + [C]{Axe} + [K]{Axe} = {AFg} (7.32)

in which

{AFe} = 0{AF} = 0[{F(t + At)} - {F(t}}]

Substituting Eqs. (7.30) and (7.31) into Eq. (7.32) leads to

[K]{Axe} = {AF} (7.33)

where

[K\ = [K] + -^ [M] + -A- [C] (7.34)
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and

{AF} = {AFg} + [M]{Q] + [C]{R] (7.35)

in which

{AFg} = 0{AF} (7.36)

3{*(0} (7.37)
Atg

{R} = 3{x(t)}+^{x(t)} (7.38)

Equation (7.33) is solved for {Axg} as

(7.39)

Then the incremental acceleration vector, {Axg}, can be obtained from Eq. (7.30) and {Ax} is
determined by the following formula:

(7.40)

The incremental velocity vector, {Ai:}, and displacement vector, {Ax}, are obtained from Eqs.
(7.26) and (7.27) at T = At, respectively. Total displacement, velocity, and acceleration vectors
are determined from

{x(t)} + {Ax} (7.41)
{x(t + At)} = {x(t)} + {Ax} (7.42)

{x(t)} + {Ax} (7.43)

7.3.3. General Numerical Integration Related to Newmark and Wilson-0
Methods

Displacement-response formulas shown in Eqs. (7.11), (7.13), and (7.27) may be related to a
general integration expression, written as

n n+\ n+\

jcn+1 = Y. ALxL + Y^ BLXL + Y^ CL±L + R' k = 0-n (7.44)
L=n—k L—n—k L—n—k

where x, x, and x represent displacement, velocity, and acceleration, respectively; n represents the
rath time step; x,, + 1 represents displacement at time (n + \)h in which h is the time interval; R is a
remainder term (or error term) signifying the error in the expression; and AL, BL, and CL are
constants, some of which may equal zero. By inspection of Eq. (7.44), the equation has m = 5 + 3k
constants in which 5 represents five coefficients of A0, B0, C0, Bn + \ and Cn + \. For instance,

xn+\ = Anxn + Bnxn + Bn+\xn+\ + Cnxn + Cn+\xn+i + R (7.44a)

k = n

xn+i =A0x0 + A\x\ + A2x2 + • • -Anxn

+ B0x0 + B{x\ + B2x2 + • • -Bnxn + Bn+\xn+{ (7.44b)
+ C0xQ + Ci'xi + C2x2 + • • -Cnxn + Cn+i'xn+i + R



NUMERICAL INTEGRATION METHODS 335

By a suitable choice of the values for these constants, Eq. (7.44) can be made exact in the
special case where x is a polynomial of order m — 1, i.e. x = tm ~ '. With this exactness, the remain-
der R equals zero. If Eq. (7.44) is exact for a polynomial of order m — l, it is likewise exact for

x=l,t,t2,--;tm~l (7.45)

To evaluate the m constants, we can set x equal to each of the values in Eq. (7.45) and make a
substitution in Eq. (7.44) with remainder term R = Q. This procedure yields m simultaneous
equations involving the set of m coefficients A L, BL, and CL. A solution of these equations provides
the required values for the coefficients.

If x = t"' is substituted into Eq. (7.44), R is not equal to zero and the value of R is designated as
R = Em. Therefore, Eq. (7.44), which is exact for polynomials up to an order m—l, has a
truncation error Em when x = t"'. It is of interest to estimate the truncation error term when
x is a polynomial of order higher than m, or x is a function other than a polynomial. To obtain
an expression for the remainder R, we start with the Taylor series and let a = (n—k)h. Then

x(f) =x(d) + (t — a)x'(a) + ———x"(d) + • • •

(7.46)

(m - 1)1 ^ ' (m-l
a

Here x' is the same as x, and x" is the same as x; x and x were used previously in this section. Eq.
(7.46) can be expressed as

/
1 f 'm\s)(t-s)m~l ds (7.47)

Lett = (n + l)h = b, i = n-k. We now substitute Eq. (7.47) into both sides of Eq. (7.44), that is, for
xn +1 (left side) and for XL, XL, and XL (right side). The error in Eq. (7.44) is the difference between
the two sides of the equation. As noted previously, Eq. (7.44) is exact when x is expressed as shown
in Eq. (7.45). Therefore, the corresponding polynomial terms are cancelled out and we have only
the integral term to be substituted into the two sides of Eq. (7.44). This becomes

' ds

(7.48)

or

- sT~l ds(m-l)\J~ v / v "' Z_,^J( m _i) r
(7.48a)

"+1 BL d "f , . w ^m , ^ CL d2 "f . . w ^m l ,1 -(m)(s)(tL - s)"'-1 ds - V-————-=- / x(m\s)(tL - s)"'-1 ds
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in which tL represents time at Lh. In order to eliminate the cumbersome notations at the upper
limit tL in the integrals, the following is introduced for m > 0

° ^ t-S<0
_,r if , _ , > 0

Using this notation, the upper limit in the integrals of Eq. (7.48a) is increased from tL to b as
follows:

R=-
1

(m-1) *«( rid ?Y"~

= x(m\s)G(s)ds

in which

J—i I—i

L=;

(7.49)

(7.49a)

The particular function x(f) = tm enables us to compute the integral of G(s) from Eq. (7.49) as

R(tm) = x(m\s)G(s) ds = \ I G() ds = m\ G(s) ds = Em / 0 (7.50)

where R(f) is the R value at x = f and t = b.
If x is not a function other than a polynomial, then, by the mean-value theorem, we can further

write Eq. (7.49) as

R = £ x
(m\s)G(s)ds = x(m\£) I G{s)ds; a

j j
(7.51)

The mean-value concept is shown in Fig. 7.9 where area A is assumed to be equal to area B. Thus

A= x(m\s)G(s)ds =

(7.52)

From Eqs. (7.50) and (7.51), the remainder R can be expressed as

ml a<t;<b (7.53)

in whicha = (« — k)h, b = (n + \)h, andx(m)(£,) is the value of the mih differential of x at t = £,. In
general, parameter <^ is not known, and it may not be possible to obtain a precise value for
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B(a

x<m)(a)G(a)

•ea)
y xlm)(^)G(0 >

-̂—-*]
,-*

/ -*.
x(m)(b)G(b)

"v.
A(area)

FIG. 7.9 Mean-value theorem.

R. But Eq. (7.53) can often be used to provide an upper limit on R. An estimate of the truncation
error term may be helpful in choosing one formula [Eq. (7.44)] over the other.
EXAMPLE 7.3.2 Derive the Newmark integration formulas by the general method of Section
7.3.4 and compare the formulas derived with Eqs. (7.12) and (7.13). Also calculate the remainder
R for displacement and velocity expressions.

SWwf/o/z: Similar to Eq. (7.44), the velocity expression is written as

xn+\ = a\xn + a2'

If x = 1 , x = 0, and 3c = 0, then Eq. (a) is satisfied with x=\. Since the total constants are 3(m = 3),
namely a\,a2, and a3, we use two of them to make Eq. (a) exact for x = t and t2, and leave one of the
constants slack. When x = t, x=\, and x = 0, Eq. (a) becomes

1 = a\ +0 + 0; a\ = 1

When x = t2, x = 2t, and x = 2, (a) becomes

(b)

By using the notation, h = At, tn + i=(n + I)At, the above may be written as

2(n +\)h = 2(nh) + 2a2 + 2a3 (c)

Therefore

a2 + a3 = h

Let a3 = dh, where <5 is an arbitrary constant; we get

Substituting Eqs. (b) and (d) into Eq. (a) yields

xn+\ = xn + (\ - 5)hxn + dhxn+i
= xn + [(I - 5)xn

(e)

Eq. (e) has the same expression as Eq. (7.12). Now the velocity expression is written as

xa+l=xn + [(\-8)xa+dxn+l]h + R (0

The remainder term R is obtained by substituting x = t3 in Eq. (f). When x = t3, x = 3t2, and
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x = 6t, Eq. (f) becomes

3(« +1) h2 = 3«2/z2 + h(\ — 5)6(nh) + 5h(6(n + l)/z) + £3 (g)

or

E3 = h2(l - 6<5) (h)

Using Eqs. (7.53) and (h)

\ .,,
}(£) (i)

For displacement, use the following expression

xn+\ = b\xn + b2xn + b3xn + b4xn+i G)

When x= 1, t, t2, and t3, Eq. (j) is then exact. Therefore

x= 1; then b\ = 1 (k)
x = t, (n + \)h = (\)nh + b2 +0 + 0; then 62 = A (1)
x = t2, (n+lfh2 = (\)n2h2 + 2nh2 + 2(b3+b4); then 2(b3+b4) = h2 (m)

Leting b4 = v.h2, where a is an arbitrary value, gives

(n)

Substituting Eqs. (k), (1), and (n) into Eq. (j) leads to

xn+\ = xn + hxn + f - - a \'xn + a3cn+i /z2 (o)

which gives the same expression as Eq. (7.13). Now the displacement expression is written as

xn+i =xn+hxn + \(-- a.\xn + axn+i \h2 + R (p)

The remainder term R in Eq. (p) can be obtained by substituting x = t3 in the equation. When
x = t3, x = 3t2, and x = 6t, Eq. (p) becomes

E3 = (n + I)3/;3 - K3/z3 - 3/z3«2 - h2(- - a ) (6nh) - 6(n + l)(/z3)a
V2 / (q)

= /z3(l - 6a)

and

F, ... . /1 \ ,.,
(r)

7.3.4. Runge-Kutta Fourth-Order Method
The Runge-Kutta fourth-order method is designed to approximate the Taylor series numerical
solutions of first-order differential equations. In Eq. (7.9), the motion equation is of the
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second-order and can be expressed as

{x(t}} = [MY\{F(t)} - [K]{x(t}} - [C]{x(t)}) (7.54)

or in symbolic form

{x(t}} = {f(t,x(t\x(t}}} (7.55)

In order to reduce Eq. (7.54) from second-order to first-order, let v = x. Then Eq. (7.55) can be
transformed into two first-order differential equations as

{v(01 = (f(t,x, v)} (7.56)

and

{x(t)} = {F(t,x)} (7.57)

We can use Runge-Kutta fourth-order formulas to solve Eqs. (7.56) and (7.57). Derivations of
Runge-Kutta fourth-order formulas are detailed as follows.

Given the first-order differential equation, / = dy/dx = f(x,y) =/, with initial conditions
y(xo) = yo, the solution y(x0 + h) can be expressed in the form of the Taylor series as

y(x0 +h)=y0 + hy'0 + ̂  + 1 Y0" + ̂ y$ + • - • (7.58)

in which h = (x — XQ).
Since / =/, the total differential, dy', is dy' = (df/dy)dx; y" can be expressed as

Similarly

m = df_=W_ Wdy_
y dx dx dy dx

, (7.60)
dx

= fxx + 2j.

Let D = d/dx +f(d/dy) as an operator; then D2 = [(3/3*) +/(3/3>>)]2 = 32/9* + 2/[(92/3jc dy)] +
f2(d2/dy2), and

Thus

/=/

/" = fxx + 2ffxy +f2fyy + fy(fx + f f y ) = &f + fy,Df

Similarly

(7.61)

_ _
dx2dy dxdy2



340

Then we have

CHAPTER 7

dy_

Substituting Eqs. (7.61) and (7.62) into Eq. (7.58) yields

- y(x0) = hy'0 + - ^ + -J0" + - F

+f2Df

in which terms whose order is higher than four are omitted. Eq. (7.63) thus has a truncation error
of h5. Since f=dy/dx or dy=f dx, Eq. (7.58) can also be expressed as

y(x0 + h)= y(x0) + I — dx
Xf,

xo+h

= y(xo) + I f(x, y) dx
x<>

By using mean-value theorem, the integral of Eq. (7.64) can further be expressed as

xo+h

y(x0 + h)- y(x0) = I f(x, y) dx
o

(7.64)

(7.65)

in which 0 < 0 < h. Note that Eqs. (7.65) and (7.63) are equivalent. Therefore, we first set the
equivalence which is then assumed to be expressed in a linear equation as

hf(xo + Oh, y(xQ + Oh)) = y(x0 + h) - y(x0) = y.\k\

in which

k\ = hf(x0,yo) = hfo
k2 = hf(xQ + ah, y0 +

= hf(x0

(7.66)

y2k2

,„
'

where fa, ji2, /i3, ^4, a, /J, a.\, a2, p\, /?2, y\, y2, and 52 are the constants to be determined by applying
Taylor series theorem to expand /(XQ, jo),/(^o + ah, yo + fiki),f(xo + ixih, yo + $\k\ +yik2), and

2h, yo + fi2ki+y2k2 + <)2ki) in Eq. (7.67). Before expanding them, the Taylor series for
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function of two variables is summarized as follows:

f(x0 + ar,y0 + ft.) = f(x, y) + D,f(x, y) D2f(x,y) D*f(x,y)

J X=Xo

21 3!

4!

in which the operator is defined as

A- = «r^ + ft^- (7.69)3x 3y

where ar and ft. are sealers. Based on the Taylor series expressed in Eq. (7.68), k\, k2, k3, and k4 of
Eq. (7.67) can be further expressed as

kl=hf(x0,y0) = hf0 (7.70)

k2 = hf(x0 + ah, y0 + ,

(7.70a)

wherein = (ah)d/dx + (fiki)d/3y and Z>, =Du/h. Similarly, let D2\ = «i/z(3/3jc) + (P:k: +y\k2)
(d/dy) and D2 = a,(3/3jc) + (ft: + 7,)/o(3/3j). Then

D2\ =a]h — + ( f S l k l + y l k 2 ) —

3 „ f
 9\ , 3i — + ft/o— +7ife^-3x 3yJ 3y

+ yl(k2-hf0)— ^j^

:hD2 + h2yl\Dlf + -^lJ , 3 j .

O O

— + (P2k: + y2k2 + d2k3) —

3 + [y2(k2 - hf0) + d2(kj
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From Eq. (7.71), £3 can be expanded as

+h2
7l fyDtf + fyD2f + hDlfD2fy + fy

For £4, substitute k2 and A; 3 of Eqs. (7.70) and (7.72) into Z>3i as

Consequently

/:4 = hf(x0 + y.2h, y

( , 7 2

D2f + hyJyDJ + -D2/ + -yJ

+5

.-&f^...\ (7-73)9j I '* "^ ^ '-"' -^ 3j y \ i L\ -^ v ' >-) \J

3!

±

Now substitute Eqs. (7.70), (7.70a), (7.72), and (7.73) into Eq. (7.66); compare the developed form
of Eq. (7.66) with Eq. (7.63); then equate the coefficients of the corresponding terms. This com-
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parison leads to a set of equations having 13 parameters as shown below:

Mi +M2 +A<3 +A<4

in which

«2 T-ox 72

4! )Df Df>
\_

4!

343

(7.74)

(7.74a)

For Eq. (7.74) to be applicable to all functions/, the ratio, (Di/)/(Dif) (r, j = 1,2,3), must be
constant. Therefore, the ratios of D\ID, D2ID, D3/D are constant if « = /?, a\=P\+y\, and
a2 = ^2 + 72 + (52 in Eq. (7.75). Thus

aD
a,/) (7.75)

Inserting Eq. (7.75) into Eq. (7.74) yields

=\Df Dfy

(7.76)
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or

+ft +ft

fj,2a +^3 a.\

+ft

+fta2

+fta^

ft7i«

ft7i«

= 1

\_
~2
_]_
~ 3
_j_

f (7.77)
~6

1

Equation (7.77) is a set of eight equations with 10 unknown parameters: n\, ̂ 2,1*3, ft, «, «i, «2, 7 i >
72, and <52. The equation thus has two d.o.f. Therefore, we can set two unknown arbitrary values.
Taking a= 1/2 and 52= 1 gives eight equations and eight unknowns. The results are

a =1/2'

2y2 + a? <52)

7, = 1/2
7 2 = 0
/(, = 1/6
ft = 1/3
ft = 1/3
H4 = 1/6

Consequently

a = [l=\/2^

a2 = jS2 + 72 + <52 = ^2 + 0 + 1 =

Substituting Eqs. (7.78) and (7.79) into Eqs. (7.67) and (7.66) yields

ki =hf(x0,y0)

(7.78)

(7.79)

k4 = hf(x0 + h,y0

(7.80)

and

2k3+k4]
(7.80a)

which is called the Runge-Kutta fourth-order formula. As noted previously, the Runge-Kutta
fourth-order method is designed to approximate the solutions of first-order differential equations
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such as Eqs. (7.56) and (7.57). Therefore, based on Eq. (7.80a), v(t + At) can be expressed as

v(t + AO = KO + - (ki + 2k2 + 2k] + k4)6

in which

= (At)ft + y , X(t) + ̂  , V(t) +

k3 = (At)ft + y , XO + y , V(t) +

?, x(f) + q3, v(f) + k3)

Similar to Eq. (7.81)

(7.81)

(7.82)

x(t + AO = x(t) + -(q\ + 2q2 + 2q3 + q4)6

where

qi = (At)F(v(t)) = (AOKO

y

+y

+

+ fc) = (A0(v(0 + A:3)

Now substitute Eq. (7.84) into Eqs. (7.82) and (7.83),

/, xo, v(0)

= (AO/( / + y , XO + y KO, KO +

3 = (AO/( / + y , X(t) + y v(0 + y , KO +

= (AO/

= (AO/6 +

Afl v(0 +yj, KO +

(At)v(t) + k2, v(t) + k3

(7.83)

(7.84)

(7.85)

and

x(t + AO = x(t) + -(ql+2q2o

2A/KO +\ 2
At

= x(f) + — [6v(0
6

(7.86)
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From Eqs. (7.81), (7.85), and (7.86), the numerical solution for the motion equation of Eq. (7.9)
based on the Runge-Kutta fourth-order method can be summarized as

[x(t + A01 = M01 + &t(x(t)} +-((ki } + {k2} + fe}) (7.87)
6

[x(t + A01 = {x(t)} + l-({kl} + 2{k2] + 2fe) + {k4}) (7.88)

in which

= A t ( f ( t , x ( t ) , x ( t ) }
, (7.89)

-

(7.90)

At[M]-l({F(t)}-\

At _ At

(7.91)

{k4} = (At)\f(t + At, x(i) + Atv(t), v(t) + ̂ k2, V(t)k3
I V 2 /

= (At)[M}-1 ({F(t + At)}- [K]({x(t)} + At{x(t)} + ̂ {k2}^ (7'92)

-[C]({x(t)} -

Runge-Kutta formulation is a self-starting method for it only requires the functional values at
a previous point. The method has a truncation error of order (/z3).
EXAMPLE 7.3.3 The framework shown in Fig. 7.10 is subjected to lateral force, F(t) = F0
(1 — t/C), in which F0 = 45 Ib (200.170 N) and ( = 0.03 sec. Assume that the columns are massless
and the girder is infinitely rigid. The lumped mass on the girder is M = 0.5823 Ib sec2/in. (10.119
kgsec2/m). Let h = 60 in (1.524m), £=30 x 106 psi(206.843 x 109 N/m2), 7=5 in4(20.811 x 10'7
m ), and damping ratio p = 0.1. Using Newmark, Wilson-0, and Runge-Kutta fourth-order
methods, find the displacement response of the girder for At = 0.005 sec. Also find the exact
solution by Duhamel's integrals. Use 0= 1.4 for the Wilson method, and a = 1/6 and d =
112 for the Newmark method (the merit of using the numerical values of 0, a, and d is discussed
in Section 7.3.5).

Solution: The differential equation for a single-d.o.f. system is

MX + Cx + Kx = F(t) (a)
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M iF(t)
i 1111 JT7T7

I I

F(t)

FIG. 7.10 Example 7.3.3.
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in which

M = 0.5823 IbsecVin; K = 5)

(60)3 = 4166.7 Ib/in

C = pCQr = 2pVKM = 2(0.1)^(4166.7) (0.58230) = 9.8515 Ib sec/in

and

^(0 = 45 (1 -f/0.03) Ib

Typical calculations at t = 0 and 0.005 sec are illustrated as follows.
(a) Newmark method with a = 1/6 and 5 = 1/2—At t = 0, x = x = 0

x = F(t = 0)/M = 45/0.5823 = 77.280 in/sec2

At t = 0.005 sec, from Eqs. (7.23) and (7.24),

' 6 x (0) 6i(0) _ 2j.(()) = Q _ 2(7?280) = _ j^ 56Q

= -0.1932B = -2i(0) - y3c(0) - -r-*(0) =

From Eqs. (7.20a) and (7.20b)

At (0.005)2

and

Thus

= 37.5-(0.5823)(-154.560)-(9.8515)(-0.1932) = 129.4033

jc(O.OOS) = F/K = 129.4033/149830 = 0.8637 x 10"3 in

From Eqs. (7.22) and (7.21),

+ (-0.1932) = 0.3250 in/secx(0.005) = -^-Jt(0.005) + B = -
f\t U.UUJ

x(0.005) = -^;c(0.005) + A =
 6(°-8637xl° ) +(-154.56) = 52.7045 in/sec2

At2 (0.005)2

(b)

(c)

(d)

Successive responses at various time intervals can be similarly calculated. The entire results from
£ = 0 through ? = 0.03 sec are listed in Table 7.3.
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(b) Wilson-0 method with 0 = 1.4—at t = 0, x = x = 0

x = F(t = 0)/M = 45/0.5823 = 77.280 in/sec2

At t = 0.005 sec, from Eqs. (7.36), (7.37) and (7.38),

AFe = OAF = 1.4(37.5 - 45) = -10.5 Ib
MB = OAt = 1.4(0.005) = 0.007 sec

Q = -—x(0) + 33c(0) = 3(77.280) = 231.84
Atg

R = 3x(0) + ̂ 5c(0) = ̂ ^(77.280) = 0.2704

From Eqs. (7.34) and (7.35),

K = K + —^-.M + ̂ -C
(Ate)2 ^e

= 4166.7 + ——^(0.5823) +—?—(9.8515) = 79, 690.8122
(0.007)2 0.007 '

= -10.5 + (0.5823)(231.84) + (9.8515)(0.2704)= 127.165
Axe = AF/K = 1.5957 x 10~3

From Eq. (7.30)

6 . 6 .

(1.5957 x 10-3) - 0 - 3(77.280) = -36.4444——
(0.007)2

AJc(O.OOS) = Axe/0 = -36.4444/1.4 = -26.0317

From Eqs. (7.26) and (7.27) with T = At = 0.005 sec

Ai(0.005) = 3c(0)Af + Ai(0.005)

= 77.280(0.005) + ̂ ^(-26.03 17) = 0.32 13 in/sec

Ax(0.005) = x(0)At + --x(0) + -- Ai(0.005)
2 6

(0.005) (0-005) (_26.Q317) = 0.8575 x
2 6

From Eqs. (7.41), (7.42), and (7.43)

;c(0.005) = x(0) + AX0.005) = 0.8575 x 10~3 in (e)
jc(O.OOS) = x(0) + Ax(0.005) = 0.3213 in/sec (f)
Jc(0.005) = Jc(0) + AJc(O.OOS) = 77.280 - 26.0317 = 51.2482 in/sec2 (g)

The entire results from t = 0 through £ = 0.03 sec are listed in Table 7.3.
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(c) Runge-Kutta fourth-order method—at t = Q, x = x = 0

x = F(t = 0)/M = 77.280 in/sec2

At t = 0.005 sec, ki, k2, k3, and k4 in Eqs. (7.89)-(7.92) can be calculated as

ki = AtM-}(F(Q) - Kx(0) - Cx(0)) = 0.005(45 - 0 - 0)/0.5823 = 0.3864

k2 = AtM-] [^(0.0025) - K(X(O) + y Jc(0) j - c(x(0) + y )1

0.005 \ r . . _ . „ „ _ _ „ „ . . . / „ . 0 . 3 8 6 4 \ 1 (41.25 -4166.7(0) -9.8515 0 + ̂ —— =0.33790.5823; L ——— v, ™^~ , 2 ^j

l | (0.0025) - K(X(O) + i(0) + -ki - cx(0) +

= (0.005/0.5823)41.25 - 4166.7 (0.3864) - 9.8515m(0.3379)l = 0.3226. . . .

- KX((J)

= (0.005/0.5823)r37.5 - 4166.7 AVo.005) (0.3379) - 9.8515(0.3226)1 = 0.2645

From Eqs. (7.87) and (7.88),

X0.005) = x(0)
,, ,
^ '0 005\

—— (0.3864 + 0.3379 + 0.3226) = 0.8724 x 10~3 in
6 /

Jc(0.005) = i:(0) + 2(^1 + 2^2 + 2
6 (0

= -(0.3864 + 2(0.3379 + 0.3226) + 0.2645) = 0.3286 in/sec6

From Eq. (7.54)

3c(0.005) = AT '[^(0.005) - Kx(QM5) - Ci(0.005)]
1 [37.5 -4166.7(0.0008724) -9.8515(0.3286)]

0.5823
= 52.5979 in/sec2

(d) Duhamel's integrals—from Eq. (1.121a), the Duhamel's integral with damping factor
p < 0.15 can be expressed as

^- ' o
= fe(-P/V^p'('-^F(A) sin p*(t - A)
'2

2d F. ^ ^ , _ ,____,_

(k)



350

in which

F(Q)

CHAPTER 7

cs = cos p*t, sn = sin p*t, p* = ̂ (\ - p2)p, and

0.5823

For x at t = 0.005 sec, ̂ (1 - p2) = ^1 - (O.I)2 = 0.9949, p* = 84.1666, sn = 0.4085, cs = 0.9127,
d = -0.1/0.9949= -0.1005, and c = 45/[(4166.7)(0.5823)(0.9949)2] = 0.9181. From Eq. (k)

x(0.005) =
0.9181

84.1666[(-0.1005)2 0.833- 2(-0.1005)

a-0.0422)(0.9538) +

(0.03)(84.1666)(1.0101)
-°-0422(0.3167)

-0.1005
2.5505

(0.03)(84.1666)(1.0101)
= 0.8734 x 10~3 in (1)

A summary of the displacement response obtained by these four methods is given in the Table 7.3.
It is apparent that the incremental time interval can affect results of the calculation. How to

choose a suitable At is discussed in the next section.

7.3.5. Numerical Stability and Error of Newmark and Wilson-0 Methods

7.3.5.1. Numerical Stability
Stability of a numerical integration method requires that any error in displacement, velocity,

and acceleration at time t does not grow for different incremental time intervals used in the
integration. Therefore, the response of an undamped system subjected to an initial condition
should be a harmonic motion with constant amplitude, which must not be amplified when different
At's are employed in the analysis. Stability of an integration method can thus be determined by
examining the behavior of the numerical solution for arbitrary initial conditions based on the
following recursive relationship.

where {X(t + A;)} and {X(f)} signify the displacement, velocity, and acceleration vector at time
t = At and t; and [A] is an integration approximation matrix. Each quantity in Eq. (7.93) depends
on the specific integration method used (see Examples 7.3.4 and 7.3.5).

If we start at time t, and take n time steps, Eq. (7.93) may be expressed as

To investigate the stability of an integration method, we use the decomposed form of matrix [A] in

TABLE 7.3 Displacement Response of Example 7.3.3, Multiplied by 10

Time

0
0.005
0.01
0.015
0.02
0.025
0.03

Newmark method

0
0.8637
3.0168
5.6980
8.1179
9.5931
9.6515

Wilson-^ method

0
0.8575
2.9738
5.5863
7.9355
9.3855
9.5130

Runge-Kutta

0
0.8724
3.0446
5.7404
8.1579
9.6074
9.6185

Duhamel integrals

0
0.8734
3.0457
5.7441
8.1621
9.6108
9.6198
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Eq. (7.94) as

M" = [<&][/."]

351

(7.95)

where [/."] is a diagonal matrix with eigenvalues /,", /"2, /." in the diagonal position; and [$] is the
modal matrix with eigenvectors Oj, <t>2, and <t>3.

Now define the spectral radius of matrix [A] as

r(A) = max /./ i = 1, 2, 3

Then, from Eq. (7.95), we must have

(7.96)

(7.97)

in order to keep the [A]" in Eq. (7.95) from growing without bound. The condition of Eq. (7.97) is
known as the stability criterion for a given method. The bound of [A]" and Eq. (7.97) may be
proved as follows. Let the inverse of [<X>] be [Q]; then

Since [A] [<I>] = [/.] [O], we have

Thus,

(9.97a)

For the nth power,

o

symm /,

[/."] is bounded as long as

r(A) = max{|/.i

Therefore

i/" =iA1n;.2r
and

(7.97V)

(7.98)

If [/."] is bounded, then [A]" is also bounded.
EXAMPLE 7.3.4 For a single-d.o.f. system with natural frequency/) and damping ratio p, find
the integration approximation matrix [A] for the Wilson-0 method.
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Solution: The differential equation of the single-d.o.f. system is

2ppx(t + OAt) + p2x(t + OAt) = 0 (a)

Let -c denote the increase in time from time t, where 0 < T < OAt. Then, for the time interval t to
t + OAt, we have

x(t + T) = x(t) + (x(t + At) - x(t)) ̂  (b)

From Eqs. (7.26) and (7.27)

T2

x(t + T) = x(t) + x(t)-c + —— (x(t + AO - x(t)) (c)

and

x(t + T) = x(t) + x(t)r + X-x(t) +^-(x(t + AO - x(t)) (d)
2 6A?

When r = At, Eqs. (c) and (d) become

A;
x(t + AO = x(i) + — (x(t + AO + 3c(0) (e)

A 7

x(t + At) = x(t) + x(t)At + -!-(x(t + At) + 23c(0) (0
6

Substituting Eqs. (b)-(d) into Eq. (a) with T = OAt leads to

x(t) + Ox(t + At) - Ox(t) + 2pp \ x(t) + x(t)OAt + —— (x(t + At) - x(t))

(g)

Collecting terms gives

= -\l-0 + 2ppOAt - pp02At +F

-[2pp+p2OAt]x(t)-p2x(t)
= -Ax(t) - Bx(t) - Cx(t) = Dx(t + At)

where

A=2pp+p2OAt 2 02A2 2()3
B= !-0 + 2ppOAt-pp02At+t-———-——
C=P

Therefore

2
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in which

2= '-¥-£-«
_d = _L (_H,_

— C —F
lf = A?

where

and

Substituting Eq. (h) into Eq. (e) yields

>(, + Al)^(1_«) iw+(1 + -(-))i(,) + -(_£)4,)
in which

EO

Substituting Eq. (h) into Eq. (f) leads to

in which

, / l_^_J__^, (s)
2 18 60 6 I W

(t)

f
Using Eqs. (h), (n) and (r), the recursive relationship given in Eq. (7.93) is established as

[JC( / + A O ] f* (0 ]
x(t + M ) = [ A ] x ( t ) (v )
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where

'At(

FO EO

I__L_^L_^| A M - —--
6 3

-E

-E
2At

EXAMPLE 7.3.5 Rework Example 7.3.4 for the Newmark method.
Solution: The differential equation of the single-d.o.f. system is

x(t + At) + 2ppx(t + At) +p2x(t + At) = 0

From Eqs. (7.12) and (7.13), x(t + At) and x(t + At) can be expressed as

x(t + At) = x(t) + [(1 - d)x(t) + 5x(t + At)]At

x(t + At) = x(t) + x(t)At

Substitute Eqs. (b) and (c) into Eq. (a),

At)(At)2

x(t + At) + 2pp[x(t) + At((l - ())x(t) + 5x(t + At))]

+ P2\ x(t) + x(t)At + ( ( - -a }x(t) + ax(t + At) \Atz \ =0L VV2 /

Rearrange Eq. (d),

(1 + 2ppAtd +p2At2a)x(t + At)

= -\ 2ppAt(\ - d) +P
2At2(- - a ) \x(t) - [2pp +P

2At]x(t) -p2x(t)

or

Dx(t + At) = -Ax(t) - Bx(t) - Cx(t)

where

A = 2ppAt(l-(5) + P
2At2 l--a

B = 2pp + p2At
C=p2

D = 1 + 2ppAtd + p2At2a

Therefore

x(t + At) = -x(t) + (t) +

CHAPTER 7

(w)

(a)

(b)

(d)

(e)

(f)
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in which

— — = — I — — a\E — 2(1 — 5)F (g)

-- = ——

where

-i

t2 pAt

and

Substitute Eq. (f) into Eq. (b),

in which

= At\\-5-0--a\5E-2(\-5)5F\ (k)

= 1 - Ed - 25F (1)

Substitute Eq. (f) into Eq. (c)

in which

- — « + «( —— I 1 = At2\- — a — I - — a \a.E — 2(1 — $)a,F (o)
- V -^ / / 2 \2 /

/ _ n\
At + At2(^} = At[\ - aE - 2v.F] (p)

= 1 - v.E (q)

Using Eqs. (f), (j), and (n) yields the following recursive relationship as shown in Eq. (7.93):

\X(t + At)} \x(t)}
\x(t + At)\=[A]\x(t)\ (r)
\x(t + At)\ \X(t)\
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where

CHAPTER 7

At

At2

[--G-
•B-G-

<x)dE-(l-d)6F\ \-E5- 25F -Ed
At

a )cf.E - 2(1 - 5)v.F\ At(l-aE-2aF) (1 - v.E)

(s)

EXAMPLE 7.3.6 Assuming a single-d.o.f. undamped system having natural frequency p = 2n
rad/sec, find the spectral radii for (A) the Newmark method with a = g and d = ^ as well as
« = I and S = ^, and (B) the Wilson-0 method with 0 = 1.4 and 0 = 1.36. The spectral radii
are calculated from At/T = 0.001 to At/T = 100 in which T=2n/p=l sec.

Solution: (A) for Newmark method, the E and F values in Example 7.3.5 are

E =
1

•2At2 pAt
= 3.9478 x 10~5

a =
1

(a)

pAt (b)

in which a= 1/6, d = 0.5, and At = 0.001 (1) = 0.001 sec. Substituting the above numerical
numbers into Eq. (s) of Example 7.3.5 yields

-1.3159 x 10-5 -0.03947
4.9999 x 10-4 0.9999
3.3332 x 10~7 9.9999 x 10~4

39.4781
-0.0197
0.9999

The eigenvalues of matrix [A] are

/.i = 0.1316 x 10~4; ;.2 = 0.9999; and /.3 = 0.9999

From Eq. (7.97)

r(A) = max /.,• = 0.9999 < 1

(c)

(d)

(e)

Therefore, when At/T = 0.001, the Newmark method with a = 1/6 and d = 1/2 (linear accel-
eration method) is stable.

(B) For the Wilson-0 method, with 0 = 1.36, At = 100 sec, the E and F values in Example
7.3.4 are

E = pO2 0
__

1.36 (1.36)

= 2.3852

pAt (g)
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Substituting E, 0, and F into Eq. (w) of Example 7.3.4 leads to

' -1.2058 -0.03243 -0.2385 x 10~3

-10.2935 -0.6219 -0.0119
1323.55 45.9347 0.6024

357

(h)

and ;.3 = 0.0692 (i)

Performing det([A]-/.[f\) = Q results in

/.! =-1.0358; /.2 = -0.2587;

Thus

r(A) = Max]/.! | = 1.0358 > 1 (j)

Therefore, when At/T = 100, the Wilson-0 method with 0 = 1.36 is unstable.
Numerical results for the Newmark method (a = 1/6, o = 1/2 and a= 1/4, 5 = 1/2) and

Wilson-0 method (0 = 1.36 and 1.4) from At/T = 0.001 to At/T = 100 are plotted in Fig. 7.11.
It can be seen that the spectral radius for Newmark method with a = 1 /6 and 5 = 112 is stable
[r(A)< 1) at approximately At/T < 0.55 and becomes unstable [r(A)> l]atA*/r > 0.55. The stab-
ility of this method depends on the magnitude of At, and is called the conditional stability method.
However, the spectral radii for a = 1 /4 and <5 = 112 from At/T = 0.001-100 are all less than or
equal to 1 [r(A)< 1]; this case is called unconditional stability because it does not depend on
the magnitude of At. Figure 7.11 also shows that the Wilson-0 method with 0= 1.4 is
unconditionally stable. Note that it becomes conditionally stable with 0 = 1.36 since the spectral
radius is greater than 1 when At/T is approximately greater than 4. For unconditional stability,

4.0'

3.5-

3.0.

2.5-

2.0-
03

< 1 5-̂

1.0

0.5-

0.0'

• a=l/6; 8=1/2
,Vx Linear Acceleration Method

' 0 . 5 5 >.6=1.36
if _____. _ — - e — - — -

a=l/4; 8=1/2
Average Acceleration Method Wilson-6 Method 6=1.4

0.001 0.01 0.1 1 10
At/T

FIG. 7.11 Spectral radii for Newmark method and Wilson-0 method.

100
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the solution is not divergent even if time increment At is large. To assure solution stability, 0 = 1.4
is usually used for the Wilson-0 method, and a = 1/4 and 5 = 1/2 o r a = 1/6, 5 = 1/2 and
At/T < 0.55 (Fig. 7.11) are used for the Newmark method.

7.3.5.2. Numerical Error
Numerical error, sometimes referred to as computational error, is due to the incremental

time-step expressed in terms of At/T. Such errors result not from the stability behavior just dis-
cussed but from two other sources: (1) externally applied force or excitation, and (2) d.o.f. of
a vibrating system. A forcing function, particularly an irregular one such as earthquake ground
motion, is composed of a number of forcing periods (or frequencies). A larger At may exclude
a significant part of a forcing function. That part is associated with smaller periods, a forcing
function's higher modes. This error may occur for both single- and multiple-d.o.f. vibrating
systems. Therefore, At must be selected small enough to ensure solution accuracy by including
the first few significant vibrating modes in the analysis.

Numerical error reflects two characteristics: amplitude decay and period elongation. This
behavior can be illustrated by using a free undamped vibration problem such as

MX + Kx = 0; x0 = a,xQ = Q

for which the exact solution (x = a cospt) and numerical results are compared in Fig. 7.12. Studies
indicate that linear acceleration and average acceleration methods do not present amplitude
decay. Depending on At/T used, the Wilson-0 method gives both amplitude decay and period
elongation. Among the three methods, linear acceleration has the least period elongation when
At/T < 0.55 is within the stability limit (Fig. 7.11).

For reasonable accuracy, At/T = 0.1 is recommended, where Tis the natural period of highest
mode considered in the analysis. Properly selecting the number of modes depends on an individual
problem. A suggested approach is to follow the building code's modal analysis. The code stipulates
that at least the lowest three modes of vibration, or all modes of vibration with periods greater
than 0.4 sec, whichever is greater, the number of modes shall equal the number of stories. (Note
that structures less than three stories high are an exception to this rule.) Generally, we use
one At and another slightly smaller A; to find solutions continuously, until two succesive solutions
are reasonably close.

7.3.6. Numerical Stability of the Runge-Kutta Fourth-Order Method
The stability of this method should be examined on the basis of a first-order differential equation
since the method is designed to approximate the Taylor series in the first-order form as

/(O = -^ = py(t) =/(XO) (7.99)

Amplitude decay

a _
.Exact

Numerical

L

Period elongation

FIG. 7.12 Amplitude decay and period elongation.
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where p is a constant. Based on Eqs. (7.80) and (7.80a)

y(t + At) = y(t) +-,
6

in which

*, = Atf(y(t))

-k2 + -k3 + -k43 3 6

= A t f l v ( t ) + -

Substituting Eq. (7.101) into (7.100) leads to

y(t + AO = XO + - Atp y(t) k i l l . . , [ ,A *2l-yJ+-A^XO + yJ

-Atp[y(t)
6

= | \+Atp + -At2p2 +-i

(7.100)

(7.101)

(7.102)
l+-1-A?4/]xo/. u 24 J

= MO
In order to keep y(t + At) from growing without bound, the following criterion should be satisfied:

W < 1 (7.103)

or

+ (Atp) + - (Atp)2 + - (Atpf +
z o Z4

< 1

The real roots or real stability boundaries are

Atp < 0 and Atp > -2.785, when p < 0

(7.104)

(7.105)

When p > Q, the Runge-Kutta method is unconditionally stable with error as small as (A?)5, as
shown in Eq. (7.63).
EXAMPLE 7.3.7 Use the Runge-Kutta fourth-order method to solve the first-order differential
equation y'(t) = —y(t) with A; = 0.5, 2.0, and 3.0. The initial condition is XO) = 1- Compare
numerical results with the exact solution of XO = e~' m the range of t=Q through t = 25.

Solution: From Eqs. (7.100) and (7.101)

y(t + At) = XO + 2ki + T^2 + ̂  + -k46 3 3 6 (a)

and

k2 =

= At[py(t)} =PAty(t)

+ y

= Atfy(t)+kj-} =PAty(t) +^y

k4 = Atf(y(t) = At[p(j(t) = pAty(t)

(b)
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Using At = 0.5

fci = PAty(t) = (-1)(0.5)XO) = (-1)(0.5)(1) = -0.5

k2 = PAty(t) + M* y = (-0.5) - (0.5)(:=^) = -0.375

h = PAty(t) + M* = (-0.5) - (0.5)(^^\ = -0.4062

k4 = pAty(t) + pAtk3 = (-0.5) - (0.5) (-0.4062) = -0.2968

From Eq. (a)

X0.5) =

= 1+2 (-0.5) + \ (-0.375) + \ (-0.4062) + \ (-0.2968) (c)

6 3 3 6
= 0.6067

The exact solution at t = 0.5 is e~°'5 = 0.6065. Ratio of the exact to the numerically calculated
value, R, is

Results for At = 0.5, 2.0, and 3.0 are compared in Table 7.4 and plotted in Fig. 7.13.
Table 7.4 shows that response XO with At = 0.5 is close to the exact solution. With At at 2.0,

response XO exhibits a large error relative to the exact solution (see Fig. 7. 1 3), but it is not diver-
gent and the numerical analysis is stable. With At at 3.0, response XO increases and becomes
divergent; the numerical analysis is unstable. Thus, when p < 0, Runge-Kutta fourth-order
method is a conditional stability method.

For the first-order differential equation in Example 7.3.7, where XO = e/ and /(O = X0> (i-e-
p = 1) the numerical results for At = 0.5, 2.0, and 3.0 are plotted in Fig. 7.14. This figure shows that
numerical error increases if a larger At is used. But response XO with a larger At is not divergent,
and the Runge-Kutta fourth-order method is an unconditional stability method when p > 0.

Note that numerical integrations are essential in dynamic response. If external excitations
cannot be expressed in a mathematical form applicable to direct integration, then numerical pro-
cedures are a powerful tool. These procedures demonstrate their importance in other situations
as well. When a structure's stiffness changes during response, such as stiffness degrading due
to development of plastic hinges, structural frequency consequently changes. Response analyses
based on modal matrix formulation become unreliable and numerical integrations should be used.

TABLE 7.4 Comparison of Numerical Results for XO = e ~ '

At = 0.5 At = 2 At = 3
Time, t Ratio Time, t Ratio Time, t Ratio

0
0.5
1
2.5
5.0
10.0
20.0
25.0

1
0.9996
0.9992
0.9980
0.9960
0.9921
0.9842
0.9803

0
2
4
6
10
16
20
24

1
0.4060
0.1648
0.0669
0.0110

0.7383 x 10 3
0.1217 x 10 3

0.2 x 10 4

0
3
6
9
12
18
21
24

1
0.0362
0.0013

0.4747 x 10 4
0.1718 x 10 5
0.2253 x 10 8
0.8160 x 10 10
0.2954 x 10 n
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FIG. 7.13 Stability evaluation of y'(i)= - y(t) for Runge-Kutta fourth-order method, (a) Stability
observation, (b) Error observation.

In the case of degrading or softening stiffness, A; can be decreased as natural period increases; but
the value of At recommended previously can still be used.

7.4. SEISMIC RESPONSE SPECTRA FOR ANALYSIS AND DESIGN
In Section 7.3, the dynamic response of structures at any time can be obtained by numerical inte-
gration methods. As noted in previous chapters, structural response can also be analyzed by using
response spectrum methods. Based on numerical techniques presented in Section 7.3, here more
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FIG. 7.14. Stability evaluation of y'(t)=y(t) for Runge-Kutta fourth-order method, (a) Stability
observation, (b) Error observation.

comprehensive procedures are developed for computing and constructing response spectra. The
relationship between response spectrum and design spectrum is also elaborated.

7.4.1. Response Spectra, Pseudo-Spectra and Principal-Component
Spectra

Acceleration, velocity, and displacement spectra plotted in tripartite logarithm are shown in Fig.
1.30, while different plots of these individual spectra are shown in Fig. 7.15. As observed from
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FIG. 7.15 Typical acceleration, velocity, and displacement response spectra for N-S component of
El Centra Earthquake, 18 May, 1940.

the former, the latter also shows that, at large frequencies, relative displacement is small whereas
acceleration is relatively large. At intermediate frequencies, velocity is substantially larger than
at the high or low end of the spectrum. Note that the three spectral quantities can be shown
by a single curve on a graph with three different scales called a tripartite logarithmic plot.
Tripartite plots can differ in how their axes are arranged (as discussed later for Fig. 7.16).

Response spectra can be generated by using numerical integration methods to repeatedly
solve the motion equation for a single d.o.f. system with different natural frequencies and damping
ratios [see Eq. (a) in Example 7.3.3]. Peak response can be obtained as

(7.106)
(7.107)
(7.108)

For review purposes, Eq. (7.106) can be solved by numerical integration of Duhamel's integrals as

x(pt, p) = max x(t,pi, p)\

x = -
r

O-^ sin p*(t - A) JA (7.109)

where/i* represents a damped circular frequency, including the damping effect on structural natu-
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FIG. 7.16 Typical tripartite plots.

ral frequency as shown below,

form:
Equation (7.107) can be obtained by differentiating Eq. (7.109) with the following typical

0 0

and then substituting Eq. (7.109) in the above

s n sin p\t - A)

= -ppx +
t

f

Cos p*(t - A)]

cos p*(t -

(7.1 10)

which yields Eq. (7.107).
For Eq. (7.108), first divide the mass, M, on both sides of Eq. (1.122) and apply C/M = 2pp,

which gives

x + 2ppx+p2x=-xs (7.111)

Knowing x, x, and 5cg, we then find Eq. (7.108) in the following form:

x=-xs- 2ppx -p2x (7.112)

Combining the relative acceleration of mass and the ground acceleration yields total mass
acceleration,

Let a single-d.o.f. system's absolute maximum velocity due to ground motion be Sv

t
Sv = 13cge~p;^'~A) sin p*(t - A) dA\ (7-114)
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Peak displacement and acceleration of the system are then

Sd=- (7.115)
P

S&=pSv=p1SA (7.116)

or

T-, — ~ * a
T 2 (7.117)

from which

logS; = - log T + log(27tSd) (7.118a)

or

log Sv = \og(2nf) + log Sd (7.118b)

and

logSv =log r + logf-5-) (7.119a)

or

log Sv = - \og(2nf) + log Sa (7.119b)

Equations (7.118a) and (7.119b) can respectively be expressed in the following linear form:

Y = X + C, and Y = X + C2

Note that when X (log T) increases and C\ (log 27tSd) remains constant, then Y (log Sv) decreases.
Similarly, when X (log T) increases and C2 (log S.J2n) remains unchanged, then Y (log Sv)
increases. Relationships among log Sv, log/, log Sd, and log Sa can be similarly established.
The linear expression forms a tripartite plot with tan( — 45°) = — 1 and tan(45°) = 1 as shown
in Fig. 7.16. Sv, Sa, and Sd are called pseudo-velocity, pseudo-acceleration, and
pseudo-displacement, respectively, which constitute a pseudo-response spectrum. Numerical
values of Eqs. (7.114)-(7.116) [same as Eq. (7.117)] are plotted in Figs. 7.17 and 7.18 (solid lines)
with notations of Sv vs/and Sv vs T for the N-S component of El Centre earthquake, 18 May,
1940 with 30 sec (see Fig. 1.29). A damping factor of 5% is considered.

Observing the curves, some general behavior may be summarized as follows:

1. Curves are jagged at different frequencies or periods due to the randomness of seismic
input. Studies of various earthquake records indicate that the jaggedness is quite sensitive
to structural period but much less so to damping. In the figures, 5cg(0.319g), xg (13.04
in/sec), and xs (8.4 in) represent maximum values of the earthquake (xg and xs are
obtained directly from 5cg) which are used here for reference.

2. When the frequency is large (or short period), Sd is small and Sa approaches to 3cg. This is
because for a stiff structure with short period, the mass moves as a rigid body along with
ground motion. Consequently, the structure has little deformation, and the mass accel-
eration is almost equal to ground acceleration, 3cg.

3. When the frequency is small (or long period) for a flexible structure with little stiffness but
much mass, S<j approaches to xg and Sa is small. This behavior can be physically inter-
preted as a nearly immobile mass, but the structure's foundation moves along with
the ground.
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FIG. 7.17 Response spectrum Sv vs/for N-S component of 18 May, 1940 El Centre Earthquake.
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FIG. 7.18 Response spectrum Sv vs T for N-S component of 18 May, 1940 El Centre Earthquake.

4. For regions associated with intermediate frequency or period, velocity Sv is sensitive to/
or T and p.

Note that the response spectra and pseudo-response spectra are established by using available
earthquake records. In reality, these spectra are not appropriate for designing new structures
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subject to future earthquakes of unknown characteristics. For a given region, such as El Centre,
California, response spectra developed from the earthquakes which occurred at different times
have different jaggedness. A design spectrum is needed to satisfy the safety requirements of
new construction or the safety evaluation of existing structures. Researchers studied a large
number of earthquake records for different soil profiles of rock, soft rock, and various sediments
and determined amplification factors for various nonexceedence probabilities in terms of
percentile. The amplification factors are based on damping ratios and sensitivity regions of
acceleration, velocity, and displacement.

The elastic design spectrum shown in Figs. 7.17 and 7.18 is based on 18 May, 1940 El Centre
earthquake with 84.1 percentile of nonexceedence probability and 5% damping. This percentile
means the spectrum ampliation factors, which are used to construct the elastic design spectrum,
are obtained from a cumulative probability of 84.1%. That is, 84.1% of actual spectral values
corresponding to the specified damping ratio can be expected to fall at or below the smoothed
maximum ground motion values mutiplied by the spectrum amplification factors. Amplification
factors are 2.7 in the acceleration-sensitive region (/"= 2.86-8 or T= 0.125-0.349), 2.3 in the
velocity-sensitive region (f= 0.28-2, or 7=0.5-3.57), and 2.0 in the displacement-sensitive region
(/•= 0.03-0.1 or T= 10-33 ). Between/= 8 and 33, the amplification factor gradually changes from
2.71 to 1 and between/= 0.1 and 0.03, the factor changes from 2 to 1.

Comparisons between the velocities from Eq. (7.110) (x) and Eq. (7.114) (Sv), between the
relative acceleration from Eq. (7.112) (x) and psuedo-acceleration from Eq. (7.116) (5a), and
between the total acceleration from Eq. (7.113) (3ct) and pseudo-acceleration, 5a from Eq. (7.116)
(Sa) are shown in Figs. 7.19-7.21, respectively. Note that the comparison between displacement
x and pseudo-displacement SA is not shown because they are identical for Eqs. (7.109), and (7.115)
in absolute value. A significant difference exists between x and Sv. This is because x is based on Eq.
(7.110), identical to Eq. (7.114) (Sv) only if the first term on the right-hand side of Eq. (7.110) is
zero or if damping is not considered in both equations. Physically, for a long-period structure,
the ground moves but the mass moves only a little. In this case, Sd is almost equal to xg, which
implies a small Sv. Also note that some differences exist between x and 5a (see Fig. 7.20) as well
as between xt and S.d (see Fig. 7.21).

100 F

Period (sec)

FIG. 7.19 Comparison between x and Sv.
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FIG. 7.20 Comparison between x and 5a
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FIG. 7.21 Comparison between 3ct and Sa.

Note further that 3ct and 5a are different for various damping ratios. They are equal for the
undamped case only. For a long period, both 3ct and 5a approach to zero but at different rates
of change. 5a is faster than 3ct because of the denominator T2 in S.A.

The above observations lead to the following conclusions:

1. x, x, and 3ct, (or 3c) and Sd, Sv, 5a are not respectively identical (except x and 5d). To
distinguish them, the former are called response spectra and the latter pseudo-spectra,
which means that they are approximations of response spectra.
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2. Both spectra have jaggedness which shows the characteristics of a particular earthquake.
For a given construction site, earthquakes occurring at different times do not have ident-
ical jaggedness. Therefore, for general structural design purposes, we must develop a
spectrum that is representative of earthquake characteristics in a given region. This
spectrum is defined as a design spectrum and should comprise a set of smooth curves
or a set of straight lines with different damping factors. Detailed discussion of design
spectrum is presented in Sections 7.4.2-7.4.6.

In response spectrum development, it is interesting to reveal response spectra of principal
components. Displacement response spectra vs period (Sp vs T) for three principal components,
main, intermediate, and minor of the 18 May, 1940 El Centro earthquake are shown in Figs.
7.22, 7.23, and 7.24, respectively. Sp is also denoted by Rp. The response spectra are based
on Eq. (7.5). Note that the displacements at T= 1, p = 0 associated with main, intermediate,
and minor principal components are about 6.2 in, 5 in, and 0.13 in, respectively.

As noted previously, response spectra for a specific earthquake record can be used to obtain
the response of a structure subjected to that earthquake, but these spectra are not well-suited
for design. For practical application, several design spectra are introduced in the following
articles.

7.4.2. Housner's Average Design Spectra
Housner's average design spectra (see Fig. 7.25) are based on the characteristics of the two hori-
zontal components of four earthquake ground motions recorded at El Centro in 1934 and 1940,
Olympia in 1949, and Tehachapi in 1952 [13]. Spectra of individual earthquakes are generated,
then normalized, averaged, and smoothed. The normalized spectra shown in Fig. 7.25 have
the following characteristics: undamped velocity associated with long period has a value of

Scale factors
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1.9
1.9
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1.5

Ground motion

El Centro, 18 May, 1940
El Centro, 30 December, 1940
Olympia, 13 April, 1949
Taft, 31 July, 1952
Vernon, 10 March, 1933
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FIG. 7.22 Displacement response spectrum (5P or Re) for main principal component.
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FIG. 7.23 Displacement response spectrum (Sp or Rp) for intermediate principal component.
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FIG. 7.24 Displacement response spectrum (Sp or Rp) for minor principal component.

1 ft/sec; undamped acceleration is close to 22 ft/sec2 at peak, around 2 ft/sec2 at long period, and 4
ft/sec2 at zero period. Ordinates should be multiplied by the scale factors shown in the table above
to bring them into agreement with the specific ground motion.

Magnitude equivalent to the 1940 El Centre earthquake is expected to recur an average of
every 70 years at that site. Smaller earthquakes are expected to occur there more often. Figure
7.25 can be used for other recurrence intervals at El Centro by applying the multiplier in the
table below [15].

Multipliers

2.77
1.83
1.5
1.0

Recurrence intervals in years

2
20
32
70
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FIG. 7.25 Housner's smoothed averaged design spectra.

7.4.3. Newmark Elastic Design Spectra
Newmark elastic design spectra are shown in Fig. 7.26, where typical values of peak ground
acceleration, velocity, and displacement with l.Og, 48 in/sec, and 36 in, are used to construct
normalized design spectra for firm ground. These maximum values should be scaled down when
ground acceleration is other than l.Og. In the elastic design spectra, three regions sensitive to
acceleration, velocity, and displacement are respectively at the high, intermediate, and low fre-
quency ranges, as presented previously in Fig. 7.17.

In this figure, spectral ordinates corresponding to different damping factors are obtained by
multiplying ground acceleration, velocity, and displacement by the amplifications associated with
a given damping (see Table 7.5). Spectral displacement, spectral velocity, and spectral acceleration
are plotted parallel to maximum ground displacement, ground velocity, and ground acceleration,
respectively. Frequencies at the intersections of the spectral displacement and velocity and of
the spectral velocity and acceleration define the three amplified regions of the spectrum. At a
frequency of approximately 6 Hz, spectral accelerations taper down to the maximum ground
acceleration. It is assumed that the spectral acceleration for 2% damping intersects the maximum
ground acceleration at a frequency of 30 Hz. Tapered spectral-acceleration lines for other
dampings are parallel to the one for 2%. The normalized response spectra in Fig. 7.26 can be
used in design by scaling ordinates to the design acceleration at the site.

EXAMPLE 7.4.1 A single-d.o.f. system has a natural period T=\ sec and damping factor
p = 0.1. Use the Newmark elastic design spectrum to determine maximum acceleration, maximum
relative displacement, and maximum velocity for an earthquake with a maximum ground accel-
eration equal to 0.32g.
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FIG. 7.26 Newmark elastic design spectra normalized to l.Og.

TABLE 7.5 Values of Spectrum Amplification Factors

Percent of
critical damping

0
0.5
1
2
5
7
10
20

Displacement

2.5
2.2
2.0
1.8
1.4
1.2
1.1
1.0

Amplification factor for

Velocity

4.0
3.6
3.2
2.8
1.9
1.5
1.3
1.1

Acceleration

6.4
5.8
5.2
4.3
2.6
1.9
1.5
1.2

Solution: From the Newmark elastic design spectra in Fig. 7.26 with frequency/= 1 / T= 1 Hz
and 10% critical damping, maximum displacement, maximum velocity, and maximum acceler-
ation are

Sd = 9.5 (0.32) = 3.04 in
5^ = 60 (0.32) =19.2 in/sec
5a = 0.95 (0.32) = 0.304^

7.4.4. Newmark Inelastic Design Spectra
Structures subjected to severe earthquake ground motion experience deformations beyond the
elastic range. Inelastic deformations depend on load-deformation characteristics of the structure
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and often result in stiffness deterioration. A simple model that approximates the inelastic behavior
of structural systems is the elasto-plastic model shown in Fig. 7.27b where xy represents yield
displacement and xm signifies maximum displacement. (More inelastic models are discussed
in Chapter 9.)

Figure 7.27b displays two material models: the elasto-plastic model (or elastic perfectly
plastic) shown by oabcde and the equivalent elastic model defined by oABC. Qy and xy represent
yielding force and deformation, respectively. The fundamental behavior of an elasto-plastic model
is as follows. When a structural member's internal force is less than Qy, the member is elastic or
linear; the member force cannot be more than Qy, but its deformation can be more than yielding
deformation xy. If a member is assumed to behave with a linear force-deformation relationship
beyond yielding level as shown in oABC, it is an equivalent, not a real, elastic model. From
the figure, yield reduction factor, YT, force reduction factor, FT, and ductility factor, jj,, may
be defined as

a

Then

Combining Eqs. (7.120) and (7.121) yields

(7.120)

(7.120a)

(7.121)

(7.122)

From Fig. 7.29a, the motion equation of a single-d.o.f. system with mass M, damping factor p, and
frequency p is

x + 2ppx+p2XyQ=-xs (7.123)

in which the third term on the left-hand side is due to a resistance force, Q(x), a function of

Q(x)
Q,

K

X=X,-X0

(a) (b)

FIG. 7.27 Elasto-plastic model for single-d.o.f. system.
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deformation, x, resulting from

CHAPTER 7

M M M (7.124)

where Q is a simple notation as Q = Q(x)/Qy; Qy = Kxy.
The response spectrum of an inelastic system may be established by using Fig. 7.28 as follows.

1. Select damping factor p.
2. Select ductility factor (i.
3. Select a range of frequencies between/= 0.02 and 50 cps (or period) with small increment

of/in the following calculations:
(a) Find the peak elastic response xe from

MX + Cx + Kx = -Mxg

and then calculate the peak reistance of the equivalent elastic system,

Qe = Kxe

(b) Find the inelastic response x(t) of the elasto-plastic system from the motion
equation given in (a) for which yielding resistance is denned by

2y = Fr Qe

where FT is gradually increased from 0.001 to 1; at each increment find the peak
deformation as

xm = max x(i)\

50
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FIG. 7.28 Inelastic design spectra for ground motion 3cg = \g,xg =48 in /sec, xg = 36 in, and p = 0.05.
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when

— -/iFr =0 (7.125)xe

or less than a tolerance e; then FT is determined. Consequently Qy (FrQe), xy (FTxe),
xm are known.

(c) Find velocity and acceleration corresponding to the correct solution of xm by using
any numerical method presented previously, such as Newmark integration. Results
are plotted in a spectrum associated with a frequency.

4. Repeat step 3 for another incremental frequency.
5. Repeat step 2 for another ductility.

With the same percentile of nonexceedence probability and amplification factors, elastic
design spectrum (,u=l) is plotted in Fig. 7.28. Inelastic design spectra associated with ,u=4
and 8 are also plotted in the figure where pseudo-displacement, pseudo-velocity, and
pseudo-acceleration are obtained at yielding deformation as

Sdy = Xj\ Svy = pxy; 5ay = p Xy (7.126)

Observing Fig. 7.28 leads to some general conclusions.

1 . Both ductility and damping have little influence on the acceleration-sensitive regions cor-
responding to larger frequency (shorter period), nor on the displacement-sensitive region
associated with smaller frequency (longer period).

2. Both damping and ductility have significant influence on the velocity-sensitive region with
an intermediate range of frequencies or periods.

Although elasto-plastic models can be used to predict structural response by numerical inte-
gration methods, the computations are time-consuming and costly. This is especially true when
they have to be repeated with a number of earthquake acceleration records to arrive at represen-
tative response values for design. Inelastic design spectra are given in Fig. 7.29 (frequency vs
Svy and period vs Svy), which looks similar to spectra for the elastic system in Figs. 7.17 and
7.18 (frequency vs Sv and period vs Sv). Here, amplification factors are 2.7 in the
acceleration-sensitive region, 2.3 in the velocity-sensitive region, and 2.0 in the displacement
sensitive region. We thus have 2.7 g for line E, 110.4 (2.3x48 = 110.4) for line D, and 72
(2 x 36 = 72) for line C in Fig. 7.29a or for lines C, D, and E in Fig. 7.29b. These values are
based on 84.1 percentile and 5% damping. Lines associated with elastic response (n = 1) in Fig.
7.29 are displaced downward by an amount from the ductility factor p.

Rules for construction of an inelastic design spectrum are summarized as follows.

1 . Draw lines A', B', C' and D' parallel to lines A, B, C and D by dividing the ordinates of
A, B, C and D with a specified ductility ratio fi (say 4 or 8 in the figure). The reason
is that, for this frequency region, the response is somewhat affected by a constant value
of n as observed from Fig. 7.28.

2. Divide the ordinate of E on elastic spectrum segment de by ^/(2/j, — 1) to locate point E',
i.e. move e to e'; then draw a line from e' with 45° to intersect line D' at point d' . Here
the ratonale comes from the conservation of energy method, i.e. total energy absorbed
by the spring of an inelastic system is the same as that of an elastic system; both systems
have the same frequency. This is based on Fig. 7.27 and can be expressed as

2 2e*e = 2 Qy*y + (*•» ~ *y)2y (7. 1 27)

or

(7.128)
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FIG. 7.29 Typical inelastic design spectrum for /z = 4 and 8, and p = 0,05.

Since

ft = toe! Qy = KXy

Substituting Eq. (7.129) into Eq. (7.128) yields

(7.129)

(7.130)
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Therefore

~~ (7.131)

Since both Qe and Qy are based on elastic systems, we may write Qe = MSay, Qy = MS'ay,
and derive the final correction factor in the acceleration-sensitive region

(7.132)

3. In a region with very large frequency, points/and/' are the same while G and G coincide,
which implies that a very stiff structure should be designed as an elastic system.

Ductility is an important parameter in structural design. It is necessary to distinguish ductility
demand, ductility capacity, and allowable ductility. Ductility demand represents a requirement on
the design of a system that its ductility capacity should exceed ductility demand. Ductility capacity
means the ability to deform beyond the elastic limit. Suppose the peak deformation of an
elasto-plastic system, with/r

r= 2y/ge = 0.5, is xm of 2.5 in, for which the equivalent linear model
has displacement xe = 1.75 in. We can caculate the ductility demand of the system by using Eq.
(7.122) as

*m 1 2.5 1

Allowable ductility means the ductility capacity that can be attained from the materials and the
details used in a structure. For a given allowable ductility, period, and damping of a structure
with weight W, we find yielding strength Qy, in order to limit ductility demand to allowable
ductility, by using Eq. (7.126),

Q-KXj=^j-K = ̂ -W (7.133)
P S

Thus

xm = iixy = ii^j- (7.134)

For a specific earthquake excitation, a structural designer should design and detail to achieve
deformation capacity xm.
EXAMPLE 7.4.2 For a single-d.o.f. system with structural weight W, frequency 5 cps, and
damping factor 0.05, find the force Qy and displacement xm for which the structure should
be designed in the following three cases: (1) within elastic limit; (2) with allowable ductity of
2; and (3) with allowable ductility of 4. Assume an earthquake with a peak acceleration of 0.32g.

Solution: From Fig. 7.29, S,dy of elastic response at/= 5 (T= 0.2) can be obtained from line E
in the amount of 2.1 g which should be scaled down to Say = (0.32) (2.Ig) = 0.864g. Solutions of
individual cases are calculated as follows.

Case 1 of elastic case—from Eqs. (7.133) and (7.134)

ne=^W = 0.864 W (a)
g

S.dy 0.864(386.4)
xm = Xe = —j- = —————j— = 0.338 in (b)

xm may also be obtained directly from Fig. 7.29a or b at S^y= 1.06, which is then multiplied by
0.32.
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o = = nii_ii_ = n 5 w (c)
^ /2u^l 1.732 ' v '

UXe 0.676 = (X39m (d)

which cannot be obtained from Fig. 7.29a or b since it does not have the design response for fj, = 2.
Case 3 for \i = 4—we may calculate the response in a manner similar to that shown in Eqs. (c)

and (d) as
n 8£/l H7

(e)

(0

The solution in Eq. (f) can be obtained from Fig. 7.29a on line E' or Fig. 7.29b on line C' with
Sdy = 0.4. Thus

xm = 0.4(0.32)(4) = 0.512 in (g)

EXAMPEE 7.4.3 Calculate maximum acceleration, maximum velocity, and maximum displace-
ment of the single-d.o.f. system in Example 7.4.1; assume that the structure has design ductility
ratio fj. = 4.0.

Solution: From the inelastic design spectra in Fig. 7.29a with frequency/ = 1 Hz, 5% critical
damping, and u = 4, the maximum displacement Sdy, maximum velocity Svy, and maximum accel-
eration Say are

Sdy = 5x0 .32= 1.60 in
Svy = 27.5 x 0.32 = 8.8 in/sec
Say =0.31 x 0.32 = 0.099#

7.4.5. Site-Dependent Spectra and UBC-94 Design Spectra
7.4.5.1. Site Dependent Spectra

In 1976, a study of the influence of soil conditions on response spectra was published [20]. It
shows that soil conditions can substantially affect spectral shapes. The study included a total
of 104 ground motions obtained from 23 earthquake records with peak ground accelerations
greater than Q.QSg. The records were representative of four site conditions: rock, stiff soils less
than about 150 ft deep, deep cohesionless soil with depths greater than about 250 ft, and soft
to medium stiff clay with associated strata of sand or gravel. Response spectra for 5% damping
were normalized to the peak ground acceleration of the records and averaged at various periods.
Average spectra of the four site conditions are presented in Fig. 7.30. The ordinate in this figure
represents acceleration amplification. Normalized spectral ordinates for rock are substantially
below those for soft to medium clay and for deep cohesionless soil.

7.4.5.2. UBC-94 Design Spectra
The Uniform Building Code or UBC (International Conference of Building Officials, 1994),

recommends the design spectra with site-dependent effects shown in Fig. 7.31. Soil profile types
in the design spectra are divided into three categories: types Si, 82, and $3. Type Si is for rock
and stiff soils, type S2 is for deep cohesionless or stiff clay soils, and type S3 is for soft to medium
clays and sands.

Recommended design spectra for Fig. 7.31 are constructed on the basis of 5% damping. To
obtain the acceleration, the ordinates must be multiplied by the value of the effective peak ground
accelerations (EPGA). For vertical motion, the spectral value may be determined by multiplying
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For convenience of computer programming, the curve-fitting polynomial functions of the
spectral curves for soil profile types S\, S2, and S^ are given as follows:

1. Soil profile type 5*i

(5a); = 1 + 10 Ti\ for7,- < 0.15 sec (7.135)
(Sa),. = 2.5; for 0.15 < T,• < 0.4 sec (7.136)
(Sa),- = 2.4291 - 3.9693(7,- - 0.4) + 3.4752(7,- - 0.4)2

- 1.4541(7} -0.4)3 + 0.2252(7,- -0.4)4; (7.137)
for 0.4 < Tf < 3.0 sec

2. Soil profile type 82

(5a),- = 1 +10 7,-; for 7; < 0.15 sec (7.138)
(Sa),. = 2.5; for 0.15 < 7; < 0.57 sec (7.139)

and

(Sa),. =2.5844 - 2.9449(7, - 0.5) + 1.8397(7, - 0.5)2

- 0.5847(7,- - 0.5)3 + 0.0737(7, - 0.5)4; (7.140)
for 0.57 < 7,- < 3.0 sec

3. Soil profile type S3

(5a),- = 1+7.5 7,-; for 7, < 0.2 sec (7.141)
(Sa),- = 2.5; for 0.2 sec < 7,- < 0.8 sec (7.142)

and

(Sa); =0.9[2.4989 - 2.4919(7,- - 0.9)
+ 1.8436(7,- - 0.9)2 - 0.8017(7,- - 0.9)3

^ ' ' ^ > (7.143)
+ 0.1435(7;-0.9)4];
for 0.8 sec < 7,- < 3.0 sec

All spectral shapes presented in Fig. 7.31 have an upper bound of 3.0 sec for the corresponding
natural period. It is assumed that for any period longer than 3.0 sec, spectral acceleration cor-
responding to a period of 3.0 sec can be used.

7.4.6. Various Definitions of Ductility
There are several definitions of ductility according to various physical deformations which may be
summarized as follows.

1. Based on load displacement—here ductility is based on the ratio of maximum absolute
displacement (or deflection) of a member or system to the yielding displacement of that
member or system as

H = —— (7.144)
Xy

which is already described in Eq. (7.120a) and Fig. (7.27).
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2. Based on moment rotation—here ductility is denned in terms of rotation as

I »„
(7.145)

where |0max is maximum absolute structural nodal rotation, Oy is yielding rotation, and a
is plastic rotation as shown in Fig. 7.32.

3. Ductility based on moment curvature—ductility can also be expressed in terms of cur-
vature

x I•= 1+4^ (7.146)

where |</>max| is maximum absolute curvature, </>0 is plastic curvature, and <j>y is curvature
at yield (see Fig. 7.33).

4. Ductility based on moment energy—structural deformation behavior depends mainly on
variations in external excitation. When a structure is subjected to coupling horizontal
and vertical earthquake ground motion, deformation exhibits irregular patterns as shown
in Fig. 7.34 [1]. It is convenient to express ductility in terms of the internal force of a

Moment

Rotation

FIG. 7.32 Ductility based on moment rotation.

Moment

M.
Mn

Curvature

FIG. 7.33 Ductility based on moment curvature.
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End Rotation (rad. x 10'4)
-12

J -50= M,,

FIG. 7.34 Moment-rotation relationship of node 3 for coupling horizontal and vertical ground
motion of 18 May, 1940 El Centre Earthquake.

member and the internal energy associated with this force as

(7.147)

where Eds is dissipated strain energy of a member-end during a half-cycle of nodal
rotation and Etes is total elastic strain energy in the member under consideration.
Symbolic notations are shown in Fig. 7.35. For the irregular moment rotation relation-
ship shown in Fig. 7.34, energy should be calculated by using incremental procedures
to find cumulative results.

Note that the ductility of a structural system may be defined as the ratio of deflection (or
rotation) at the system's ultimate collapse to deflection (or rotation) when the system suffers
its first yield.
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Moment

Rotation

FIG. 7.35 Ductility based on moment energy.

PART B ADVANCED TOPICS

7.5. TORSIONAL RESPONSE SPECTRA

As mentioned in Section 7.2.4, earthquake ground motion is considered to have three translational
components and three rotational components. In general, rotational components have not been
part of dynamic structural analysis, but their effect is significant and should be considered
for safety's sake of critical structures such as nuclear power plants.

Since most strong motion seismographs are designed to record three translational motions
only, no actual record of rotational earthquakes is available. Therefore, the following articles
describe how to generate seismic rotational records from translational ones, and how to compute
torsional response spectra from rotational records.

7.5.1. Ground Rotational Records Generation
Assuming the soil is an elastic medium and earthquake waves propagate in the direction of x, wave
motion is known to be governed by the following partial differential equation:

d2u(x, t) _ d2u(x, t)
dx2 ~ dt2 (7.148)

in which u(x, t) represents displacement of soil particles moving in the x direction, "a" represents
shear wave (S-wave) velocity, and t represents time. The solution of Eq. (7.148) can be obtained
by using D'Alembert's method as follows. Let i = x + at and m = x — at. Then

du du 9£ du dm
9m ~dx

du du (7.149)

du_
82u dl dm

/du du\
o —+ TT~ I „„dm/ 81

dx
= d^U d2U d2U

~~d£2+ dldm + ~dm2

— 1
~dl+~dmj dm

dm dx (7.150)

du du 9£ du dm fdu du (7.151)
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du dll

dt
= a

, du du
* ~ ~ ~

du du
+~

37 dm (7.152)

= a
d2u d2u

dl dm dm2,

Substituting Eqs. (7.150), and (7.152) into Eq. (7.48) leads to

d2u d7

r + 2 df. dm dm2

which yields

32M

dl dm
= 0

Integrating Eq. (7.154) with respect to m gives

!=*>
where h(€) is a function of t. Integrating Eq. (7.155) with respect to t gives

u = I h(t) dt +f(m)

(7.153)

(7.154)

(7.155)

(7.156)

= g(x + at) +f(x - at)

where g and/are the functions of t and m, respectively. If we consider only the transmission of
movement in the positive x direction, then Eq. (7.156) reduces to

u(x, t) =f(x - at)

or

(7.157)

(7.157a)

To explain f(x-at) as the wave moving toward the positive x direction, we introduce a travel-time
curve as shown in Fig. 7.36. In this figure, a wave travels from points A' and B' to points B' and C'.
Then the following relationship can be observed:

or

f ( X l ) =f(x2)

f(x2-a(t2-tl))=f(X2)

If t\ is the initial time or t\ =0, Eq. (7.157c) leads to

f(x) =f(x - at)

(7.157b)

(7.157c)

(7.157d)

Therefore/(x — at) represents wave displacement of/at location x and at time t. Comparing Eqs.
(7.157) and (7.157a), f(x — at) is equal iof(t — x/a). This relationship can be illustrated in Fig.
7.37. This figure shows t and x can express each other, i.e. x = at or t = x/a. Therefore a wave
can be expressed as/(x — at) or f(t — x/a).
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x,= t,a x2= t2a

FIG. 7.36 Wave travel-time curve

f(x-at)
wave A wave A

x=at

FIG. 7.37 Wave motions.

Consider a wave propagating along the £, direction as shown in Fig. 7.38. From Eq. (7.157a),
we may express soil particle movement as

(7.158)

In Fig. 7.38, the earthquake's main, intermediate, and minor components are along the x, y,
and z directions, respectively. Displacement £, can be expressed as

c, = x cos a + y cos ($ + z cos 7

Substituting Eq. (7.159) into Eq. (7.158) yields

u(x, y, z, t) =f\t -(^r + ̂ - + ̂ -
L \*-x ^y Lz

(7.159)

(7.160)

in which Cx = a/cos a, Cy = a/cos fl, Cz = a/cos y. Cx, Cy, and Cz are the velocities with which the
wave travels in the x, y, and z directions, respectively. To explain the meaning of Cx, Cy, and Cz,
we assume that the wave motion acts like a rigid plate moving parallel to its previous position
(see Fig. 7.39). In this figure, a plane wave will travel from point M to point TV in a unit of time,
and this distance is equal to a. Along the x axis, in the same unit of time, Cx is the velocity with
a magnitude of Cx = a/cos a. Similarly, Cz can be expressed as Cz = a/cos y. Because u(x,y,z,f)
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Epicenter Site (x0, y0, zc)

Focus

y
X

FIG. 7.38 Wave propagation in £ direction.

•Rigid plate motion (Plane wave)

FIG. 7.39 Rigid plane motion (assume [1 = 90°).

represents a wave motion, u(x, y, z, t) may be written as

u(x, y, z, t) = F(x, y, z)e (7.161)

Let the site location (Fig. 7.38) be (x0, y0, z0), and the amplitude at that site be F0. Assume
that, in the vicinity of the site, the variation of F remains sufficiently unchanged that F equals
the constant ,F0 (assume no dissipation of vibratory energy in the soil medium). We may then
call F the amplitude. In a small vicinity of x0, y0, z0, t0, the variation of u can thus be expressed
as

u(5x, 5y, 5z, dt) = F0 exp I / (7.162)
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where 6 represents the variation symbol and \j/0 = \j/ (XQ, yo, z0, to). Let

A0 = F0ei'i'o (7.163)
Mi

(7.164)

Replacing variation dt by ?, 5x by x, etc., Eq. (7.162) can be expressed as

u(x, y, z, 0 = Aoe^'-(k^+kyy+k,z)] (7_ j 66)

If we treat the wave as harmonic with frequency a>, the Fourier integral can be employed to
represent u(x, y, z, t) as

7 f / (x y z\\\= / A(co)e\p\i(o{ t- I — + — + — I I \dco (7.167)

= A0expna)\t-l— + — + —i
\ L \*-'x ^y '

Comparing Eqs. (7.166) and (7.167) gives

^ = ̂ ; %- = ky> ^ = k? (7-168>

From Eq. (7.166), ground displacements along x, y, and z direction can be expressed as

Ux = A0 COS a e'lw-frxx+kyy+kiz)] _ ^xei[<at-(kxx+kyy+k,z)] (7.169)

Uy = A0 COS ^^'-(k^x+k.y+k.z)] _ A^wt-(kxx+kyy+kzz)\ (7.170)

Uz = A0 COS y e1«>t-(kxX+kyy+k:Z)] _ A^[o}l-(kxx+kyy+kzz)} (7.171)

From Eq. (7.169)

-£ = iAx co ^'"-(ktx+kyy+k^} (?_ j ?3)

From Eq. (7.173), ^^ can be expressed as

A- = -—]^:

Substituting Eq. (7.174) into Eq. (7.172) yields

(slix \ iK-y) \C/1txI OljQ rCy i wi^ \ ± I vi&x \

~3y~=
 iaxilc0t-(kxX+kyy+k2z)]———=~~^\3r) = ~~c^\~3TI (7'175)
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Similarly

~9F =

"ax ~

~aF =

~dx ~
du.

dux

1 du,
~C~y~dt

CHAPTER 7

(7.176)

(7.177)

(7.178)

(7.179)

(7.180)

For simplicity, assume shear wave velocities are the same in all directions and are equal to C, i.e.
Cx=Cy = Cz = C = a. Then Eqs. (7.175)-(7.180) can be expressed as

(7.181)

From the fundamental theory of elasticity, rotational deformation can be expressed as

2 \dy d

3x
3wr\Jtoy_

2\dx

(7.182)

in which </>, represents rotational deformation in the zth direction. The derivation of Eq. (7.182)
based on theory of elasticity is shown in Appendix B. Substituting Eq. (7.181) into (7.182),
we can obtain the ground rotational components expressed in terms of the translational com-
ponents [7, 8, 16, 22]. The three components of rotational deformations can be written as

(7.183)

Once ground rotational deformations have been generated, ground rotational velocities and
accelerations can be obtained by the differentiation of translational records as follows:

(7.184)
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2C

1C
(7.185)

7.5.2. Construction of Torsional Response Spectra
Ground rotational components, as noted, can be obtained from Eqs. (7.183), (7.184), and (7.185).
Thus torsional response spectra can be generated using any of the previous numerical integration
methods to repeatedly solve the following motion equation for a single-d.o.f. oscillator with dif-
ferent frequency value, p, and damping factor (ratio) p. Note that p and 10 can be analogous
for steady-state vibration of undamped harmonic motion because the structure's vibration
(frequency p) varies with forcing frequency, <x>. Therefore we can use p instead of <x> in the
derivation hereafter. Thus

where ii,-(f) represents relative rotation of the oscillator in the rth earthquake principal component
direction; ip^t) represents ground rotational acceleration in the ;th principal component direction.
As shown in Eq. (7.185), ip^t) can be obtained by taking the second derivative of Eq. (7.183).
Therefore ux, uy, and u, must be calculated by taking the first derivative of ground acceleration
records, ux, uy, and uz, with respect to time. However, ux, uy, and uz may be inaccurate because
ux, uy, and u, already vary highly with time. Since a structure's total rotational displacement
is equal to the sum of relative rotational displacement and ground rotational displacement (see
Fig. 7.40), relative rotational displacement can be expressed as

i = x, y, z (7.187)

where \jij{f) represents total rotation of the oscillator in the ;th principal component direction.
Substituting Eq. (7.187) into Eq. (7.186), the equation of motion can be written as

= 2ppj>i(t)+p2<l>i(t); i = x,y,z (7.188)

MASS

9 O
4>(t) /

MASS

(b)

FIG. 7.40 Ground rotational components, (a) In horizontal direction (rotation about y- axis, (b) In
vertical direction (rotation about z-axis).
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where 4>(t) and (j>(t) represent ground rotational velocity and rotational displacement in the rth
principal component direction, respectively. Eq (7.188) avoids the step of calculating the first
derivative of ground acceleration records, ux, uy, and u, with respect to time. From Eqs. (7.187)
and (7.188), one can find relative rotational displacement, Ci(t), at any instant. Torsional spectral
quantity, S't, (or in another notation R't), can be obtained in a similar manner for Eq. (1.123a)
as

( = R't = Q,(OUa (7.189)

in which subscript t represents torsional spectrum and superscript i represents fth ground
rotational component. Based on Eq. (7.189), typical torsional spectra for 18 May, 1940 El Centre
earthquake, in the minor principal component direction (vertical), are shown in Fig. 7.41.
Torsional response spectra for main and intermediate principal component directions are shown
in Figs. 7.42 and 7.43, respectively.

7.6. RESPONSE SPECTRUM ANALYSIS OF A MULTIPLE d.o.f. SYSTEM

The motion equation of a multiple d.o.f. system with consideration of ground translation and
rotation can be written as

[M] {x} + [C]{x] + [K] {x} = {F} = -[M] [In}x& (7.190)

where 3cg represents the earthquake acceleration component; {/„} is the system influence coefficient
vector, which represents the displacement vector from a unit support movement (translation and
rotation) as illustrated in Fig. 7.44. Let

(x(t)} = [X] {x'(t)} = ^T{X}nX'n(t); N = number of modes considered (7.191)

in which [X] is the modal matrix (see Section 2.5.3), {x'n(f)} is the generalized response vector, {X}n
is the nth normal mode vector, and x'n(t) is the generalized modal response corresponding to the nth

o
t/5"
e"o

1
io-5

10 io-2

p = 0%

10-' 10°
Period (sec)

IO1 IO2

FIG. 7.41 Torsional response spectra (5t or RI) for 18 May, 1940 El Centre Earthquake (vertical
direction).
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10-2r

io-3

o
X

io-5

io-6

p = 0%

io-2 io-1
10°

Period (sec)
10' IO2

FIG. 7.42 Torsional response spectra (<St or R,) for 18 May, 1940 El Centre Earthquake (main
principal component direction).

io-2

io-

o
t/f
eo

10-'

p = 0%

io-2 io-1 10°
Period (sec)

10' IO2

FIG. 7.43 Torsional response spectra (St or Rt) for 18 May, 1940 El Centre Earthquake
(intermediate principal component direction).

mode. Equation (7.191) can also be expressed in modal matrix, [d>], with normalization as dis-
cussed in Section 2.5.2.

Substituting Eq. (7.191) into Eq. (7.190) yields

[M] [X]{x'} + [C] [X] {x1} + [K] [X] {x} = {F} (7.192)

Multiplying the above equation by the transpose of any normal mode vector, {X}n, corresponding
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m-

m,

Q-

777-

U =

m2

m,

nil "M

^©———Q—X XT -A3 X4

U =
l l+h

b+U

FIG. 7.44 Influence coefficient vector, (a) Ground translation, (b) Ground rotation.

to the Kth mode, gives

[Xfn[M] [X] {x'} + [X]T
n[C] [X] {x'} + [X]l[K] [X] {x'} = [X]l(F} (7.193)

Using the orthogonality conditions of normal modes leads to

[X\l[M\{X}m = 0

[X}l[K\[X}m=Q (7.194)

[X}l[C\[X]m = 0

Equation (7.193) can be uncoupled to the following generalized form:

Mnx'n + Cnx'n + Knx'n = Pn • n = 1 -N (7.195)

where Mn is identical to [XM\] in Eqs. (2.64) and (3.6). The generalized properties for the Kth mode
in Eq. (7.195) are given as

Mn = {X}T
n[M] {X}n = generalized mass

Cn = {X]^[C\ {X}n = 2pnpnMn = generalized damping
Kn = {X}l[K\ [X}n =P

2
nMn = generalized stiffness

Pn = {X}l(F} = generalized loading

(7.196)
(7.197)
(7.198)
(7.199)

in which pn and pn represent the Kth mode's damping ratio and natural frequency, respectively.
From the above equations, Eq. (7.195) can be further simplified

Response of the Kth mode in Eq. (7.200) at time t can be obtained as

Mnpn
sn

Mnpn

Vn(t)

(7.200)

(7.201)
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in which Vn(f) [similar to Ami in Eq. (2.62) represents the integral

Vn(f) = Jcg(A)e-''»/'"('-A) sin pn(t - A) JA

393

(7.202)

From Eq. (7.114), the velocity response spectrum is

/
(Sv)n = I xg(t)^p'fn('^K) sin pn(t - A) dA

o

Therefore Eq. (7.201) can be expressed as

(7.203)

Mnpn Mn
(7.204)

in which R(pn) is the displacement spectral value from S^, Sp, or 5t corresponding topn. Based on
Eqs. (7.191) and (7.203), the maximum response of a multiple-d.o.f. system corresponding to
the nth mode, {x}n, can be expressed as

[X}l[M]{X}n (7.205)

in which yn is called the participation factor for the nth mode [see Eqs. (2.63) and (2.69)]. Using Eq.
(7.205), maximum modal response is obtained for each mode. The question then arises, as dis-
cussed in Section 2.5.3, how these modal maxima should be combined for the best estimate
of maximum total response. The response expression of Eq. (7.191) provides accurate results only
as long as {x(t)} is evaluated concurrently with time. However, in response spectrum analysis, time
is removed from this equation. Maximum response values for individual modes cannot possibly
occur at the same time. Therefore, a combination of modal maxima such as

(7.206)

is too conservative for design application. There are two modal combination methods, based on
probability theory, which give a more reasonable estimate of maximum structural response. These
two methods are described as follows.

7.6.1. SRSS Modal Combination Method
As introduced in Example 2.5.5, the square-root-of-the-sum-of-the-squares (SRSS) method can be
expressed as

\
N = number of modes considered (7.207)

in which superscript k represents the kth d.o.f. of the structural system. This method of combi-
nation is known to give a good approximation of the response for frequencies distinctly separated
in neighboring modes (see Section 10.9.1).
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7.6.2. CQC Modal Combination Method
In general, the complete-quadratic-combination (CQC) method may offer a significant improve-
ment in estimating maximum structural response [23]. The CQC combination is expressed as

\

N N N N

-££*?«^
7=1 '=1

i,j= l-N (7.208)

where a,y is called the cross-correlation coefficient, indicating the cross-correlation between modes
i and/ a,y is a function of model frequency and damping ratio of a structure, and can be expressed
as

8p2(l
(7.209)

and

q=pj/p, (7.210)

The correlation coefficient diminishes when q is small, i.e. PJ and pt are distinctly separate, par-
ticularly when damping is small, such as p = 0.05 or less. The CQC method is significant only
for a narrow range of q. Note that when «/,- is small, the second term of Eq. (7.208) can be
neglected; consequently CQC is reduced to SRSS given in Eq. (7.207).

Similar to Eq. (7.205), the maximum effective earthquake force can be obtained from the
maximum modal acceleration vector multiplied by the system's mass matrix:

(7.211)
[X}l[M]{X}n

where (Sa),, is the acceleration spectral value corresponding to the nth mode; {Q}n also represents
the maximum base shear of the structure due to the «th mode. The modal combination for {Q}n
is the same as that for {x}n by using either the SRSS or the CQC method.

EXAMPLE 7.6.1 A one-story building shown in Fig. 7.45 is subjected to the 18 May, 1940 El
Centro earthquake, for which the ground main principal component is assumed in the direction
of structural reference axis x. The mass and stiffness matrices are

259375 0 0
2250 0

symm 2250

53383.3465

symm

534.3746 365.6252'
168.7499 0

168.7498

in which the units are in kip, ft, and sec. The damping ratio is assumed to be 7%. The natural
frequency and modal vector corresponding to each mode are p\ = 0.2640 rad/sec (T\ = 23.8 sec),
/?2 = 0.2738 rad/sec (T2 = 22.94 sec), p3 = 0.4594 rad/sec (T3= 13.67 sec),

'-0.0222'
1

0.6842

0
0.6842

1
and [X}3 =

'0.5730'
1

0.6842

Based on the main principal component (see Fig. 7.22), the corresponding response spectral values
forpl,p2, andp3 are R(p\)= 1.5411 ft, R(p2)= 1.5323 ft, and R(p3) = 1.2652 ft. Using SRSS and
CQC methods, find the structural response associated with d.o.f. D\, Z>2, and D^.
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30'

N y

Tfr Ttr

y •
— i.fc-

*, '•!
5'

D , " * * —1 C.M.

5.833'
——— I

_ 8333
D, t

X

FIG. 7.45 One-story shear building for Example 7.6.1.

Solution: Influence coefficient vector, {/„}, and [A]T [M] [X\ are

{In} = 1
o

-0.0222 1 0.6842
0 -0.6842 1

0.5730 1 0.6842
-0.5758 0.225 0.154

0 -0.154 0.225 104

14.860 0.225 0.153

259375 0 0
2250 0

0 2250
(b)

[JT]T[M] {/„} =
2250 '

-1540
2250

(c)

3432 0 0
0 3303 0
0 0 88470

From Eq. (7.205), the participation factors y l 5 y2, and y3 are evaluated as

Jn = [X}l[M]{X}n

r,.^.«^
-^= ——
-1^——

(d)

(e)

(0

(g)

(h)
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The maximum response vector due to each mode can then be calculated as

*h?i R(pi)
' -0.0222"

1
0.6842

(0.6556) (1.5411) =
-0.0224"
1.0103
0.6913

rad
ft
ft

(i)

[x}2 = [X}2y2 R(p2)
0

-0.6842
1

(-0.4662) (1.5323) =
0

0.4888
-0.7143

rad
ft
ft

G)

*h73 R(P3)
"0.5730"

1
_ 0.6842 _

(0.0254) (1.2652) =
"0.0184"
0.0321

_ 0.0220 _

rad
ft
ft

For the SRSS method—total maximum response values are calculated from Eq. (7.207)

\

8.4032 x 10-4"
1.2608
0.9887

=
"0.0290"
1.1228
0.9943

rad (A)
ft (A)
ft (A)

(1)

For CQC method — cross-correlation coefficients are calculated from Eq. (7.209)

where q = (m)

for which

8(0.07)2(1+0.9641) (0.9641)1-5

(1-(0.9641)2)2 + 4(0.07)2(0.9641)(1.9641)2'
0.0728

(4.9543 x 10-3+0.0729) = 0.9362

PJ_ = 02640
pi 0.2738

Similarly

<x, 3 = 0.0564
a23 = 0.0646

From Eq. (7.208), total maximum response values are calculated as

N N

(n)
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or

Thus

" 5.0176 x l f l - 4 +0
1.0207 +0.9247
0.4779 -0.9246

"7.9383 x 10~4~
2.1910
0.0636

-4.6492
+3.6582
+1.7155

x
X

X

io-5

io-3

io-3

+0
+2.0272 x 10~3

-2.0303 x 10~3

+0
+0.2389
+0.5102

+3.3856 x
+ 1.0304x
+4.8400 x

io-4"
10~3

io-4_
(o)

from which

0.0282'
1.4803
0.2524

rad
ft
ft

(P)

7.6.3 Structural Response Due to Multiple-Component Seismic Input
In the previous sections, we introduced response spectrum analysis for multiple-d.o.f. systems with
a single seismic component input. For multiple-component earthquake input, Eq. (7.205) should
be modified as

}li = {X]iyiiRt{pj) (7.212)

where {x}^ is structural response for they'th mode due to ground principal component applied at
structural iih reference axis direction (see Fig. 7.6); R^pj) is a displacement spectral quantity
corresponding to ground principal component in the structural iih reference axis direction for
they'th mode [see Eq. (7.215) for inclusion of ground rotation]; and y;y is the participation factor
of the y'th mode in the structural z'th reference axis direction. Similar to Eq. (7.205), y,y can be
expressed as

(7.213)/ i j (X}J[M\{X}i

in which {/„},• is the system influence coefficient vector corresponding to the iih structural reference
axis direction. Response vector of they'th mode due to multiple-component seismic input effects
can be expressed as

,/V = number of ground components considered (7.214)

Once Eq. (7.214) is calculated, structural maximum response can be evaluated using the SRSS
method, Eq. (7.207), or the CQC method, Eq. (7.208).
EXAMPLE 7.6.2 Rework Example 7.6.1 for a structure subjected to ground main principal
component and intermediate principal component in the structural x and y reference axis
directions, respectively. Displacement response spectral values for p\, p2, and p^ are
^07,) = 1.5411 ft, RK(p2)= 1-5323 ft, RK(p3)= 1.2652 ft, Ry(pi)=l.3688 ft, Ry(p2)= 1.3844 ft,
and Ry(p3)= 1.3925 ft.
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Solution'. From Eqs. (i), (j), and (k) in Example 7.6.1,

{x}]x = [-0.0224 1.0103 0.6913]T

{x}2x = [Q 0.4888 -0.7143]7

[x}3x = [0.0184 0.0321 0.02220]7

The influence coefficient vector {In}y of the structure is

"0
{In}y= 0

1

[X]T[M] [In]y --
" -0.5765 0.225 0.

= 104 0 -0.154 0.
_ 14.860 0.225 0.

154" "0" "1540"
225 0 = 2250
153 1 1539

From Eq. (d) in Example 7.6.1,

[X]r[M][X] =

Using Eq. (7.213)

/>J {X]J[M}
1540

Jyl 3432
2250

7y2 ~ 3303 ""
1539

yyi ~ 88470 ~

{x}ly = {X}tf}

"3432 0 0
0 3303 0
0 0 88470

gives the participation factors as

(4),
{X]j

0.4486

0.6811

= 0.0174

" -0.0222 "
„*>,)= 1 (0.44^

_ 0.6842 _
0

{x}2y = [X}2yy2 Ry(p2) = -0.6842 (0.68
1

"0.5730"
[x}3y = [X}3yy3Ry(p3) = 1 (0.0174;

_ 0.6842 _

" -0.01 36"
56) (1.3688)== 0.6140

0.4201
0

1) (1.3844)= -0.6451
0.9429

"0.0138"
(1.3925)= 0.0242

_0.0165_

(a)
(b)

(c)

(d)

(e)

(0

(g)

(h)

(i)

G)

(k)

(1)

(m)

From Eq. (7.214), the response vector of each mode due to the two principal components can be
calculated as

{jc}, ={x}]x + {x}]y = [-0.0361 1.6244 1.1114]7

{jc}2 = [x}2x + {x}2}, = [0 - 0.1563 0.2285]T

M3 = {jc)3.v. + M3 = [0.0323 0.0564 0.0385]7

(n)
(o)

(P)
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For the SRSS method,

" 2.3480 x 10-3"
2.6665
1.2890

=
"0.0484"
1.6329
1.1353

rad
ft
ft\ L

For the CQC method,

(A ) = (x\ <X\ i A\) -(-

Thus

M2 =

=

"l.2960x 10~3

2.6384
1.2352

"2.2021 x ID"3"
2.1998
1.7706

(^ a22 *

+0
+0.0244
+0.0523

-£) + (x$ a33 x^

+1.0368 x 10~3

+3.1697 x 1Q-3

+ 1.4823 x 10-3

) + 2tf«12

+0
+(-0.2377)2
+(0.2379)2

399

(q)

(r)

+(-6.5379 x 1(T5)2 +0
+(5.1577 x 10~3)2 +(-5.6846 x lQ-4)2
+(2.4133 x 10-3)2 +(5.6855 x lQ-4)2 _

(s)

from which

0.0470'
1.4832
1.3306

rad
ft
ft

(t)

Note that the response spectrum analysis introduced here can also be applied to ground
rotational components. Based on Eq. (7.205), modal response due to ground rotational com-
ponents can be expressed as

L = [X],Jt J
{X}J[M]

= {X}, y,J f l j (7.215)

in which {x}jf is structural response for the y'th mode due to the ground rotational component
applied along the structural rth reference axis direction; R\(PJ) is rotational spectral quantity cor-
responding to the ground principal rotational component in the structural rth reference axis direc-
tion for thej'th mode. Similar to Eq. (7.214), the response vector of they'th mode due to multiple
rotational component seismic input can be expressed as

TV = number of ground rotational components (7.216)

Therefore, the response of the kih degree of freedom in the system due to translational and
rotational seismic components becomes

+ = number of modes (7.217)

7.7. MAXIMUM (WORST-CASE) RESPONSE ANALYSIS FOR SIX SEISMIC
COMPONENTS

For three-dimensional structures subjected to multiple-component seismic input, the response is
dependent on the orientation of the structure with respect to ground principal component
directions. For rectangular and symmetric structures whose mass center coincides with the rigidity
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center, the response could be maximum. This is because the ground principal components can be
applied along the structure's principal directions (i.e. in the long and short direction of the
building). For a structure without symmetric characteristics (such as configuration and stiffness)
whose mass center does not coincide with its rigidity center, the maximum response (or worst-case
response) may be obtained by repeatedly applying input ground components to the structure using
different input angles. However, this process is time-consuming and costly. A new technique is
applied to the SRSS and CQC methods in the next two sections to obtain the critical seismic
input angle for maximum response. Also included are numerical examples to illustrate the sig-
nificance of this technique [7,8,21].

7.7.1. Based on SRSS Method
Let uxi, uX2, and ux, be the accelerations of the seismic components along the structural reference
axes, x\,x2, and XT,, respectively (see Fig. 7.6), and {/„} \, {In}2, and {!„}?, be the influence coefficient
vectors corresponding to x\, x2, and x3 directions, respectively. Assume the main, intermediate,
and minor seismic principal components, ux, uy and u,, are aligned with axes x, y, and z as shown
in Fig. 7.6. Then the seismic components in structural reference axes, x\, x2, and x3 can be
expressed in terms of seismic principal components by the directional cosine transformation

(7.218)

where d\ = cos 0 and d2 = sin 0. 0 represents the angle between seismic component ux and structural
axis x\ as shown in Fig. 7.6. Based on Eqs. (7.212) and (7.218), the modal response vector can be
expressed as

(7.219)

where {x}Ji is they'th modal response vector due to the rth seismic component of x\; x2, XT,', [X}j is
they'th normal mode vector; jy is the participation factor for they'th mode in the xt direction; and
Rx(pj), Ry(pj) and Rz(pj) are the response spectral quantities of the y'th mode due to excitations
ux(t), uy(f), and uy(f), respectively. The participation factor, y,y, can be expressed as

= {X}J[M] {/„},._
~Wj[M]W/

; = x\, x2, XT, (7.220)

From Eq. (7.219) a response quantity of the kth d.o.f., x^, can be written in terms of the modal
parameters

(7.221)

where X^ is the kih component of they'th normal mode vector. Thus they'th modal response for the
kih d.o.f. can be expressed as

(7.222)
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Substituting Eq. (7.221) into Eq. (7.222) yields

(^)2 = {d?[Rk~\{d} + {Dk?{d} + £* (7.223)

where

{d}T = [dl d2] (7.223a)

1'I T}k\
(K)]2
*" <*''. <7.223b>

(7.223c)

(Rk:)n = (Xk)2yuy2![R2<p:) - R2,(pi)} + (Xk)2Rv(pi)Ry(pi)[yl - y2,] (7.223d)v y / i z , \ /J i ij ' iji- JL\L j / y \i j / -i \ j •> j j j z.j IJ

(Rk)22 = (Xk)2[Rx(pj)y2j - Ry(pj)jij]2 (7.223e)
{D^ = [(Dk)l (Dk)2] (7.223f)

(Dk), = 2(Xk)2Rz(pj) [y2JyyRy(pj) + y^3]Rx(p})} (7.223g)

Ef = (Xk)2R2,(pj)y2j (7.2231)

Using the SRSS modal combination approach, the response for the kth d.o.f. xk, can be obtained
by

N
(x*)2 = Y"'^)2; TV = number of modes considered (7.224)

7=1

or

C/)2 = {d}J[Rk]{d} + {Dk?{d} + Ek (7.225)

where

(7.225a)

(7.225b)

(7.225c)

_ (7.225d)
7=1

Equation (7.225) leads to

(^)2 = Rk
u cos2 0 + 2Rk

n sin 0 cos 0 + Rk
22 sin2 0 + £% cos 0 + Dk sin 0 + Ek (7.226)

Since the magnitude of structural response is dependent on structural orientation with respect to
seismic input, for a particular orientation the structural response could be maximum. To obtain
maximum response, taking the first derivative with respect to 0 in Eq. (7.226) yields

[Rk
22 - Rk

u]sm(20) + 2Rk
2 cos(20) - Dk sin 0 + D\ cos 0 = 0 (7.227)
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from which the critical seismic input angle Ocr can be obtained. Therefore, maximum response for
the /cth d.o.f., xk, can be found by substituting Ocr into Eq. (7.226). Another approach to solving
the critical seismic input angle is based on eigensolution procedures. For simple illustration,
let the seismic vertical component be neglected; then the second and third terms on the right side
of Eq. (7.225) become zero. For maximum response of the kih d.o.f., Eq. (7.225) can be expressed
in the following Lagrange multiplier form

L(}.) = {d}T[Rk](d} - ;.({d?{d} - 1) (7.228)

Taking a partial derivative with respect to {d}, we have

[Rk]{d] - )\d} = {0} (7.229)

which is an eigenpair problem and yields two eigenvalues, /.] and /,2, and two eigenvectors, {d}],
and {d}2- Each of the eigenpair should satisfy Eq. (7.229). Therefore

i = 1, 2 (7.230)

from which

>.i = [d}?[E*}{d}i (7.231)

From Eq. (7.225) and Eq. (7.23 1), one may observe that the larger eigenvalue is equal to the square
of the maximum response, and the corresponding eigenvector is the critical seismic input direction.
EXAMPL7.7.1 Find the maximum (worst-case) response of d.o.f. Dj in Example 7.6.2, and find
the corresponding critical seismic input angle for DI by the SRSS method. Employ three modes in
the calculation.

Solution: For Eq. (7.225d) and k=\, R\\, R\2, R22 can be calculated from Eqs. (7.226d-f) as

Ry(Pi)j2\}2 + (Xl)2
2[Rx(p2)Jn + Ry(p2)y22}2

Ry(pi)723}2 (a)
(-0.0222)2[1. 541 1(0.6556) + 1.3688(0.4486)]2 + (0)
(0.5730)2[1. 2652(0.0254) + 1. 3925(0.0 174)]2

2.3436 x 10~3

R\2 =

yf ,]

= (-0.0222)2 (0.6556) (0.4486)[(1.541 1)2 -(1.3688)2]
+ (-0.0222)2 (1 .541 1) (1 .3688) [(0.4486)2 - (0.6556)2]
+ (0.5730)2 (0.0254) (0.01 74) [(1 .2652)2 - (1 .3925)2]
+ (0.5730)2 (1 .2652) (1 .3925) [(0.01 74)2 - (0.0254)2]

= -4.1346 x 10~4
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3 x 2 3 - y l 3

= (-0.0222)2 [1.5411(0.4486) - 1.3688(0.6556)]2 +0
+ (0.5730)2[1.2652(0.0174) - 1.3925(0.0254)]2

= 7.9907 x 10~5

From Eqs. (a)-(c), [Rl] of Eq. (7.225a) can be expressed as

2.3481 x 10-3 -4.1346 x lO'4] ,,.
-4.1346X 10-4 7.9907 x 10~5 J ( )

Since the seismic vertical component is not considered here, Eq. (7.229) can be used to calculate
maximum response of d.o.f. D\

[Rl](d] - }.{d] = {01 (e)

or

2.3481 x 1Q-3 - A -4.1346 x 10~4
-4.1346 x 10~4 7.9907 x 10~5 - /. (0

Thus

A, = 0.0024; ;.2 = 0.6888 x 10"5 (g)

Substituting ).\ = 0.0024 into Eq. (e) yields

-7.3597 x 10~5 di -4.1346 x 10~4 d2 = 0 (h)

from which

d\ = -5.6179^2 (0

Since

dl + <% = \ (j)

Eqs. (i) and (j) give

d, = 0.9845

Thus the worst-case response of d.o.f. D\ is equal to

(A,)1/2 = (0.0024)I/2 = 0.0492 rad (1)

and the corresponding critical seismic input angle is

Ocr = sin" '(^2) = sin"1 (-0.1752) = -10.09° (m)

0CT is shown in Fig. 7.46.
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= -10.09c

FIG. 7.46 Critical seismic input angle for d.o.f. D\.

7.7.2. Based on CQC Method
Since the kih component of they'th modal response vector, xj, can be obtained by using Eq. (7.222),
the structural response of the kih d.o.f. may now be expressed as

/•Jt\2 _
*- ^ ~

N N

m=l y=l

m,j = mode number
N = number of modes considered (7.232)

where amj represents the cross-modal coefficient of the mih andj'th modes. Equation (7.232) may
be similarly expanded as Eq. (7.223a)

N N /
9 X—^ X—^ / T I j•2 = EE(w 4

m=\ 7=1 \
(7.233)

where

(7.233a)

)jlm + Ry(Pm)j2m)]
(7.233b)

[Rx(pj)Ry(pm) + Ry{pj)Rx(pm

lm)
(7.233c)

(7.233d)

(7.233e)
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72mRy(Pm)]}

(7.233f)

(7.233g)

Ek -ijm ~

Equation (7.233) can also be expressed in the manner shown in Eq. (7.225a) in which

N N

(7.233h)

(7.234)

(7.235)

(7.236)

(7.237)

(7.238)

After substituting Eqs. (7.234)-(7.238) into Eq. (7.227), the critical seismic input angle and maxi-
mum response can be determined by following the procedures in Eq. (7.226).
EXAMPLE 7.7.2 Rework Example 7.7.1 using the CQC method.

Solution: From Eq. (7.225a)

N N nk
K

LRk
2l

(a)

where

RX(Pj)RX(Pm)7\j7lm

+RX(Pj)Ry(Pm)7lj72m

+Ry(Pj)RX(Pm)72j7lm

+Ry(pj)Ry(pm)y2jy2m

- [Rx(pj)Rx(pm) - Ry(pj)Ry(pm)\

(7y72m + 72y7im)

symm

'2m - yij7\m) +Ry(Pj)Ry(Pm)y \ft\m _

(b)
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in which detailed expressions can be found in Eqs. (7.234)-(7.236). Numerical values are thus
calculated as follows:

Ry(P2)Ry(P2)72

= (-0.0222)2[(1.541 1)2(0.6556)2 ,,

+ (1.541 1) (1.3688) (0.6556) (0.4486)2 + (1.3688)2 (0.4486)2] + 0
+ 2(0.0564) (0.5730) (-0.0222)[(1 .2652) (1 .541 1) (0.0254) (0.6556)
+ (1 .2652) (1 .3688) (0.0254) (0.4486) + (1 .3925) (1.541 1) (0.0174) (0.6556)
+ (1.3925)(1.3688) (0.0174) (0.4486)] + 0 + 0
+ (0.5730)2[(1.2652)2(0.0254)2 + (1.2652)(1.3925)(0.0254) (0.0174)2
+(1.3925)2(0.0174)2]
0.2216 x 10~2

R\2 = *uXlx; o.5«2(pi) - # 2G»i)(7n72i + 72i7n) + 0.5[Rx(pi)Ry(pi) + Ry

+ 0

i) - Ry(l^)Ry(pi)\(7n72\ + 7237n) +[

+ 0
+ 0

+ ajs^1 x\ {o.5[«2fe) - /?J(P3)](V13V23 + 7237i3) + 0.5[Rx(p3)Rf(p3) + Rr(p3)Rx(p3)](y2
23 - 7?3)}

= (-0.0222)2{0.5[(1.5411)2-(1.3688)2][2(0.6556)(0.4486)]
+0.5(2)(1.5411)(1.3688)[(0.4486)2 - (0.6556)2]}
+ 2(0.0564) (0.5730) (-0.0222) J0.5[l .2652(1 .541 1) - 1 .3925(1 .3688)]
[(0.0254)0.4486 + 0.0 1 74(0.6556)] + 0.5[1 .2652 (1 .3688)
+ 1.3925(1.5411)] [(0.0174)0.4486 -0.0254(0.6556)]}
+ (0.5730)2{0.5[(1.2652)2 - (1.3925)2] [2(0.0254) (0.0 174)]
+0.5(1.2652)(1.3925)2[(0.0174)2 - (0.0254)2]}

= -3.896 x 10~4 (d)

R\2 =
+ 0

+ ̂ Xl X\ [/?I0'3)^-(p3>/23723 -

(-0.0222)2[(1.5411)2(0.4486)2 - 2(1.541 1)(1.3688)(0.6556)(0.4486)
+(1.3688)2(0.6556)2] + 0
+ 2(0.0564) (0.5730) (-0.0222)[(1 .2652) (1 .541 1) (0.01 74) (0.4486)
-(1.2652)(1.3688)(0.0174)(0.6556)-(1.3925)(1.5411)(0.0254)(0.4486)
+(1 .3925) (1 .3688) (0.0254) (0.6556)]
+ (0.5730)2[(1.2652)2(0.0174)2- 2(1.2652) (1.3925) (0.0 174) (0.0254)
+(1.3925)2(0.0254)2]
7.5938 x 10~5
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From Eqs. (c)-(e), [Rl] of Eq. (a) can be expressed as

0.2216 x 1Q-2 -3.896x10-
-3.896 x 10-4 7.5938 x 10~

Similar to Example 7.7.1, the maximum response of d.o.f. D\ can be calculated as

407

or

0.2216 x 10-2-;. -3.896
7.5938 x 10-5-;.

=0

-3.896 x 10-4

which yields

A, = 0.2285 x JO"2; /.2 = 0.7274 x 10~5

Employing /.] =0.2285 x 10 ~ 2 in Eq. (g) gives

cfi = -5.6382J2

Since

4=1

from Eqs. (j) and (k)

d\

d: = 0.9848 1
J2 = -0.1746J

Thus the worst-case response of d.o.f. D\ is equal to

(;.01/2= (0.2285 x 10-2)'/2= 0.0478 rad

Seismic input direction relative to the structural reference axis is

0cr = sirr1^) = sin"1 (-0.1 746) = -10.05°

(g)

(h)

(i)

(D

(k)

(1)

(m)

(n)

Note that if ground rotational components are also considered in the response analysis, then
the structural response {x} due to rotational components is assumed to be based on the input
angle of Ocr. Response can be evaluated in a manner similar to Eq. (7.232). Consequently, maxi-
mum structural response due to multiple seismic components can be obtained by combining
response values due to translational and rotational components

(7.239)

EXAMPLE 7.7.3 Apply three ground principal rotational components to the structure in
Example 7.7.2 with main principal components acting along the critical input angle, 0CT = -10.05.
Find the response values of d.o.f. D\ due to (A) ground rotational components and (B) both
ground translational and rotational components. Torsional response spectra for ground main,
intermediate, and minor rotational components are shown in Figs. 7.41-7.43 from which we have

io-3
- R*(Pl) = 0.774-

Rf(p2) = 0.773
_#f03) = 0.769.

10-3;
~R*(p})= 1.063"
Ry

t(p2)= 1-061
X(p3)= 1-026_

10-3;
' /Zf(pi )= 1.373 '

R^(p2)= 1.371
_R2

l(pz)= 1.339_
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Solutions: Influence coefficient vectors {In}x\, {In}X2 and {In}X3 corresponding to structural
reference axes x\, x2, and x3 directions (see Fig. 7.45) are

{/«}*! =

0

-20

' 0 '
20
0

(a)

The influence coefficient vector {In}x due to ground main rotational component input at an angle
Ocr = - 10.05° is shown in Fig. 7.47.

Therefore, the influence coefficient vector corresponding to the ground main rotational
component is

{/„}, = 0.9848{/n}.Yl + (-0.174) {In}x2 =
0

-3.4800
-19.6962

(b)

{In}y due to the ground intermediate rotational component is

{/„},, = (0.174) {/„},, + (0.9848) {In}x2 =
0

19.6962
-3.4800

/,,}z due to ground minor rotational component is

(c)

{In}, = {In}x3 = (d)

{X}T[M]{In}x = 104
-0.5765 0.225 0.1540'

0 -0.154 0.2250
0.1486 x 102 0.225 0.1539

0
-3.4800
-19.6962

-38162.1480'
-38957.2500
-38142.4518

(e)

0
19.6962
-3.4800

38957.250
-38162.148
38960.730

(f)

-0.5765 x 104

0
0.1486 x 106

[X]r[M][X] =
3432 0 0

0 3303 0
0 0 88470

(h)

0.9848

-0.174 i
Ground main rotational direction

FIG. 7.47 Components of ground main rotational component direction.
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Using Eq. (7.195) yields the following participation factors, y's, and rotational responses, {x}.

7xl =-38162.148/3432= -11.1195
Jx2 = -38957.25/3303 = -11.7945
7x3 = -38142.4518/88470 = -0.4311

(i)

7y] =38957.25/3432= 11.3511
7y2 = -38162.148/3303 = -11.5537
7y3 = 38960.73/88470 = 0.4403

(j)

7zl = -5765/3432 = -1.6797
y,2 = 0/3303 = 0
7',3 = 0.1486 x 106/88470 = 1.6796

(k)

and

-0.0222'
1

0.6842
(-11.1195)(0.774x

' 0.1912 '
-8.6064
-5.1

10-3 (1)

x = {X}27x2R*(p2) =
0

-0.6842
1

(-11.7945) (0.773 x
0

6.2382
-9.1171

(m)

0.5730
1

0.6842
(-0.431 l)(0.769x

-1.8998
-3.3154
-2.2684

10- (n)

{x}ly = {X},
-0.0222

1
0.6842

-2.6817 x 10~4'
0.0120

8.2557 x 10-3
(o)

{x}2y = {X}2yy2Ry
t(p2) =

0
-0.6842

1
(-11.5537)0.061 x 10~3) =

0
8.3877 x 10-3

-0.0122
(P)

'0.5730'
1

0.6842
(0.4403) (1.026 x

'2.5890'
4.5182
3.0914

10- (q)

-0.0222'
1

0.6842
(-1.6797)0.373 x 10~3) =

' 0.0525 '
-2.3063
-1.5780

io-3
(r)
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[x}2z = {X}2yz2Ki(p2) =

0.5730
0

0.6842
(1.6796)(1.339 x 10~3) =

1.2887
2.2490
1.5388

10-3

(s)

(t)

The response vector of each mode due to these three principal components can be written as

{x}l = {x}lx + {x}ly + {x}lz = 1.0873 10

[x}2 = [x}2x + [x}2y + [x}2, =

{x}3 = [x}3x + [x}3y + {x}3, =

Using the CQC method yields the following response of d.o.f. D\

"-2.5635 x 10-2"
1.0873
0.7892
0

0.0146
"

-0.0213
"1.3576"
2.3693

_1.6211_
io-3

-3 (u)

(v)

(w)

Thus

(xDl= 6.57 19 x 2(-2.5635x 10-5)(0.0564)(1.3576 x
+ 0 + 0 + (1.8433 x 10~6)

= 1.8400x 10"6

xDl =0.0013 rad

(y)

The response of d.o.f. D\ due to both ground translational and rotational components is then
obtained by using Eq. (7.239) as

^(0.2285 x 10-2) + (1.8400 x 1Q-6)
0.0478 rad

(z)

7.8. COMPOSITE TRANSLATIONAL SPECTRUM AND TORSIONAL
SPECTRUM

The previous section describes the (worst-case) response of a structural system subjected to
multiple-component seismic input. One response spectrum for each of the six spectra (three seismic
translational and three rotational principal components) is needed. Critical seismic input angle,
Ocr, must be calculated in order to determine the maximum structural response. In this section,
we will introduce a simplified approach, called a composite response spectrum, one for the three
translational principal components and one for the three torsional principal components, to evalu-
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ate the structure's worst-case response. This approach does not depend on seismic input direction,
and the results are close to those derived by the rigorous method presented in the previous section.

7.8.1. Construction of the Composite Response Spectrum
The composite translational spectrum is constructed by estimating the response peak of the oscil-
lator subjected to input of the three translational principal components. The motion equation
of the oscillator can be written as

2ppni-i(t) + p2
nn(t) = Ui( (7.240)

where x, y, and z represent ground principal component directions; r,-(0 represents the relative
displacement of the oscillator or mass in the /th principal direction; and «,•(*) represents ground
acceleration records in the iih principal direction, i.e. main, intermediate or minor. Total relative
displacement at any instant is calculated using the root-mean-square technique as

1/2
(7.241)

The composite translational spectral quantity is obtained by finding the maximum value of r(f) in
the entire earthquake record for a given pn and p

= Rd(pn) = (7.242)

The composite translational spectrum denoted by Sc or Rd for the 1940 El Centre earthquake's
three translational principal components is shown in Fig. 7.48.

Similar to Eqs. (7.241) and (7.242), the composite torsional spectrum can be constructed from
the total relative rotational displacement at any instant as

7

(7.243)

in which Q,-(f) represents the total relative rotational displacement in the rth component direction.
Thus the composite torsional spectrum, ST = Rr(pn), becomes

Sr = Rr(pn) = (7.244)

S
P?

c<u
u

10

1

io-2

io-3

io-4

io-5
0.01

.A

0.10

p = 0%
^ 2%

— 5%
7%

1 10 100

FIG.

Period (sec)

7.48 Composite translational spectrum (Sc or ^d) for 18 May, 1940 El Centre Earthquake.
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The composite torsional spectrum constructed using the 1940 El Centre earthquake's three
rotational principal components is shown in Fig. 7.49.

7.8.2. Composite Spectral Modal Analysis
Similar to Eq. (7.205), the structural responses for thejth mode can be approximately expressed as

where {x}^ is thejth modal response vector due to ground component input in the structural ;th
reference axis direction; A/ is the spectral distribution factor corresponding to ground principal
translational component applied at the structural /th direction (A, = 1.0 is used for main, inter-
mediate principal components, and 0.5 for minor principal component); and Rd(pJ) is the
composite translational spectral value for thejth mode. Similarly, thejth modal response vector
due to ground rotational components can be approximately expressed as

where A,- = 1.0 is used for all principal components; and RT(pj) is the composite torsional spectral
quantity corresponding to the j'th mode. The structural response due to multiple seismic com-
ponents can be expressed as

total
\

+ N = no- of ground components considered (7.247))

EXAMPLE 7.8.1 Rework Example 7.7.2 with the composite translational spectra. Spectral
values corresponding iop\,p2, and^3 may be obtained from Fig. 7.48. Here the values are from
computer output as Rd(p\) = 2.0782 ft; Rd(p2) = 2.0596 ft; and Rd(p3)= 1.8723 ft.

Solution: From Eq. (7.245)

My,- = Wyy,y[A/fldOy)]; A'" = ! in this example (a)

where {x}^ represents thejth modal response vector due to ground component input at structural

of
(-.o

a_o

0.01 0.10 1
Period (sec)

FIG. 7.49 Composite torsional spectrum (ST or Rr) for 18 May, 1940 El Centre Earthquake.
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rth reference axis direction. Thus

{x}u={X}lynRd(Pl) =
'-0.0222'

1
0.6842

(0.6556) (2.0782) =
-0.0302'
1.3624
0.9322

413

(b)

-0.0222
1

0.6842
(0.4486) (2.0782) =

-0.0207 '
0.9322
0.6378

(c)

2I = [X}2 yl2Rd(p2) =

{x}22 = {X}2 y22Rd(p2) =

{ x } 3 l = { X } 3 y l 3 R d ( p 3 ) =

{x}32 = {X}3

For the CQC method

\

M M

££;

0
-0.6842

1

0
-0.6842

1

'0.5730'
1

0.6842

'0.5730'
1

0.6842

(-0.4662) (2.0596) =

(0.6811) (2.0596) =

0
0.6569

-0.9601

0
-0.9598
1.4027

(0.0254) (1.8723) =

(0.0174) (1.8723) =

'0.0272'
0.0476
0.0325

'0.0186'
0.0325
0.0222

M = number of modes considered
/' = structural rth reference axis

(d)

(e)

(g)

(h)

The response, x\, for the kth component due to ground component input at the structural reference
axis x\ (i.e. first structural reference axis) is

(x\}2= xk
nauxk

u +4i«224i +4io:334i + 2xk
lla,i2x^l + 2xk

lla,l3xk
3l + 2xk

2la23xk
3l (i)

Thus

.1204xlO-4 +0 +7.3984 x l O ~ 4 +0 -9.2658 x 10~5 +0
1.8564 +0.4316 +2.2658 x lO'3 +1.6761 +7.3156 x 10~3 +4.0405 x lO'3

0.8690 +0.9220 +1.0563 x 10~3 -1.6760 +3.4174 x 10~3 -4.0319 x 10~3

1.5592 x 10-3

3.9778
0.1154
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The response, x|, for the kih component due to ground component input at the structural reference
axis x2 (i.e. second structural reference axis) is

Thus

(k)

'4.2849 x 10~4 +0 +3.4969 x 10~4

0.8692 +0.9212 +1.0628 x 10"3

0.4069 +1.9678 +4.9729 x 10"4

' 7.3452 x 10-4'
0.1154
4.0564

+0
-1.6755
+ 1.6755

-4.3664 x 10-5

+3.4283 x 1Q-3

+0
-4.0300 x 10-3

1.6046 x 10-3 +4.0417 x !Q-3_

(1)

The total response vector is

[D] =
0.0479'
2.0231
2.0424

rad
ft
ft

(m)

7.9. OVERVIEW
This chapter consists of seven major themes: (1) introduction to fundamentals of earthquake
motion; (2) numerical integration methods and assessment of their stability and accuracy; (3)
construction of various spectra such as elastic and inelastic response spectra, design spectra,
and principal component spectra; (4) definition of ductilities and their application in design;
(5) ground rotation; (6) construction of response spectra including the effects of ground
translational and rotational motion; and (7) modal combination techniques of SSRS and CQC.
For the convenience of readers, numerical examples are given with more detailed steps than
normally found in a standard text. Some well-known algorithms are documented in computer
program lists in Appendices G, H and I. Detailed mathematical derivation of ground rotation
is shown in Appendix B. This chapter is intended to be self-contained, presenting fundamental
as well as advanced topics for both beginners and those more familiar with the subject matter.
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8
Formulation and Response Analysis of

Three-Dimensional Building Systems with Walls
and Bracings

PART A FUNDAMENTALS

8.1. INTRODUCTION
Previous chapters emphasized fundamental concepts of structural dynamics such as dynamic
response behavior, mathematical models (lumped mass, distributed mass, and consistent mass),
closed-form integration and numerical integration techniques, as well as response and design
spectra. These fundamentals can be applied to various types of structures in different engineering
disciplines including aerospace, mechanical, and civil. This chapter focuses on civil engineering
building structures which have beams, beam-columns, bracing elements, shear walls, floor slabs,
and rigid zones at structural joints. Here, stiffness matrices for each element, assembly of system
matrix, and condensation are discussed in depth with consideration of restrained, constrained,
and free d.o.f. Because the structural configuration is three-dimensional (3D), vector formulation
is introduced for generalized coordinate transformation.

8.2. JOINTS, MEMBERS, COORDINATE SYSTEMS, AND DEGREE OF
FREEDOM (D.O.F)

A structural jo int or structural node is denned as the point where two or more structural elements
(members) connect; structural support is also considered as a node. In Fig. 8.1 a structure has 14
joints, numbered 1-14.

417
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11
X,

A-A

(a) GCS and JCS (b) ECS

FIG. 8.1 GCS, JCS, ECS and members in a building structure.

A member is the basic element of a structure. The assembly of all members forms a structural
model. A basic building structure has beam-columns, bracing elements, shear walls, and slab
elements. As shown in Fig. 8.la, member 1-6-10-7 is a shear wall, members 2-7 and 5-10
are bracing elements (pinned connections), members 7-8-9-10 and 11-12-13-14 are slabs,
and other members are beam-columns. A structural model is established by first defining the
location and orientation of each joint; then the elements that connect the joints are located
and oriented. To define a structural model, three coordinate systems are essential: global, joint,
and element.

The global coordinate system (GCS) is used to represent the location of a structure in
Cartesian coordinates with three perpendicular Xg, Yg, and Zg axes, (right-hand rule) as shown
in Fig. 8. la. The location of the origin, while arbitrary, is usually put at the base of the structure.

The joint coordinate system (JCS) is defined by the Xj, Yj, and Zj axes (right-hand rule) of a
given joint. The JCS may not be parallel to the GCS, and can vary for different joints. In Fig.
8.la, joints 7 and 14 have two JCSs. For joint 14, the JCS can be either parallel to the GCS
(dashed line) or in any reasonable direction (solid line).

The element coordinate system (ECS) is defined by the Xe, Ye, and Ze axes (right-hand rule) for
a given element. Generally, the Xe axis is the same as the element's axis while the ye and Ze axes
coincide with the principal axes of the element's cross-sectional area. The original point of
the coordinate system is at the geometric centroid of the cross-section of an element (see Fig. 8.1 b).

Each joint is assumed to have six d.o.f. The first three are translational and correspond to the
joint's Xj, Yj, and Zj axes. The remaining three are rotational about the joint's Xj, Yj, and Zj axes.

Note that, for simple building geometry, the JCS can be assumed to be parallel to the GCS. By
doing so, it is easier to define nodal coordinates and to analyze the system. For complex structural
configuration, the JCS may not necessarily be parallel to the GCS. Also note that, in the floor slabs
of a building, in-plane stiffness is usually assumed to be infinitely rigid and out-of-plane stiffness to
be flexible and negligible.

8.3. COORDINATE TRANSFORMATION BETWEEN JCS AND GCS:
METHODS 1 AND 2

For analysis of general 3D structural systems, coordinate transformation between the JCS and
GCS is important. Therefore two methods are introduced in this section; their detailed derivations
are given in Appendix D. Sample structural configurations are shown in Fig. 8.2. Figure 8.3 shows
the transformation between the JCS and GCS. Let the orientation of the JCS at a given joint be
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slab

column

(b) (c)

FIG. 8.2 GCS and JCS transformation for sample cases.

defined by two vectors Vxj and^K^j, which are parallel to Aj and J j axes of the coordinates ofJCS,
respectively/The third vector Fzj, in the direction of Zj axis, is the cross product of Kvj and Vyj as
KZJ = Vxj x Vyj. An introduction to vector analysis is given in Appendix C.

Method 1
Expressing the three vectors in a symbolic matrix yields

C\i Cn C\
Ci\ Cii Ci
C->,\ Cj2 CT,

cos ai cos P] cos y\
cos «2 cos fJ2

 cos 72
COS V.3 COS $3 COS ?3

(8.1)
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Origin of GCS

1, 2, 3 = Translational d.o.f.
4, 5, 6 = Rotational d.o.f.

(a) d.o.f. and Vector Relationship (b) Cross Product of Vector V^

FIG. 8.3 Relationship between JCS and GCS.

where /', j, and k are unit vectors parallel to the Xg, Yg, and Zg axes, respectively; [Cj] is the
transformation matrix between the JCS and GCS in which the angles for a's, jS's, and y's are
shown in Fig. 8.4a. In summary, <x\, 0,2, and a 3 are measured from Xg to Xj and Yj, and Zj, res-
pectively; j8], fa, and fa are measured from Fg to Xj and Fj, and Zj, respectively; and y j , y2,
and 73 are measured from Zg to Xj and 7j, and Zj, respectively. A detailed derivation of Eq.
(8.1) is given in Appendix D.

Method 2
The joint transformation matrix, [Cj], in Eq. (8.1) can also be expressed in Eq. (8.la) as

cos /? cos y
— cos <f> sin ft cosy — sin fysiny
cos 7 sin (j) sin /J — sin 7 cos </>

sin /? cos jS sin y
cos </> cos /? — sin y cos 0 sin /J + sin 0 cos 7

— sin 0 cos /J sin </> sin /? sin y + cos </> cos y
(8. la)

where 7 is the angle between X& and the projection of Xj in the Ag-Zg plane, ft is the angle measured
from the Xj projection in the Xs-Zg plane to Xj, and <p is the rotation of X-y Facing the Aj axis, <p is
defined as positive when it rotates in the counterclockwise direction. These angles are shown in
Fig. 8.4. Detailed derivation of Eqs. (8.1) and (8.la) also appears in Appendix D. Identification
of these two methods is further elaborated at the end of that Appendix.

EXAMPLE 8.3.1 For the structural configuration shown in Fig. 8.2a, find the transformation
matrix [Cj] by using Eqs. (8.la) of methods 1 and 2, respectively.

Solution: Let the structural floor, with four corners signified by a, b, c, and d, be shown on the
XS-ZB plane in Fig. 8.5a, where Zg is perpendicular to the plane and pointing upward with the sign
Q. This sign is also used for the Zj axis, although it is not perpendicular to the XB-YS plane.
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(a)

421

FIG. 8.4 Transformation between JCS and GCS. Angle notation for transformation of (a) Method
and (b) Method 2.

Method 1
Let the angles between the GCS and JCS be shown in Fig. 8.5b and let Xj be along line ~od and Yj
along line ~oc; line then coordinates of point d be (50, 50, - 24). Therefore

= V(50) + (50)2 + (24)2 = 74.673 in

cos «i = = = 0.670; Cu = cos 0, = = = 0.670; Q3 = cos y , =-== -0.321
od od od
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100"

Y:

(c) Z ' •

d" d\ 24"

Y Y1 P» J V

(d)

Y Yg' Y

FIG. 8.5 Transformation between JCS and GCS. (a) ̂ g-Zg. (b) Angles for Method 1. (c) Angles for
Method 2. (d) Amplified projection of Imn.

The coordinates of point c are ( — 50, 50, 0); we then have

+ (50)2 + (O)2 = 70.711 in

C2l = cos a2 = - ̂ ^v = -0.707; C22 = cos ft = ̂ ^ = 0.707;

C?-> = cos y-> =

70.711
0

(b)

/ 2 ~ 70.711



THREE-DIMENSIONAL BUILDING SYSTEMS

Angles 0.3, $3, and 73 can be obtained by using a vector cross product as

i k
0.670 0.670 -0.321

-0.707 0.707 0
0.670 -0.321
0.707 0

0.670 -0.321
-0.707 0 j +

0.670 0.670
-0.707 0.707

= 0.227 / + 0.2277 + 0.947 A:

from which

C31 = cos «3 = 0.227; C32 = cos £3 = 0.227; C33 = cos y3 = 0.974

423

(c)

(d)

Note that the derivation of Eq. (c) is given in Example E-l in Appendix E. Combining Eqs. (a), (b),
and (d) yields numerical values of Eq. (8.1) as

0.670 0.670 -0.321
-0.707 0.707 0
0.227 0.227 0.947

(e)

Method 2
The GCS and JCS relationship for this method is shown in Fig. 8.5c and d, from which we can
observe how angles /?, <f>, y and \j/ relate. The relationship among angles /?, <j>, y, and \l/ is determined
by the following three steps: (1) proof of right triangle Imn, (2) demonstration of right triangle mlo,
and (3) establishment of /J, </>, and y relationships. _

(1) Assume that point n is an arbitrary point on the YJ axis, ol is the projection of on; therefore
Lnlo is a right angle. ~om is the projection of ~on so Lnmo is a right angle. Since the Yp axis has rotated
an angle /J away from the Yg axis, Xp, Yp, and Yg axes are in Xp-Yg plane. Because the Xp axis is
perpendicular to the Yp-Zp plane and YJ rotates an angle (j) due to the rotation of Xp, YJ is still
on the Yp-Zp plane. In fact, the Xp-Yp plane is perpendicular to the Yp-Zp plane; therefore Limn
is a right angle. _

(2) Now nl, Jim, and ml may be expressed as follows:

(0

(g)

ml = nl — mn = on sin if/ — on sin <f>

To show mlo to be a right triangle, let us assume Lmlo is a right angle. Thus

om2 — ol = (Jm2 cos2 <p — cm2 cos2 if/ = M2(sin2 if/ — sin2 </>)

= ml

which proves the assumption is correct and ol is the projection of ~om.
(3) Relationships for /J, <j>, and \ji can be established as

ol = on cos \l/; ol = oin cos /? = on cos <j> cos /?; on cos \l/ = 7m cos <f> cos /?

Thus

cos \l/ = cos <j) cos (h)



424 CHAPTER 8

In_this problem, od is the projection of line od on the Xg-Zg plane, and Xy is in the direction of
line od . Angle y is

=-25.641° (i)

where

ed = d'd=-24; od = ̂  (50)z + (50)z + (24)z = 74.726

Since

~od" = J(oe)2 + (ed")2 = ^(50)2 + (24)2 = 55.462

we have /J between lines od and od as

= =42.035°
od

Angle 4> can be determined from Eq. (h), in which ij/ is given as 45°; thus

£21^)= ±17.824° (k)
cos pj

(j) should be negative according to the positive-sign definition. Using the angles found in Eqs. (i),
(j), and (k) in Eq. (8. la) yields the same result shown in Eq. (e).

8.4. FORCE TRANSFORMATION BETWEEN SLAVE JOINT AND MASTER
JOINT

The deformation of one structural component or element can be very small relative to the
deformation of adjacent components or elements. Thus the component or element with small
deformation may be idealized as a rigid body. Two joints on the rigid body are constrained, such
that the deformation of one (called a slave joint) can be represented by the deformation of
the other (called a master joint). Deformation of the slave joint is dependent on that of the master
joint, and the d.o.f. for the slave joint can be transferred to the master joint. Consequently, the
total d.o.f. in a structure is reduced. The transformation of d.o.f. for both 3D and planar con-
straints is described below.

Let joint m be the master joint and joint s be the slave joint. Also, let the coordinate
orientation of both joints be identical. By definition, these two joints are connected by a rigid
body. Thus the forces at the slave joint can be transferred to the master joint, and the displacement
of the former can be expressed in terms of the latter. Typical notations are shown in Fig. 8.6 in
which FJS and A/js signify transverse forces and moments at slave joint, respectively; Fjm and
Mjm signify transverse forces and moments at master joint, respectively. For instance, Fjmx rep-
resents the force at the master joint in the JCS ^-direction and M-imz represents the moment
at the master joint about the JCS Z-axis. Likewise, F^x represents the force at the slave joint
in the JCS X-direction and Mjsz represents the moment at the slave joint about the JCS Z-axis.
Summing the forces acting on the slave joint related to the master joint for a 3D rigid body yields
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(a) A rf (b)

Rigid Body

Slave Joint

/

Master Joint

Vy->•

425

Rigid Body

jmx A Master Joint

s Slave Joint

FIG. 8.6 Rigid-Body Constraint, (a) Before transformation, (b) After transformation.

the force transformation

^jm*
^jmj
Fjmz

]y£'
^2 -

• =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 -Zms Yms 1 0 0

Zms 0 -Xms 0 1 0
-^ms Xms 0 0 0 1

Mfr

(8.2)

or

where |Tms] is called constraint matrix and expresses the relationship between the forces {Fjm}
acting on the master joint and those {.FjJ acting on the slave joint. A similar transformation
for displacement (see Section 4.5) can be derived as

where {5jm} represents displacement of the master joint, and {(5js} represents displacement of the
slave joint.

In Eq. (8.2) Xms, Yms, and Zms are the distance between master joint and slave joint in the JCS.
Recall that the joint's coordinates are defined in the GCS. Transferring the coordinates of both
joints from GCS into JCS and then subtracting yields

Y — Y^ s ^
Y — YL gs J gm (8.5)

where Xgm represents the global ^coordinate of master joint m, and Zgs represents the global Z
coordinate of slave joint s. The coordinate relationship between JCS and GSC is shown in Fig.
8.7. The transformation matrix [Cj] is expressed in Eqs. (8.1) and (8.la).
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„'/ Master
A / Joint ' JT

FIG. 8.7 Notations for coordinate transformation.

A slab in a building structure is very stiff in the plane of the floor, but flexible out of the plane.
Thus a.planar constraint is used to treat the floor slab's diaphragm stiffness as a rigid body. Figure
8.8a shows the floor slab's Xr 7, plane in which neither moments about the Aj and 7j axes nor force
in the Zj axis can be transferred from the slave joint to the master joint due to out-of-plane
flexibility. Since both master joint and slave joint are structural nodes having d.o.f., the forces
not transferable from the slave joint should remain there and be included in structural analysis.
Force transformation for Fig. 8.8b can now be expressed as

F'm\
p.

F1 jmz

1
0
0
0
0

_ yJ ms

0
1
0
0
0

Y-^rns

0
0
i
0
0
0

0
0
0
i
0
0

0
0
0
0
1
0

0
0
0
0
0
1

F-1 JS.Y

*W

3.6)

8.5. SYSTEM d.o.f. AS RELATED TO COORDINATE AND FORCE
TRANSFORMATION

Global degrees of freedom (global d.o.f.), also known as structural system d.o.f. or simply struc-
tural d.o.f., represent and describe a structure's motion. The structural system d.o.f. can be defined
as: (1) restrained not movable, such as at the support; (2) constrained-movable but needing to be
transformed, such as from slave to master; and (3) free (movable) with or without mass lumped
at the joint. This d.o.f. classification can be applied to both static and dynamic analyses. For
dynamic analysis, free d.o.f. without mass inertia effect can be expressed in terms of d.o.f. associ-
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V

X

(b)

X

Slave Joint

FIG. 8.8 Force transformation of a floor slab, (a) Master and slave joints at floor plane, (b) Force
transformation.

ated with the mass inertia effect by elimination or condensation. Once joints are denned and
constraints identified, global d.o.f. can be numbered. Global d.o.f. comprise condensed d.o.f. (free
d.o.f. without mass), restrained d.o.f., and free d.o.f. (with mass).

EXAMPLE 8.5.1 Formulate a constraint matrix, [Tms\, to relate slave joint 6 to master joint 12
as well as slave joint 106 to master joint 111 of the structure shown in Fig. 8.9. For each joint,
the JCS has the same direction as the GCS. The X- Y planar constraint is assumed for each slab,
and each slab's mass center (MC) is assumed to be a master joint such as 11, 12, and 111.
The assigned joint numbers are shown in the same figure. For convenience, joints are numbered
1-100 starting at the top floor; moving downward, each floor has its nodal number increased
by 100.

Solution: From Eq. (8.5), the distance from slave joint 6 to master joint 12 is

Y — Y1 gs J gm
^-£s ^-*£Tn

'1 0 0
0 1 0
0 0 1

480 - 400 1
0-80 \ =

320 - 320
(a)

Note that the GCS and JCS are the same for this problem; no transformation is needed and [Cj] of
Eq. (8.1) or Eq. (8.la) becomes an identity matrix. Thus the transformation for w= 12 and s = 6
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(a)

160"

160"

160"

(b) Z

- 80" slab

p 160" i1 160" L 16°" i
I

107

GCS

FIG. 8.9 Two-story building, (a) Configuration of two-story buildings, (b) Joint numbers.

can be obtained from Eq. (8.6) as

p.1 jrru'

f'm
F-1 jmz

• =

" 1 0 0 0 0 0 "
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
80 80 0 0 0 1

FJSZ {F,s (b)

in which Fjmz, Mjmv, and Mjmy are independent forces at joint 6 (which is also a structural node),
since they cannot be transferred to master joint 12. Similarly, slave joint 106 and master joint
111 have the following relationship:

1 0 0
0 1 0
0 0 1

480-240 ] \ 240
0-80 1 = | -80

160-160 0
(c)
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0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

240 0 0 0 1

= [7ms] [F]s (d)

8.6. BEAM-COLUMNS

8.6.1. Coordinate Transformation between ECS and JCS or GCS: Methods
1 and 2

8.6.1.1. Method 1
A typical beam-column element (see Fig. 8.10) has two joints, start-joint A and end-joint B.

This elment has three axes, Xe, Fe, and Ze, and can exhibit bending about the Fe and Ze axes,
torsion about the Xe axis, and axial deformation along the Xe axis. Depending on structural
modeling, some deformations may be neglected with consideration of a constrained condition.
For instance, an element attached to a rigid plane slab in the Xe-Ze plane should have neither
axial deformation in the Xe axis nor bending about the J^-axis. Stiffness of the element can
be elastic and/or inelastic. Elastic stiffness is discussed in Section 8.6.2 and inelastic in Chapter
9.

Let Xgs, Ygs, and Zgs be the coordinates of start-joint A, and Xge, Yge, Zge be the coordinates of
end-joint B. The distance between A and B is

Ae = VC^ge - *gs) + (^ge - Y,s) + (Zge - Zgs)

Define Vx as a unit vector from start-joint to end-joint in GCS:

(8.7)

- Xgs) / - Zgs) k
A r> ^~-~ '

-t'se

Note that the GCS and JCS coincide, so designated for convenience. Vector Kvjiefines the
orientation of the element's local Xe axis. Choose vector Vxy such that Vx and Vxy both lie
on the element's local Xe—Ye plane. For a girder, the local Xe-Ye plane is usually defined in

Y,

Start-Joint A
Xgs, Ygs, Zgs

FIG. 8.10 ECS of beam-column element.
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the plane of the web. Thus

CHAPTER 8

V, =Vx x¥xy (8.9)

and

K, = V, x Fr (8.10)

where Vy and Vz are unit vectors which define the orientation of the element s local Ye and Ze axes,
respectively (see Appendix F).^

Unit vectors Vx, Vy, and Vz define the element coordinate system (ECS), denoted by Xe, Fe,
Ze, with its origin at joint A. Those three unit vectors, defining the orientation of the ECS,
are written in matrix form as

vx

Vz

• =

C\\ C\2 Ci3

C /"1 /"*21 ^22 ^23

_CT,\ €32 C33_

Z

7

k

where [Ce] is a direction cosine matrix for ECS; ;', j, and k are unit vectors in the GCS.
To determine the transformation matrix in Eq. (8.11), coordinates of a member at four points,

A, B, m, and «, are needed (see Fig. 8.11). Points A and B are used to compute unit vector Vx in Eq.
8.11 where Aa is on the Xg—Zg plane with angle 7 between the Aa and Xg axis; Aa and AB are on the
same plane with angle [I; ct\, fii, and y\ are for direction cosines (cos «i, cos fii, cos 71) of vector Vx;
m and n are used to determine unit vector Vz along Ze direction in Eq. (8.12). Unit vector Vy along
the Fe direction is then determined in Eq. (8.10).

X e , X p

FIG. 8.11 Member orientation relative to GCS.
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8.6.1.2. Method 2
Sometimes the input for a computer program requires only coordinates A and B along with

angle a of the member's web relative to Zp (see Fig. 8.lib). Coordinates A and B define the
member's location in GCS; angle a depicts the orientation of the member's web in the ECS. Then
the derivation of the element's transformation matrix is similar to Eq. (8.la), applicable to both
JCS vs GCS and ECS vs GCS.

The relationship between GCS and ECS may be expressed as

V,

in which

— — (cxcv cos a + c, sin a) mcos a — <CK sin a — cvc, cos a)m " m

— (CrC,, sin a. — c, cos a) —m sin a —(cvc, sin a + c,- cos a)
, m f " m * " ' .

(8.12)

cos a j = c,T = -
A

7 —7•^e ^

Appendix E gives a detailed derivation of Eq. (8.12).

(8.13)

(8.14)

(8.15)

(8.16)

8.6.2. Beam-Column Stiffness in the ECS
Figure 8.12 shows a beam-column element which has 12 d.o.f., three translational and three
rotational at each end. In matrix form, local forces {Fe} and displacements {5e} in the ECS are

{Fe}=[Fxa Fya Fza Mxa Mya Mza Fxb Fyb Fzb Mxb Myb

{<5el = [<5.ra dya Sza Oxa Oya Oza 5xb 5yb 5zb Oxb Oyb Ozb?
(8.17)

(8.18)

The stiffness matrix of a beam-column element corresponding to Vy and Vz directions can be
expressed as

B Dl[0ya
D B \\0yb

5.19)

and

A Cl\0za
C A\\ Ozb

5.20)
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FIG. 8.12 Element's local d.o.f.

in which

A = 4EL C = 2EL

where / and E are the cross section^ moment of inertia and modulus of elasticity, respectively; Oya
and Oyb represent rotations in the Vy direction, and Oza and Ozb represent those in the Vz direction
(see Fig. 8.12). The torsional stiffness is

Mxa
Mxb

jG
xb -Q Q xb

5.21)

where / is the cross section's polar moment of inertia and G is the shear modulus of elasticity. The
axial stiffness is

Fxa
Fxb

EA_\ 1 -1
: L -1 1

H -H I 5xa
-H H \5xb

5.22)

where A is the cross-sectional area. Combining the stiffness terms of Eqs. (8.19)-(8.22) yields the
local element stiffness matrix

[ Fxa ]
Mxa
Mya

Mza
Fxb
Mxb
Myb
Mzb

' H 0 0 0 - / / 0 0 0 "
o g o o o - g o o
0 0 5 0 0 0 £ > 0
0 0 0 A 0 O O C

- H 0 0 0 H 0 0 0
o - g o o o g o o
0 0 £ > 0 0 0 5 0
0 O O C O 0 0 A

5xaoxa
Oya

oza
$xb
oxb
Oyb

ozb

B.23)

or

(8.24)

As Fig. 8. 12 illustrates, the following relationships can be derived by summing moments at ends A
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and B:

^ My A = 0 = Mya + Myb ~ FzbL

= Myg + Myb

L
^ MyB = 0 = Mya + Myb + Fza L

Fza = ~Mya~Myb

433

j-,
Fb=

MzA = 0 = Mza + Mzb + FybL
~Mza - Mzb

Fya =

MzB = 0 = Mza + Mzb - FyaL
Mza + M,_b

Rewriting Eqs. (8.25)-(8.28) in matrix form yields

Fxa
Fya

Fza
Mxa
Mya

Mza

Fxb
Fyb
Fzb
Mxb
Myb

. Mzb .

1~z

" L O O 0 0 0 0 0 "
0 0 0 1 0 0 0 1
0 0 - 1 0 0 0 - 1 0
O L O 0 0 0 0 0
O O L 0 0 0 0 0
0 0 0 L O G O 0
0 0 0 0 L 0 0 0
0 0 0 - 1 0 0 0 - 1
0 0 1 0 0 0 1 0
0 0 0 0 0 L 0 0
0 0 0 O O O L 0
0 0 0 0 0 0 0 L

F1 xa
Mxa
Mya

Mza

Fxb
Mxb
Myb

Mzb

Substituting Eq. (8.24) in Eq. (8.29) leads to

5.25)

3.26)

(8.27)

5.28)

Fxa
Mxa
Mya

Mza

Fxb
Mxb
Myb

Mzb

5.29)

(8.30)

where {c5e} = {5xa 5ya dza Oxa Oya Oza 5xb 5yb dzb Oxb Oyb Ozb}T [see Eq. (8.18)]. The basis for using
transpose matrix [^4e]T was established in Section 4.5.4 and shown in Eq. (4.54). Thus the
beam-column element's stiffness in ECS takes the form

H

symm

0
522

0 0
0 0

£33 0
Q

0
0

-S35
0
B

0
526
0
0
0
A

-H
0
0
0
0
0
H

0
-522

0
0
0

—5*26
0

522

0
0

-533
0

835
0
0
0

533

0
0
0
-e
0
0
0
0
0
Q

0
0

-•$35
0
D
0
0
0

$35
0
B

0 "
526
0
0
0
c
0

-S26
0
0
0
A

5.31)
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where

522 =
C)

L2

A + C
L

2(3 + D)
L2

B + D
L

CHAPTER 8

(8.32)

(8.33)

(8.34)

(8.35)

8.6.3. Beam-Column Stiffness in the JCS or GCS Based on Method 1
Transformation of d.o.f. from ECS to GCS consists of two steps. First, the d.o.f. at each of the two
joints (A and B) are rotated from ECS to GCS and then to JCS. For simplicity, let GCS and JCS
coincide. Second, the constraint transformation moves d.o.f. from each of the slave joints to
the corresponding master joints in GCS.

In step one, the transformation between global forces and element forces in ECS is expressed
as

{Fe} =
iQk

0
0
0

0
[Cek

0
0

0
0

[Ce]B
0

0
0
0

[Ce]B.

(8.36)

where [CJ is shown in Eq. (8.11); {Fe} = [Fxa Fya Fza Mxa Mya Mza Fxb Fyb Fzb Mxb Myb Mzb]T

comprises the element forces in ECS shown in Eq. (8.29); {Fs} represents the same forces in GCS;
and [CJ is the direction cosine matrix of ECS. Rotating the element forces, {Fe}, to global forces,
{Fg}, is achieved by

(8.37)

and rotating the global forces to joint forces, {/*}}, by

" [Cjk
0
0
0

0
[Cjk

0
0

0
0

[Cj]B
0

0
0
0

[Cj]B

(8.38)

where [Cj] is denned in Eq. (8.1). Substituting Eq. (8.37) into (8.38) leads to

{Fj\=[Cj][Ce]r[Fe} 3.39)

In step two of constraint transformation for each joint of a rigid in-plane but flexible
out-of-plane floor model, horizontal forces and torsion must be transferred from the slave joint
to the master joint. Let [Tms]A and [Tms]B be the constraint transformation, as shown in Eq. (8.6),
for joints A and B, respectively. Forces acting on the master joints, {Fjm}, can be expressed as

ITmsk
0

0
[7mS]B

3.40)
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If constraints are not present, this transformation matrix [rms] reduces to an identity matrix.
Combining Eqs. (8.39) and (8.40) yields the transformation from element forces, {Fe}, to forces
acting on the master joints as

{Fim} = [fms] [Cj] [Ce]T{Fe} = [A] {Fe} (8.41)

Similarly, transformation for the deformation (see Section 4.5.4) is given by

{<5e} = MT{<5jm) (8.42)

The stiffness matrix of the rth member is then transformed from ECS to JCS as

[Ki] = [A][Ke][A]r (8.43)

If the JCS and GCS are assumed to coincide, then [Cj] in Eq. (8.38) becomes an identity matrix and
[Kl] shown above represents the transformation from ECS to GCS. Note that the forces that
cannot be transferred from slave joint to MC stay at the joint. Thus a slave joint has a dual role,
serving as master joint for those forces not transferable.
EXAMPLE 8.6.1 Assume that the structure in Example 8.5.1 has the following properties:
columns are box sections 15 x 13 x 0.5 in; bracing members are W 8 x 67; and beams are
W 12 x 26. Cross-sectional properties of columns, beams, and bracing members, as well as their
ECS, are shown in Fig. 8.13a. Member numbers of the system are given in Fig. 8.13b. Find
the element stiffness matrix, [K^'], of member 11 corresponding to global d.o.f.

Solution: For member 11, global coordinates at the starting point and end point are

(Xgs, Fgs,Zgs) = (480,0,160)
(J$fge, Fge, Zge) = (480, 0, 320)

From Eqs. (8.7) and (8.8)

= 160

Or i oj i

(a)
(b)

(c)

(d)

K, =

As shown in Example E-l of Appendix E, we may choose a vector Vxy = li + Oj + Ok', then

+ 0^ (e)

(0

From Eq. (8.11), the orientation of ECS in GCS can be expressed as

(g)

Vx x Vxy _
\vxy

V, x !

y

<» =

i
0
0

x

j
1
0

vxy

k
0
1

i
0
1

= i

j
0
0

-f

k
1
0

or

O/ + Ok

v*

Vy

V, ,

=

"o o r
1 0 0

_° ! °.

i

j

k

= [Ce}'

i

j

k
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(a) Box column: D 15x13x0.5

Bracing: W 8x67

Area = 27 in2

I x = 1216.724 in4

I „ = 730.25 in4

I , = 912.25 in4

Area = 7.65 in2

I „ = 0.3 in4

I z = 17.3 in4

(

xe

* Area

(ECS) Ye I "I

= 19.7 irr
5. 06 in4

212 in4

88.6 in4

(GCS)
160" 160" 160

FIG. 8.13 Two-story building, (a) Element properties and ECS. (b) Member numbers.

Furthermore, from Eq. (8.41)

[A] = {fms][Cj][Ce]r

in which

[Ce]T =

(h)

"[Cell

0
0
0

0
[Cell

0
0

0
0

[C&
0

0 "
0
0

[Ce£_

(i)
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[Oil =

437

0)

(k)

where [7"ms] is shown in Eq. (8.11). For joint A, Yms= Ygs-Ygm = — 80, Xms= XBS-XBm =
480-240 = 240; for joint B, 7ms= -80 and ^ms = 80. Thus numerical values for Eqs. (i), (j),
and (k) are

[[
CJ]A
0
0
0

TnJ,

0
[Cj]A

0
0

. o
[TmsL

0
0

Cj]B
0

,]

0
0
0

[Cj]B

\

'o o r
i o o
o i o

(1)

(m)

0 0 0 0 '
o o o o
1 0 0 0
0 1 0 0
0 0 1 0

80 240 0 0 0

(n)

- 1
0
0
0
0

.80

0
1
0
0
0
80

0
0
1
0
0
0

0
0
0
1
0
0

0
0
0
0
1
0

0"
0
0
0
0
1.

(o)

After substitution, Eq. (h) yields

" 0
0
1
0
0
0

0
0
0
0
0
0

1
0
0
0
0
80

0
0
0
0
0
0

0
1
0
0
0

240

0
0
0
0
0
0

0
0
0
0
0
1
0
0
0
0
0
0

0
0
0
1
0
0

0
0
0
0
0
0

0
0
0
0
1
0

0
0
0
0
0
0

0
0
0
0
0
0

0
0
1
0
0
0

0
0
0
0
0
0

1
0
0
0
0
80

0
0
0
0
0
0

0
1
0
0
0
80

0
0
0
0
0
0

0
0
0
0
0
1

0
0
0
0
0
0

0
0
0
1
0
0

0 "
0
0
0
0
0

0
0
0
0
1
0

(P)
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From Eqs. (8.23) and (8.31), the element stiffness matrix has the following coefficients:

AE
H = —— = (27)29000/160 = 4893.75

B = = (4) (29000)730.25/ 160 = 529, 431.25

= = 264,715.625; A = -4EL
= (4) (29000)912.25/160 = 661, 381.25

GJ' = - = 330, 690.625; Q = — = (13000)1216.7/160 = 98, 858.865

2(A + C)
022 = —— r^ —— = / /.505

- = 62.042;

A + C
L = 6200.449

The stiffness matrix corresponding to global d.o.f. is obtained by Eq. (8.43) as

"522 0 0 0 526 80522

533 0 -S35 0 240533

H 0 0 0
B 0 -240535

A 80526

(80)2522

+(240)2533

+2

symm

1 -522 0
1 0 -533

| 0 0
1 0 535

1 -526 0

| -80522 -240533

|

1 522 0
1 533

1
1
1

1

0
0

-H
0
0

0

0
0
H

0
-535

0
D
0

-240535

0
535

0
B

S26

0
0
0
C

80526

-526

0
0
0
A

-80522 "
-80533

0
80535

-80526

-640522

-19200533

-2

80522

80533

0
80535

-80526

6400522

+6400533

+2 _

(q)

for which the force vector is {Fjm} = [FAmx FAmy FAmz MAmx MAmy MAmz FBmx FBmy FBmz M Bmx
MBmy MBmz]T, where A and B signify nodal numbers 106 and 6, respectively (see Figs. 8.9b
and 8.13). Note that FAmx and FAmy are transferred to master joint C3 where MAmz is torsion
induced by these two forces; FAmz, MAmx, MAmy and MAmz are not transferable and stay at joint
A (node 106), acting as a master joint. A similar explanation covers the forces at joint B (node
6).

8.6.4. Beam-Column Geometric Matrix (String Stiffness) in ECS and JCS
or GCS Based on Method 1

In order to be consistent with lumped mass formulation, the .P-A effect should be based on the
string stiffness model (see Section 6.6.3). The geometric matrix is often called the geometric
stiffness matrix because its inclusion can decrease or increase a system s stiffness (see Section
6.6). The model used here considers the .P-A effect that induces shear in an element. An element
is idealized as a rigid bar with an axial load P as shown in Fig. 8.14. Axial load, P, is positive
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FIG. 8.14 P-A effect for beam-column element.

when the member is in compression. The shear at each end of a member, due to equilibrium
condition, is PA/L. Thus the element geometric stiffness matrix is

\if i L
L^egJ = T

p
L

"0
0
0
0
0
0
0
0
0
0
0
0

0
1
0
0
0
0
0
-1
0
0
0
0

0
0
1
0
0
0
0
0
-1
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0
-1
0
0
0
0
0
1
0
0
0
0

0
0
-1
0
0
0
0
0
1
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0"
0
0
0
0
0
0
0
0
0
0
0

(8.44)

Since the element's d.o.f. for [Keg\ in Eq. (8.44) is the same for [Ke] in Eq. (8.31), the geometric
stiffness in the JCS or GCS can be obtained as follows:

'] = [A][Keg][A]1 5.45)

8.7. SHEAR WALLS

8.7.1. Shear-Wall ECS and GCS Relationship Based on Method 1
A shear-wall element's coordinate system is shown in Fig. 8.15 where the four joints at the corners
of the element are denoted by JI-J4. The global coordinates of eachjoint are Xg\, Yg\, Zg\ through
Xg4, 7g4, Zg4. Vectors Vx, at the top and Vxb at the bottom of the wall are

Vxt = (Xs]-Xg2)i ( F l - (Zgi -Zg2)/c

- Xg3)T+(Yg4 -

(8.46)

(8.47)
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Y V1 e» v

V xt

' Ygl> Z gl)

xe,vx

(X 4 , Y 4 , Z 4 )

Vzb

FIG. 8.15 Shear- wall element coordinate system.

Define a vector Vy along with the average longitudinal axis of the wall; then

^ _ t
g3 + Zg4

——

(8.48)

[ 2 2

Height (also defined as length) of the wall is

Normalizing Vy>, yields

- _Vy_

Define vectors Vzb and Kzl, which are perpendicular to the wall, as

Kzb = Vxb x Vy ; Fzt = Vxl x K,

?.49)

(8.50)

5.51)

Since the wall is planar, Fzb_and K^are parallel. Also Vxb\ = \ Vxi\ because the wall has a con-
stant width w. Therefore Vzb =\ Vzl\, and the single unit vector perpendicular to the plane
of the wall can be defined as

K, = -
V,,zb

\v&
while vector Vx, perpendicular to the in-plane length of the wall, is

Vx = Vy x Vz

5.52)

B.53)
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Three unit vectors, Vx, Vy, and Fz, define the element's coordinate system, denoted by Xe, Ye,
Ze, with the origin midway between joints J3 and J4. The three unit vectors denning the ECS
orientation are written in matrix form similar to Eq. (8.11) as

(8.54)

where [Ce] is the direction cosine matrix for the ECS; T, /, and k are unit vectors in GCS.

vx

Vy

Vz

=

C\\ C\2 Cn

Cl\ €22 C23

_ €31 €32 C*33 _

/'

j

k

= [Ce]

/'

j

k

8.7.2. Shear-Wall Stiffness in the ECS
As shown in Fig. 8.16, the element has 10 translational d.o.f: d.o.f. 1 and 8 represent in-plane
lateral deformation; d.o.f. 2, 4, 6, and 9 represent axial and rotational deformation; and d.o.f.
3, 5, 7 and 10 are used to formulate the out-of-plane geometric matrix for 3D system analysis.
Out-of-plane stiffness, however, is not considered. (Section 8.7.4 treats in-plane and out-of-plane
geometric matrices.) In matrix form, the ECS local forces and displacements are

{Fe}=[Fi F2 F3 F4 F5 F6 F1

{<5e} = [<5, <52 <53 <54 <55 <56 5^ <58

Fg 3.55)
B.56)

a and ft as shown in Fig. 8.16 represent a fraction of the wall's height at the top and bottom,
respectively. Length a depends on the ratio of rigidity at the bottom of the wall to rigidity at
the top of the wall or simply on relative rotation as

h

1 +
8.57)

h 'Zero
. Length

/£

+ 2

§> 3/
Upper Rigid Body

Point a

1 f
Point b

Lower Rigid Body

© ®
'9

(a) (b)

FIG. 8.16 Shear-wall element.
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f F4,84

F3,63

Upper Rigid Body

cr~Va>va
^ * Pa' uaMa ,ea

 a a

Ma.6a f.,u.

I Vu Vu Kh» vh rvs

I P h . U v
U

Cl.
b ' u b

P b > u b

V vva> va

/\

b

Lower Rigid Body
w _w
2 n 2

® ©(
/'

F*10>
Fg,9'"9

FIG. 8.17 Shear-wall forces and deformations.

For instance, if end A is free and end B is fixed, then 0B = 0, a = h; if end A is fixed, then 0A = 0,
\0B/0A =oo,'dnda = 0 ; i f O A = 0B,thena = h/2;andifOA=26s,then\0B/0A\= 1/2 and a = 2/z/3.

To develop a generalized formulation of shear-wall stiffness for both elastic analysis (this
chapter) and inelastic analysis (Chapter 9), a rigid-body spring model is used to express the
force-deformation relationship [4].

Let a free-body diagram of the shear wall element in Fig. 8.16 be shown in Fig. 8.17. The
force-deformation relationship for each spring is

Ma = KbOu =(0a~ Ob) = - (8.58)

(8.59)

and

Pa = ua~ Ub) = -Pb (8.60)
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where

Oa, Ob =ou =
Va, vb =

Ua, Ub =

Ma, Mb =

p p _
a> b —

G =
1=
A =
K=\.2

EA, axial stiffness of unit-height wall for which the derivation is u (axial
deformation) = PhlEA, P/u = EA/h; therefore Ph/u = EA;
El, bending stiffness of unit-height wall because M = EIip; (f> is curvature = 01 h or
\IR (see Fig. 4.1);
GA/K, shear stiffness of unit-height wall because shear rotation /?= VK/GA [see
Eq. (5.90)]; lateral displacement due to shear rotation is v = /J/z; therefore

flexural rotations at top and bottom of bending spring, respectively;
relative unit rotation;
lateral shear deformation at top and bottom of shear spring, respectively;
relative unit shear deformation;
axial deformation at top and bottom of axial spring, respectively;
relative unit axial deformation;
moments at top and bottom of bending spring, respectively;
shears at top and bottom of shear spring, respectively;
axial force at top and bottom of axial spring, respectively;
shear modulus;
moment of inertia;
cross-sectional area; and
numerical factor for using average shear [K= 1/ju; fj. is given in Eq. (5.90)].

Rewriting Eqs. (8.58)-(8.60) in matrix form yields

Ma '
Mb
y
vb
Pa

Pb

1 0 0 "
- 1 0 0
0 1 0
0 - 1 0
0 0 1

_ 0 0 -1_

yr a
Pa

(8.61)

and

1

~h

Ma

Va

Pa

~Kb

r o r Ar 1^1

=

Ks

T

~Kb

-

-,

K&

Oa

ob
V I

Vb

ub .

Ks

K*.

"1 -1
0 0
0 0

w
Oa - Ob '

va - Vb
Ua - Ub

0 0 0 0 1
1 -- 1 0 0
0 0 1 - 1

ob
Va

Vb

Ua

Ub .

5.62)
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From summation offerees and moments in Fig. 8.17, the relationship between spring forces and
element forces is

M Pa a
—— + -7T - —w 2 w

wF2 - P a -
w

= Vb

wF9 -

Combining Eqs. (8.63)-(8.68) in matrix form gives

F2

[Fe} = F6
F1
F*
F9

Substituting Eq. (8.61) into Eq. (8.69) leads to

[Fe} = [A2][Al

Shear-wall stiffness is then given by

[Ke] = [Ae][SI][Ae]r

2

,63)

.64)

,65)

,66)

,67)

,68)

" 0
-2
0
2
0
0
0
0
0
0

0
0
0
0
0
2
0
0
-2
0

2w
2v.
0

-2<x
0
0
0
0
0
0

0
0
0
0
0
20
0

2w
-20

0

0
w
0
w
0
0
0
0
0
0

0"
0
0
0
0
w
0
0
w
0 _

Ma
Mb

vavh
Pa

Pb

Ma
Mb
Va

vb
Pa

Pb

1.69)

(8.70)

(8.71)

Since there is no bending or shear stiffness perpendicular to the wall (see Fig. 8.17), the
stiffness terms associated with d.o.f. 3, 5, 7, and 10 are zero. To prevent a singular stiffness matrix,
the out-of-plane d.o.f. must be restrained when analyzing a planar frame. The shear wall element
in Fig. 8.17 depicts a general case for 3D building structures.

EXAMPLE 8.7.1 Find the stiffness matrix [Ke] for the wall shown in Fig. 8.18a. Let the con-
crete's modulus of elasticity Ec = 30,000 N/mm2, its Poission's ratio v = 0.2, and the steel's
modulus of elasticity Es = 210,000 N/mm2. Other member properties are given in the figure. Verify
the correctness of the stiffness coefficients obtained.

Solution: The wall is analyzed by means of the transformed section method for which

G = - 30,000 = 12,500 N/mm2, n = -?- = '•
EC.

(n-l)As = 1000(100)+100(10) (7-1)= 1.06(10)5 mm2
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(a) 100 ,109 100 100 .50

' ' \ / '
V

—— As =10*100=1,000 mm2

100mm

r
B

-^ ——— ±1 ——— ̂ L

/ / / / / / / / / / / / / / /
A

/ /1/ / / / / / / / / / / / / / /V/ / / /

w=l,000 mm=2h

h A

1
B

r- /;T. T, 7

A-A

(b) (c)

a=h

p=o

P.
J2 ' /|J2

I
1 ,

J3 |J3

M

///////

*
Jl

Upper Rigid Body

J4
(*-[-V,,v,

=0^ P.=0
V - K s 85 2 ti '

Ma=0 h-^

il Pa=0
//////)/////// //////

w

^

r- Fl -r^F/
ui' /
1 a=h L
1 n'

. 1 / _L
J4

f'--- ^
n ,ij i . j i /

""""vr^^/. 2 4 / '
J3 a ^ ^ -t-Ji/

M^ Pa Q = 8 4

Va •»— sfyw —

h~b \J1T
w

FIG. 8.18 Shear wall in Example 8.7.1. (a) Wall properties, (b) Due to 6\. (c) Due to c54.
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/ = — (100)(1000)3 + (7 - 1)[(2)(100)(50)2 + (2)(100)(150)2 + 2(100)(250)2 +2(100)(350)2

+2(100)(450)2] = 8.828(10)9 mm4

Kb = EJ = (30,000) (8.828) (10)9 = 2.648(10)14 N mm2,

Ka=EcA = 30, 000(1.06) (10)5 = 3.18(10)9 N

From Eq. (8.61),

1 0 0
- 1 0 0
0 1 0
0 - 1 0
0 0 1
0 0 - 1

(a)

Since the element's free d.o.f. are only 1, 2, and 4, and the wall is fixed so that a = h and /J = 0,
[A2] in Eq. (8.69) is reduced to

[A2] =

0 0 1 0 0 0 '

- o o ow w 2

L i o -* o I oi- w w 2 •

(b)

Then

[A2][A}] =

0 1 0

_I I I
~w 2 2
I _1 I

L w ~2 2~J

(c)

Thus

symm

1
'V ^--K +-' W2 4 S + 4 J

ATb 1 1- + -Ks+-K.d
(d)

1
500

1.104 0.552 -0.552'
1.336 0.254

symm 1.336
(10)9
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Stiffness coefficients in Eq. (d) can be verified by the accompanying figures b and c as follows.
When (5j ^ 0, (52 = 54 = 0, as shown in Fig. 8.18b.

/ ,fx = "; f\ = * a = IT"! (e)

w " \w) h
Y nJ2=0;

(g)

Eqs. (e), (f), and (g) represent elements in the first column of Eq. (d).
Similarly, when <54^0, di=d2=Q, the equilibrium conditions of Fig. 8.18c yield

^—> -**-S ** c -^S c-

' Fl=~Va = ~^4l~Yh,4 „ ,^< „ <^< (h)

Then

Eqs. (h), (i), and (j) are identical to the third column of Eq. (d).

8.7.3. Shear-Wall Stiffness in the JCS or GCS Based on Method 1
Similar to the formulation of beam-column stiffness, we rotate the element forces from the ECS to
the GCS, which are then expressed in the JCS. Referring to Eqs. (8.37) and (8.38), let the element
forces at joint /', {Fei}, be expressed in global forces at that joint {Fgi}, i.e. [Fgix Fgiy Fgiz]T (in
Xg, Yg, Zs axes). Use the element direction cosine matrix as

{Fgi} = [Cy Ve/1 (8.72)

and express the global forces at joint z, {F^}, as joint forces in the following form:

(8.73)

where [Cj/] is the direction cosine of JCS for joint ;'. Since the wall is thick relative to its length and
width, deformation in the Jf-direction is negligible. If joints Jl and J4 in Fig. 8.15 are considered to
have independent displacement in the A'-direction, then there is no independent d.o.f. in that
direction. In other words, J2 and Jl are dependent on each other, as are J3 and J4. Therefore
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transformation matrix [A3] is used to create dummy d.o.f. at these joints.

Fe2

Fj2x

pi
Fj3x

Fj4x
Fj4y
F,4, \

' 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

F2FI
F4
F5

F9

/MO

= [A3] [Fe. 3.74)

where notation (Fe\} = [Fj\x Fjly Fjlz]T represents forces on joint J\ in the ECS; similarly, {Fei}
represents forces at joint /;' (see Fig. 8.15). Rotating the forces at each of the wall's four joints
from ECS to JCS yields

jjCj,] 0 0 0
0 [CJ2CJ2] 0 0
0 0 " [CJ3C£] 0
0 0 0 [Cj4Cj4]_

Fel
Fe2
Fe3

Fe4

3.75)

Zj directions at joint J\ in the JCS andwhere {F^} represents forces acting in the Xj, Yj, and
likewise at the other three joints. Recalling the constraint transformation equation |
joint i, Eq. (8.6) takes the form

[T ]~\ [/] [°]1L 'm s J<- ' \ \XYZ\i [I]\

], for slave

(8.76)

The second column of [rms](- pertains to rotational d.o.f. at the slave joint. Since {F^} for the wall
element contains only translational d.o.f. (see Figs. 8.15 and 8.17), the second column is omitted
and the constraint equation becomes

(8.77)

Fmx
P
p.* jmz

Mjmx

Mjmy

Mjmz

" 1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

— 7ms Xms 0

For a typical slab-wall joint, Ji, the slave-master joint relationship is

For instance, the constraint transformation of / I in Fig. 8.19 is

(8.78)

P-r]mx
Fjmy
p.L jmz

7\^'
A/f'

=

" 1 0 0 "
0 1 0
0 0 1
0 0 0
0 0 0

-Yms Xms 0

FI sin 0
Ff cos 0

2

3.79)
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M-1 Jjmz

Master Joint
__________\

449

Slab

-f

J2l

V
mS

r]m*./ Fjm;

Fjmz~Fjsz"F2

X^

rjsy=rlCOSD Mjmy(MjSy) 0

-^u"
Slave Joint F

Shear Wall

FIG. 8.19 Slave-master joint relationship of slab-wall joint.

Note that the relationship between notations {.Fjm} and {Fjs} shown in Fig. 8.8b is the same as that
in Fig. 8.19. In the latter figure, Fjsx and Fjsy at J\ merely show from where they result. These two
forces are then transferred to and induce torsion in the master joint [see Eq. (8.79)]. Thus the
master joint assigned at the floor slab has three independent forces. Although the slave joint also
has three independent forces, two of them are zero as dummy d.o.f.: Mjmx(MjSX) = Q; Mjm>,
(Mjsy) = Q. These three are part of the nodal forces in a structural system.

Combining the transformation for all four joints yields

Fj2m

C1

;s], o o o
o [r;s]2 o o
o o [r;s]3 o
o o o [r;s]4 _

(8.80)

where {/•},-„,} = [/^m^ ^jm>, /"jm^ Afjml Mjm>, Mjmz] represents the transformation at joint /'. Sub-
stituting Eq. (8.74) into Eq. (8.75), which is then substituted into Eq. (8.80), leads to

Fj2m

Fj4m

(8.81)

Using Eq. (8.70) in the above to replace internal forces at the wall's nodes, {Fe}, with spring forces,
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Z:

F2'Fjly J2

(b)

Y_

F,,FJIX

Xi

Ji^^30°___^imy
j lmy

**jimx

100mm

(a) Wall Properties

X,

(b) Force-deformation Relationship
bewteen {Fjm} and {6jm}

Z g ' Z j

Imy Y Y-\ IB'IJ

FIG. 8.20 Example 8.7.2. (a) Wall properties, (b) Force-deformation relationship between {Fjm} and
{<5jm}. (c) Relationship between joint d.o.f. and dummy d.o.f.

[Ma Ka JPa]T, we have

M.,
= [A][Ae ?.82)

For deformation of the springs, the transformation is expressed as

= [[A][Ae]]r- <5j2m

^J3m

<5j4m

(8.83)
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jimy

FIG. 8.20 Example 8.7.2. (d) Forces and deformations due to c5jim,.

where [<5j/m] = [<5jm.v <5jmj, <5jmz Ojmx Ojmy Ojmz] after transformation. The stiffness matrix of the wall is
finally obtained in the JCS as

'] = [A][Ke][A] (8.84)

If the JCS and GCS are assumed to coincide, then [CjJ in Eq. (8.73) becomes an identity matrix.
[K'] in Eq. (8.84) is the wall's stiffness matrix in the GCS.

EXAMPLE 8.7.2 The orientation of the shear wall given in Example 8.7.1 is shown in Fig. 8.20a
where Xg, Yg, and Zg are global coordinates; F\, F2, and F4, are the wall's joint forces in ECS; and
F]ix, F] iz, and Fj2z are dummy d.o.f. in the ECS for transformation purposes. The orientation of the
ECS is based on Fig. 8.15. Find {Fjm} =[K']{8jm}. Check the correctness of the stiffness
coefficients.

Solution: From the spring stiffness matrix derived in Eq. (8.62) and numerical values obtained
from Example 8.7.1, we have

0

symm

1
500

2.648(10)5 0 0
1.104 0

symm 3.18
(a)
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From Eq. (8.61),

CHAPTER 8

1 0
- 1 0
0 1
0 - 1
0 0
0 0

0
0
0
0
1

-1

(b)

Because the shear wall is fixed at the bottom, the wall's free d.o.f. are only 1, 2 and 4; a = h, f> = 0;
[A2] in Eq. (8.69) is therefore reduced to

[A2} =

0 0 1 0 0 0 '

o ow 2

-* o I ow 2 •

(c)

From Eq. (8.74), the relationship between [Fj\x F-lly F^z Fj2x Fj2y Fj2z]T and [F\ F2 F4]T is

1 0 0'
0 1 0
0 0 0
0 0 0
0 0 1
0 0 0

(d)

Global forces at joint i, in terms of joint forces at that joint, are expressed in Eq. (8.73),
{Fji} = [Cj^Fgi}. Since the JCS is parallel to GCS as shown in Fig. 8.20, [Cj,-] (/= 1, 2) becomes

'1 0 0'
0 1 0
0 0 1

(e)

For expressing element forces (in the ECS) in terms of global force (in the GCS), we need the
following calculations.

For line od= 1000 mm, Xg4-Xg3 =1000 cos 60°-0 = 500 mm, Yg4-Yg3 =1000 cos
30°-0 = 866 mm, Zg4 - Zg3 = 0-0 = 0, and

£>g43 =

vector od is

C n = -

-(Zg4-Zg3)2 = 1000mm

D.'g43 1000 'g43

866
1000 =0.866, Dg43

= 0 (g)

For line ob = 500 mm, X&2 - X&3 =0-0 = 0, Fg2-Fg3 = 0-0 = 0, Zg2 - Zg3 =500-0 = 500
mm, and

(Yg2- Yg3)2 + (Zg2 - Zg3)2 = 500 mm

vector o<3? is

C2 1=^ D.'g23 500 D.g23 D.g23

500
500

(h)

(i)
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For line oc = 50 mm, Xgc - Xg3 = 50 cos 30°-0 = 43.3 mm, 7gc - 7g3 = 50 cos 120°-0 = -25
mm, Zgc — Zg3 = 0-0, and

A,c3 =

vector oc is

+ ( ̂ gc - Yg3)2 + (Zgc - Zg3)2 = 50 mm

:^ = 0.866, C32=^-
50 Dec-.

Thus, at joint Jl, we have

C,, C12 CI3

(-21 (-22 (-23

(-31 ^32 C33

25 n <- r Z^ Zg3

^=-°-5'C33=-5I3-

0.5 0.866 0
0 0 1

0.866 -0.5 0

0)

= 0 (k)

Due to fixity at the bottom of the shear wall, [A4] in Eq. (8.75) is reduced to

:e,]T o
0 [Cj2][Ce2]T

where [Cjl] = [Cj2] = [/] and

(1)

(m)

0.5 0 0.866'
0.866 0 -0.5

0 1 0
(n)

Assuming the master joint is at (0, 0, 500) of the GCS, we have [Xsm Fgm Zgm]| = [00 500]^ and

YB, \ =
1000 sin 30° ] \ 500
1000 cos 30° i = I 866

500 500
(o)

Using Eq. (8.5) yields

Xms
YJ ms
7-^-ms

1 0 0'
0 1 0
0 0 1

500-0
866-0

500 - 500

500
866
0

(p)

Thus [T'ms] for Jl from Eq. (8.77) is

1
0
0
0
0

_ — ̂ msl

0
1
0
0
0

*msl

0"

0
1
0
0
0

1
0
0
0
0

-866

0
1
0
0
0

500

0"
0
1
0
0
0

(q)
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Similarly for J2

'L7msJ2-

- 1
0
0
0
0

_-rms2

*gs)

Ygs =
7

Ss . 2

0 0"
1 0
0 1
0 0
0 0

*ms2 0.

0
= 0

500

Cl

"1 0 0"
0 1 0
0 0 1
0 0 0
0 0 0

.0 0 0.

Xms' " 1 0 0 " 0-0 0
rms = o i o • o-o • = . o
Zms 2 0 0 1 500-500 0

From Eq. (8.80), we have

1A5\ =

" 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0

-866 500 0 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 0"
0 0
0 0
0 0
0 0
0 0
0 0
1 0
0 1
0 0
0 0
0 0

CHAPTER 8

Finally the stiffness matrix is obtained from Eq. (8.81) and (8.84) as

{*jm} = [K'}{5jm] = [A] [Ke]

26.72 0 0 0 0 0
0 0 0 0 0

0 0 0 0
0 0 0

0 0
0

F'\m '

Fj\mz

A/jlmz

F'fimx

Fj2mz

Mj2mx

Mj2my

= 105

(r)

(s)

(t)

-5.520
-9.561
5.084

0
0
0
0
0

26.72

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

o-
0
0
0
0
0
0
0
0
0
0
0.

<Sjlm,Y '

<5jlm>.

<5jlmz

Ojlmx

Ojlmy

Ojlmz

<w
<5j2m>>

<5j2mz

0j2m*

Oj2my

Oj2mz

(u)

From systems analysis procedure, the d.o.f. associated with a slave joint are assigned to a
master joint. In this case, forces at J2 are transferred from Jl by d.o.f. identification (see Example
8.12.1). -Fjimz is not transferable and stays at Jl; Mj\mx, Mj\my, and Mj\mz are dummy forces
assigned to nodal d.o.f. for structural stiffness formulation of a 3D building structure. The cor-
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rectness of the coefficients in Eq. (u) is checked by first noting that the moments and rotations are
associated with dummy d.o.f. (For the purpose of connecting a wall's node to a typical structural
joint of the six d.o.f., see accompanying Fig. 8.20c.) Therefore no stiffness coefficients exist
in Eq. (u). Other stiffness coefficients are checked as follows:

K\t2 and K2^ due to 5jimy (see Fig.8.20b)

Fl = (K,/K)d\ = (1.104)109/500(Si = 22.08(10)5<5i; <5j = <Sjlny, cos 30°
^jim* = Fi sin 30° = Fi sin 30° cos 30° <5jlny, = (9.561)105<5jlny, = K:,26jimy

Fjimy = F} cos 30° = Fl cos 30°<5jlmj, = 16.66(10)5<SjImj, = K2^my

K I > 3 and K2>3 due to <5jlmz (see Fig. 8.20d)

<5, = (/*/w)<W; F\ = Va = (Ks/hfa = (1.104)109/2(500)<SjImz = 11.04(10)5<Sjlmz (y)
Fj}mx = Fi sin 30° = 5.52(10)5<5jlm>, = ^i,3<5jlmz (z)
Fpmy = Fl cos 30° = 9.561(10%m.T = ^2,3<W (aa)

8.7.4. Shear-Wall Geometric Matrix (String Stiffness) in the JCS or GCS
Based on Method 1

To be consistent with lumped mass formulation, the geometric matrix of shear walls is formulated
in string stiffness. A wall is idealized as a rigid body in the plane of the wall with d.o.f. 1 and 8 as
shown in Fig. 8.2la. Axial load P is positive when the wall is in compression. Since the walls
out-of-plane stiffness is not considered, the vertical ends of the wall (perpendicular to its plane)
are idealized as two rigid bars so they can move independently in accordance with deformation
of other elements connected to them. As shown in Fig. 8.21b, one rigid bar has d.o.f. 3 and
10; the other has 5 and 7. Both bars share an axial load with P/2. Thus the element geometric
matrix in the ECS is

P
2h

' 2
0
0
0
0
0
0
-2
0
0

0
0
0
0
0
0
0
0
0
0

0
0
1
0
0
0
0
0
0
-1

0
0
0
0
0
0
0
0
0
0

0
0
0
0
1

-1
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
-1
0
1
0
0
0

-2
0
0
0
0
0
0
2
0
0

0
0
0
0
0
0
0
0
0
0

0 "
0
-1
0
0
0
0
0
0
1

3.85)

The following geometric matrix is obtained by transferring the ECS to JCS or GCS, depending on
whether JCS and GCS are assumed to coincide

'] = [A][Keg][A]1 (8.86)

8.8. BRACING ELEMENTS

8.8.1. Bracing-Element ECS and GCS Relationship Based on Method 1
A bracing element consists of two joints, A and B, as shown in Fig. 8.22. Orientation of the bracing
element is defined by ECS. Locations of both the start-joint A and end-joint B are defined in the
GCS. Let Xgs, Fgs, Zgs be the coordinates of joint A, and Xge, Fge, Zge be the coordinates of
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P6,

-P6,

(b)

FIG. 8.21 P-A effect on shear wall, (a) In-plane deformation, (b) Out-of-plane deformation.

Start Joint A

(Xgs> Ygs'Zgs

FIG. 8.22 ECS of bracing element.

joint B. The distance between A and B is given by

r> _ I ly _ v \^ _L IV — V \^ -*- (7 7 \2J-SSG — Y v ge ^gs/ ~r \ * ge J gs/ ~r v-^ge -^gs/

The unit vector, K*, from the start joint to the end joint is

j. (Y — Y "»T 4- IV — V \l" -1- (7 — 7 \f
1f __ V^ge ^gsy' T V J g e -* gs/7 ~r V-^ge -^gsy"-

End Joint B
(Xge,Yge,Zge)

(8.87)
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FIG. 8.23 Local d.o.f. for bracing element.

Vector Vx defines the orientation of the member's local Xe axis. Let the origin of Xe be at joint A.
The vector that defines the orientation of the element coordinate system can be written as

= VX = [C

where [Ce] is the direction cosine matrix of the ECS (see Example 8.8.1); i, j, and k are unit
vectors of the GCS. The element has two d.o.f. as shown in Fig. 8.23; its forces and displacements
in the ECS are

{Fe}=[Fxa Fxb?
{Se} = [dxa <5,/JT

(8.90a)
(8.90b)

8.8.2. Bracing-Element Stiffness in ECS
Stiffness of a bracing element corresponding to the Vx direction can be expressed as

3.91)

where K\,r represents the axial stiffness coefficient. For the elastic case, K-br = AE/L\ for the
inelastic case, K^r is based on the hysteresis rules discussed in Chapter 9.

8.8.3. Bracing-Element Stiffness in the JCS or GCS Based on Method 1
Since the procedure of transformation between the forces in the JCS or GCS and those in the ECS
is similar to that used for beam-column elements in Section 8.6.3, it is presented only briefly here.
For the relationship between ECS and GCS, we have

3.92)

where {Fe} and {FB} represent the forces in the ECS and GCS, respectively; and [Ce] is the direction
cosine matrix of the ECS. Thus rotating the element forces to global forces yields

{FB} = [Ce]T{Fe} (8.93)
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Expressing the joint forces, {/*}}, in terms of the global forces gives

Substituting Eq. (8.93) into the above leads to

3.94)

3.95)

Constraint transformation of the forces from slave joint to master joint is illustrated by Fig. 8.24.
Fjs:! at the slave joint cannot be transferred to the master joint and stays as Fjmz; Fjsx and Fjsy are
transferred to the master joint as F-imx and Fjmy, respectively, and also induce torsional moment,
j^jmz. Two dummy d.o.f. are M-imx (Mjsx) = Q, Mjmy(Mjsy) = 0. Symbols (Mjsx) and (Mjs>-) imply
that dummy moments M-imx and Mjmy correspond to Mjsx and Mjsy, respectively. The resulting
transformation is

F-1 jmx

Fjmy

Mjmx

M]my

Mjmz

1 0 Q-
0 1 0
0 0 1
0 0 0
0 0 0

_ _( y-gs _ ygm) (jrgs _ xgm) 0 .
~ 1 0 0 -

0 1 0
0 0 1
0 0 0
0 0 0

.-I'm, *m, 0.

Fisx •
jsy

Fjsz

F]sx , F]sx

F)S}' ~ MmsJ FW

FJSZ Fisz

3.96)

which is identical to Eq. (8.77) and is therefore similarly expressed [see also Eq. (8.40)] as

{JF jml=[r^s]{JF j} (8.97)

where

I \T! 1
L-'ms-l/l

Q

0

Distances Fgs, Fgm, Xss, and X&m are shown in Fig. 8.24b and can be used in Eq. 8.5 for Yms and

= [Cj] Y — YJ gs L gm 3.98)

Formulation of the stiffness matrix expressed in the JCS or GCS (if the JCS and GCS coincide,
then the stiffness matrix is the GCS) uses Eqs. (8.41)-(8.43). The result is

= [A][Ke][A]r 3.99)

Note that the .P-A effect is not considered for bracing members. The .P-A effect of the
beam-column or shear wall, as presented earlier, is based on the following consideration: axial
force on a member is obtained from the load either directly applied to the member or lumped
on the member from the floor load, or both. A bracing member's force can only be obtained
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(a)

/ /
Rigid Floor /' _. . *'f

S •' Braci"g ,'/

(b)

A— Bracing

Slave Joint

*. Mjmy(Mjsy)=0

FIG. 8.24 Relationship between master and slave joints of bracing element, (a) Arbitrary master
joint in relation to bracing-element's slave joint, (b) Detail at Section A.
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(a)

CHAPTER 8

Master Joint B

a M
amx amy

gs

FIG. 8.25 Example 8.8.1. (a) Forces transferred to A and B. (b) Forces staying at a and b.

after first-order structural analysis. For simplicity, this force is not included in geometric matrix
formulation, which therefore is not presented (see Section 9.7 for geometric nonlinear analysis
after first-order analysis).

EXAMPLE 8.8.1 Determine the stiffness matrix in GCS of the bracing element shown in Fig.
8.25. The member is W% x 67 for which A = 12,710 mm2 and £ = 210,000 N/mm2. Coordinates
of points A and B are: Xgs = 500 mm, Fgs = Zgs = 0, Xge = 0, Fge = 800 mm, and Zge = 600 mm.

Solution: For Eq. (8.89), [Ce] is obtained as follows:

Dx = - XssY+(Yse - Fgsr+(Zge-Zgsr = J(-500r +

CM =-
Y — Y-A- e -^ s

= -* ee -* 0'

Zge — Zg
-

0-500
1118.034
800-0
1118.034

600
Ae 1118.034

[Ce]a = [-0.447 0.716 0.537]

= -0.447

= 0.716

= 0.537

+ (600r = 1118.034mm

Similarly

[Ce]b = [Ce]a (b)
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Assume the JCS is parallel to the GCS; then

461

L, = [Cj]b =
1 0 0
0 1 0
0 0 1

(c)

The floor slab is in the Xe-Ys plane and the master joints are assumed to be at A and B of the
lower and upper floors. Let the GCS originate at A. Force transformation for the bracing element
is then expressed as

Y — Y^Ipo J\igm

-* s ~~ -'

1 0 0'
0 1 0
0 0 1

500 - 0 1 f 500
o-o I = I o
0-0 0

(d)

and

and

1 0 0 0 0 0
0 1 0 0 0 500
0 0 1 0 0 0

at joint B

1 0 0
0 1 0
0 0 1

' 1 0 0 0 0 -800
0 1 0 0 0 0
0 0 1 0 0 0

Thus from Eq. (8.41),

(e)

0-0
800-0

600 - 600

(g)

lT = noJ L o
o ]rtq]a o -i [ce£ o

n,,]JL 0 [Cj]J _ 0 [Cel

-0.447 0.716 0.537 0 0 3 5 8 0 0 0 0 0 0
0 0 0 0 0 0 -0.447 0.716 0.537 0 0 357j

(h)

The stiffness coefficient of the bracing member is

(i)
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The stiffness matrix in GCS is then obtained from Eq. (8.99) as

4.769 -7.640 -5.730
12.24 9.178

6.883

0
0
0
0

0 -3820
0 6119
0 4589
0 0
0 0

3059(1 0)3

-4.769
7.639
5.730

0
0

3820
4.769

7.640
-12.24
-9.178

0
0

-6119
-7.640

12.24

5.730
-9.178
-6.883

0
0

-4589
-5.730

9.178
6.883

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

3816 -
-6112
-4584

0
0

-3056(10)3

-3816
6112
4584

0
0

3.052(10)6 .

<>Amx

l>Amy

Oamy
9 A mz

G)

Note that joints a and b are structural nodes at which the forces that cannot be transferred to
the master joints should stay. Thus each of these two nodes has three forces remaining. For
instance, node a has Famz, Mamx, Mamz. Among them, only vertical force Famz exists (as nonzero)
and the bending moments are zero, which are assigned here as dummy to match the structural
system's d.o.f.

8.9. STRUCTURAL CHARACTERISTICS OF 3-D BUILDING SYSTEMS
As a comprehensive illustration of formulating structural stiffness matrix, a 3D one-story building
comprising various structural components is shown in Fig. 8.26 with structural nodes numbered
1-8. Structural components include an in-plane rigid floor on the Xs-Ye plane, a wall in the ver-
tical direction along the Zg-axis, column 2-6 vertical, column 1-5 slanted, and a bracing member
connecting nodes 1 and 6. Note that the floor has a mass center (MC) which is also a master
joint. The MC may signify a master joint without mass lumped on it. These structural components
are further studied here with consideration of building characteristics through the second method
of coordinate transformation.

8.10. RIGID ZONE BETWEEN MEMBER END AND JOINT CENTER

In structural analysis, we usually consider (as in previous chapters) that a structural member is
connected to a structural joint, and member length is measured from center line to center line
of joints to which the member is connected. In reality, structural members intersect at the joints,
and member ends are at the surface where the member connects, such as a beam's connection
to a column. Therefore member length should be measured from a surface (i.e. member end),
but not from the center of a joint. Deformation between surface and center line due to rigidity
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(a) (b)
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FIG. 8.26 Three-dimensional building configuration, (a) Elevation, (b) Floor plane.

(a) Member 2

Y Member 3

Member 1
Member 6

Member 2

f~ Rigid Zone

Member 1

FIG. 8.27 Rigid zones of structural connection, (a) Structural connection, (b) Rigid Zones in Xe- Ye
plane, (c) Rigid zones in Ze-Ye plane.

of connections (such as a slab) is complex and may be denned as a rigid zone. A typical rigid zone is
shown in Fig. 8.27; it is assumed to have no deformation and to move as a rigid body with the member
end connected to that zone.

Figure 8.27a shows a joint of six members (elements) for which the rigid zones of members 1
and 2 are displayed in Fig. 8.27b and c, where Lys and Lye express the length of rigid zones
in the Xe- Ye plane, respectively; Lzs and Lze express the length of rigid zones in the Ze- 7e plane,
respectively. Subscripts s and e stand for the start joint and end joint of a member (see Fig. 8.28).
Xe, Ye, and Ze axes are the element coordinates of the ECS.
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Note: s —Start Joint; e — End Joint.

FIG. 8.28 Force transformation from member end to joint center.

8.11. BUILDING-STRUCTURE-ELEMENT STIFFNESS WITH RIGID ZONE

8.11.1. Beam-Column Stiffness in ECS Based on Method 2
With consideration of the rigid zone, the beam-column element stiffness in the ECS shown in Fig.
8.12 and derived in Eq. (8.31) should be modified to transfer member-end forces {Fe} to structural
joints. A typical 3D beam-column element is shown in Fig. 8.28, for which the moments at start
joint s due to Fya and at end joint e due to Fyb are

Mzs = FyaLys; Mze = -FybLye

Similarly, the moments due to Fza and Fzb are

Mys = -FzaLzs; Mye = FzbLze

By summing the forces and moments at the joints,

Fxs
Fys
Fzs
Mxs
Mys

Mzs

Fxe

Fye
Fze
Mxe
Mye
Mze

" 1 0 0 0 0 0 0 0 0 0 0 0 "
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 -L,s 0 1 0 0 0 0 0 0 0
0 Lys 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 L,e 0 1 0
0 0 0 0 0 0 0 -Lye 0 0 0 1

Fxa '
Fya

Fza
Mxa
Mya

Mza
Fxh
Fyb

Fzb
Mxb
Myb
Mzb

(8.100)
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F"t *^&T\

5ys ,6*>,

"VO

6, Y<
*»

6rh£^ N
\>

Lr* L L*

FIG. 8.29 Compatibility condition between joint center and member end.

or

tfel = [Tje] t^e) (8.101)

where [TjJ is rigid-zone transfer matrix. Note that if the rigid-zone at the member's end is not
considered or is negligible, the transformation matrix [7]e] reduces to an identity matrix.

The compatibility condition between the joint center and the member end is illustrated in Fig.
8.29 for deformations in the Xe-Ye plane from which

<>xa = <>xs + Lys cos Ozs - Lys x 5XS

oza = ozs
(>xb = $xe - Lye COS Oze + Lye « 5xe

$yb = dye ~ Lye sin 0,e « 5ye - LyeOze

Od, = Oze

(8.102a)
(8.102b)
(8.102c)
(8.103a)
(8.103b)
(8.103c)

Eqs. (8.102a-c) correspond to columns 1,2, and 6 in Eq. (8.100), respectively; Eqs. (8.103a-c)
are also respectively identical to columns 7, 8, and 12 in that equation. Similarly, the compatibility
condition of the member in the Xe-Ze plane is the basis for the rest of the columns in Eq. (8. 100).
Thus the deformation relationship between member end <5e and joint center <5e is

{<5el = [7]e]T{<S;} (8.104)

The element stiffness matrix at the joint center in the ECS is thus modified from Eq. (8.30) as

Using [Ke] = [Ae] [Sj] [Ae]T [see Eq. (8.30)] in the above yields

[<] = [7]e] [Ae] [S,] [^e]T[7je]T = [A'e] [S,] [A/nT

8.105)

(8.106)

If a rigid zone is not considered, then [^g] = [^e] and [K'e] = [Ke].
Transformation from the joint's d.o.f. to global d.o.f. is similar to transformation from the

member-end's d.o.f. to global d.o.f. without a rigid zone. Note that the transformation technique
of Method 2 presented in appendices G and H is applied here to general 3D building structures.
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8.11.2. Beam-Column Stiffness in GCS Based on Method 2

CHAPTER 8

The beam-column stiffness derived in Section 8.6 is expressed in the JCS or GCS and is given in
terms of various transformation matrices. The stiffness matrix is now presented in detailed form
with all transformations done in the GCS. This form is convenient for system stiffness assembly
in classroom teaching as well as for computer facilities with less storage capacity. The stiffness
is thus ready for use without manipulation of transformation matrices. More importantly, its
detailed form provides a means of understanding the physical sense of individual stiffness
coefficients, which will be discussed later for beam-columns and other elements. This discusson
of stiffness includes various parameters such as angles between member axis and joint axis,
between joint axis and GCS, as well as rigid zones. An individual parameter can be dropped from
the general expression if it is not to be considered.

Combining Eqs. (8.41)-(8.43) with Eq. (8.105), we obtain the stiffness matrix of a
beam-column with rigid zone in the JCS as

] [Ce ] [Ke] ([fms] [C,] [Ce]T[7je])T (8.107)

Let

(8.108)

Then

3.109)

If the rigid zone is not considered, then [A1] = [A], which is the same as that expressed in Eq. (8.41).
To illustrate a general case, let a beam-column be arbitrarily oriented in a space as shown in

Fig. 8.30 (see Fig. E-2 in Appendix E). The element transformation matrix between ECS and
JCS is derived in Appendix E with the following result:

(b)

FIG. 8.30 Beam-column element in space, (a) Beam-column in space, (b) Angle a.
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/2 /3

n\

— — (CvC v cos a + c, sin a) m cos a — (c,- sin a — cvc, cos a)m ~ m

— (cx cv sin v. — c, cos a) —m sin a — (cy c, sin a + c* cos a)
L m m

(8.110)

The transformation between the JCS and GCS is derived in Appendix D, for which the result
is given in Eq. (8.la) and repeated as follows:

I\A i2A 13 A
j\A J2A J3A

k\A k2A kw

cos ft cos y sin ft cos ft sin y
— cos (j) sin ft cos y — sin </> sin 7 cos </> cos /? — sin y cos </> sin ft + sin </> cos y
cos 7 sin 0 sin |8 — sin y cos </> — sin </> cos /? sin <j> sin /J sin y + cos <j> cos y

5.11 la)

and

l\B l2B l3B

JIB J2B J3B

cos ft cos y sin ft cos ft sin y
— cos 4> sin jS cos y — sin 0 sin y cos 0 cos ft — sin y cos <f> sin jS + sin 0 cos y
cos y sin <j> sin /? — sin y cos 0 — sin 0 cos ft sin 0 sin ft sin y + cos </> cos y

5.1 lib)

Note that angles ft, y, and </>atA are not necessarily the same as at B. Transformation matrix [A'}
and global element matrix [Kl\ for this general case are given in Appendix F.

In a building structure, the center line of a column is usually perpendicular to the XZ-Y% plane
of the GCS as shown in Fig. 8.31. Therefore the direction cosines of axis Xe are cx = Q, cy = Q,
cz=\. In order to use the aforementioned cosines, the orientation of the GCS must be the same
as shown in Fig. 8.31. Assuming that the JCS coincides with the GCS, we have /? = 0, y = 0
and 0 = 0. Substituting the known values into Eqs. (8.110) and (8.11 la or b), [Ce] and [Cj]
are modified as
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(b)

Z. MC

FIG. 8.31 Beam-column element, (a) ECS and GCS. (b) Angle a.

[Ce] =

and

—cx Cy cos M — cz sin «
m

cx cy sin « — cz cos «
W

o o r
— sin a cos a 0
— cos a — sin a 0

cos jS cos y

m cos a

—m sin a

—cycz cos a + cx sin a

cy cz sin a + cx cos a

sin /I cos /3 sin y

3.112)

— cos <j) sin ft cos 7 — sin </> sin 7 cos 0 cos /? — sin y cos 0 sin ft + sin 0 cos 7
cos y sin <j> sin /J — sin y cos </> — sin <p cos j5 sin </> sin ft sin 7 + cos <j> cos 7

' 1 0 0'
0 1 0
0 0 1

5.113)

The stiffness matrix can be obtained by using the procedure shown in Eq. (8.109) or sub-
stituting the known parameters of /, = 0, 12 = 0, /3 = 1, m \ = - sin a, m2 = cos a, m3 = 0, n \ = - cos
a, «2= -sin a, «3 = 0, i\A = i\B =J2A=J2u = k3A=k3B=l, i2A=i2B= hA = hn=j\A=j\B =
J3A= J3B = k\A =k\B = k2A=k2B = 0 into Eqs. (F-l) and (F-2) in Appendix F. For example

A13 = i\An\ + iiAni + i3An3 = (1)(—cos a) + (0)(— sin a) + (0)(0) = —cos a
^32 = k\Am\ + k2Am2 + k^m?, = (0) (- sin a) + (0) cos a + (1) (0) = 0
^63 = — YmsAi\An\ — YmsAi2An2 — Yms^i3An3 + Xm&Aj\An\ + XmsAj2An2 + XmsAJT,An3 — LZSA32

= YmsA (1) cos a - YmsA (0) (-sin a) - YmsA (0) (0) + XmsA (0) (- cos a)
(-sin a) + XmsA (0) (0) - Lz,(0) = YmsA cos a - XmsA sin a
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Calculating each item of Eq. (F-l), [A'] becomes

469

-* Amx

FAmy

r AmZ

MAmx

MAmy

MAmz

FBmx

Fsmy
FBmz

MBmy

MBmz

Fxa '

Fya

Fza

Mxa

Mya

Mza

Fxb

Fyb

FA

Myb

Mzb

-0 -sn -cs 0 0 0 0 0 0 0 0 0 -
0 c s - s n 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 -cs Lys sn Lzs 0 -sn -cs 0 0 0 0 0 0
0 -sn Lys -cs Lzs 0 cs -sn 0 0 0 0 0 0
0 A62 A63 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 -sn -cs 0 0 0
0 0 O O O O O c s -sn 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 cs Lye -sn Lx 0 -sn -cs
0 0 0 0 0 0 0 sn Ly. cs Lze 0 cs -sn

.0 0 0 0 0 0 0 B62 B63 1 0 0

Fxa

Fya

F,a

Mxa

Mya

M,a

Fxb

Fyb

Fzb

M,xb

Myb

Mzb

where sn = sin a, cs = co$ a, and

^62 -- ^^ * msA ~r CSAms-^ , ^63 -- ^-* ms/4 ^^-^ms^

562 = sn YmsB + csXmsB; B63 = cs YmsB - snXmsB

(8.114)

The coefficients —sn, (seventh row and eighth column) and snLye, (11 th and eighth column) of Eq.
(8.114) correspond to B\ 2 and B52, respectively, in Eq. (F-1). Similarly, the coefficient -cs (first row
and third column) of Eq. (8.114) is associated with A \ 3 in Eq. (F-l). Coefficients in Eq. (8.114) can
be explained either in terms offeree transformation or deformation transformation. For example,
A-jf) [row 1 and column 9 in Eq. (8.114)] and A\\$ [row 11 and column 8 in Eq. (8.114) are illus-
trated with deformation transformation in Fig. 8.32 based on [B']T = [/!']; A-j^ and ^11,8 are illus-
trated with force transformation in Fig. 8.32b.

For A-jf) and A\\$ based on deformation transformation (see Fig. 8.32a),

If (5Bmv/0, other displacements = 0; dzb= —cos ttdBmx = Bi3dBmx = A7i9(5Bmv.
If 0Bm>./0, other displacements = 0; 5yb = Lye sin a.OBmy = B520Bmy = An^OBmy.

For A-i<) and A\\$ based on force transformation (see Fig. 8.32b)
If -Fzi/0, other forces = 0; FBmx= —cos <xFzb = Bi^Fzb = A7^Fzb.
If Fyb^Q, other forces = 0; FBmy = Lye sin a.Fyb = B52Fyb = Au$Fyb.

As discussed previously, notation B as used above refers to the coefficients in Eq. (F-l).
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Similarly, the stiffness matrix is simplified from Eq. (F-2) as

FA-TUX

FA\TIZ

MAmx

MAmy

MAmz

6 Amy

<>Bmx

<>Bmv

^Brny

0 V IS IS IS IS t\ TS IS ISA-2,4 -"-2,5 -"-2,6 -"-2,7 -"-2,8 ^ -"-2,10 -"2,11 -"2,12

K3t3 0 0 0 0 0 K3t9 0 0 0

•^5,5 -^5,6 ^5,7 ^5,8 0 ^5,10 -^5,11 ^5,12

^6,6 ^6,7 ^6,8 0 Aijo K(,j\ K(,j2

^8,8 0 A^io AS, 11 ^8,12

symm ^9,9 0 0 0
^10,10 -^10,11 -^10,12

"Amy

^Smz

(8.115)

To show how the stiffness elements in Eq. 8.115 are obtained from Eq. F-2, we illustrate the
following two elements:

AT, ]=A2
U H + A2

12 S22 + A2
3 S33 = (0) H + (-sn)2 S22 + (-cs)2 S33=sn2 S22 + cs2 S33

Ki',2 = An HA21+A12 S22 A22 + A13 S33 A23 = (0) H(0) + (-sn) S22
cs + ( — cs)S33( — sri) = sn cs(S33 — S22)

Other elements of Eq. (8.115) can be obtained by using the same procedure. Results are

4 = sncs(S22LyS - 5 + S26); , ,5 = sn\S22Lys + S26) + C5

,.u= sn2(S22Lyc + S26) + cj 3 - S22) + sn2S22 Ym

= — cs2(S22Lys + S26) - sn

K2.6 = sncsYmsA(S22 — S33) + sn S33XmsA + cs S22XmsA;
K2.s = - Kv; K2M=- C52(S22LVC+S26) - sn2(S^L
K2.n= - K [ [ 0 ; K2j2 S^XmsB-cs S22XmsB

K4A = cs2(L2
sS22 + 2LysS26 + A) + sn2(L2

lsS33 + 2L,_SS35 + B)
^4.5 = cssn(L2

sS22 + 2LVSS26 + A- L2
s5-33 - 2L_,SS35 - B)

K*.6=- XmsA [cs2(LysS22 + S26) + sn2(L2SS33 + S35)} + cssn YmsA (L,_SS33 5 - LysS22 - S26)
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for A7 9 =B9i7)

6yb=sma6BmyLye

forA g n(orA 8 j l l=B 1 1 8)

for A-

zb
bmx

•7,9 for Ao

FIG. 8.32 Coefficient verification of beam-column's transformation matrix, (a) Deformation
transformation, (b) Force transformation.

KA i n —

2 = XmsB[cs2(LysS22 + S26) + sn2(L,sS33 + 535)] + cssn 7msS( - LZSS33 -S35 + LysS22 + S26)
K5.5 = f

- S2

= sn\LycLysS22 + LyJSit + LysS26 + C) + CS2(LZCLZS5'33 + Lzc5-35 + LZS535 + D)
= YmsB[sn2(LysS22 + S26) + cs2(L,sS33 + S35)] + cssnXmsB(LysS22 - 535 - L.,S533 + S26)
cs\S22X2

msA + 533 7^) + Q + OT
2(522 Y2

msA + S33X2
msA) + 2cssnXmsA YmsA(S22 - 533)

- K\(,', K6g= —K26

-- - XmsA[cs2(Ly,S22 + S26) + sn2(LzcS33 + S3i)] + cssn Ym,A(L,_,S33 + S35 - LycS22 - S26)
-- - YmsA[sn2(LycS22 + S26) + cs2(LzcS33 + S35)] + cssnX^^L^JS^ + S35 - L^S22 - 526)

33) - YmsA YmsB(sn2S22+cs2S33) - Q + cssn( YmsA XmsB + XmsA 7msB)(S33 - 522)

-^7,10

-^7,12

,.,o = cs2(L2S22 + 2LycS26 + A) + snz(L2
xS33 + 2LSCS35 + B)
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(b)
V8,8 '

msB h-H

(c) :,8 ^Bmy

FIG. 8.33 Verification of beam-column stiffness matrix coefficients, (a) Displacement 8fmy. (b) For
K2,$ and A:8,8. (c) For K^ and K]0,$. (d) For AT6,8 and A:I2,8.

'IO. 1 1 = cssn(L2
yf,S22 + 2LVCS26 + A -

f 10. 12 = ^msfi[cs2(LvcS22 + 526) + OT2(
- 2L^S35 - B)

3 + 5-35)] + cssn YmsB( 3 - 535 + LVC522 + S26)

Y2
msB) + Q + m\S22 Y2

msB + S,3X2

Note that A, B, C, D, H, Q, and S as used above are denned in Eqs. (8.19)-(8.22) and (8.32)-(8.35).
The physical meaning of the coefficients in Eq. (8.115) can be explained from Fig. 8.33. For

simplicity, assume that the member's major and minor axes are parallel to the GCS; therefore
angle « = 0 in Fig. 8.31. Let displacement 5Bmy^O; the others in Eq. (8.115) are zero. Forces
caused by displacement 5Bmy are shown in Fig. 8.33b-d, in which MC is mass center and/or
master joint. The latter implies a master joint without lumped mass.

In Fig. 8.33, displacement 5^ induces horizontal forces and moments at member ends A and
B. Consider only the forces. At each end, the force is S225Bmy (see Eq. (8.32) for S22), which
transfers to the joint center and also induces moment at the center. Force and moment are finally
transferred to MC.

Forces transferred to MC, represented by K2^ and Ks,s as shown in Fig. 8.33b, are
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Forces also induce moments at the joint center. These moments, represented by K4fS and K]Q^
as shown in Fig. 8.33c, are

Note that these two moments stay at the joint center. This center is also treated as master joint
for the forces or moments not transferable, as discussed in Section 8.4. The force transferred to the
joint center then induces torsional moment at MC, represented by K6 8 and K\i 8 as shown in Fig.
8.33d.

MAmz = XmsAS22$Bmy = K(,£<)Bmy', M Bmz = — XUKsS22& Bmy = K\2,%& Bmy

8.11.3. Beam-Column Geometric Matrix (String Stiffness) in JCS or GCS
Based on Method 2

The geometric matrix of a beam-column without rigid zone in ECS is notated in Eq. (8.44). When
the geometric matrix is in the JCS or GCS and the rigid zone is considered, the matrix should be
modified from Eq. (8.45) as

'] = [A'}[Keg][A'}J (8.116)

in which [A'] is given in Eq. (8.108) for the general case of a member's orientation in space. If the
direction of the Xe axis of the ECS coincides with the Zj axis of the JCS as well as Zg of the
GCS (see Figs. 8.30 and 8.31), then Eqs. (8.112)-(8.114) can be modified and the geometric matrix
is expressed in the GCS as

FA-KIX

MAmx

MAm,

Ferny

FBTSZ

"Amy

<5/fmz

0/fnw

0Am:

<5fimx

OBTOX

symm

0 0

0

KglO,\2

5 Amy

S.I 17)
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in which

•^gi.i = ~~ -^g.1,7 = -^gTj? = -^§2,2 = — -Kg2,8 = ̂ g8,8 = PIL; ^gi,4 = Psncs(Lys — Lzs)/ L
\ / T • is = _ p Y IT

g , ms g , y e z e
tfgi,, i = P(sn2Lye + cs2Lze)/L; Kg2,4 = - P(cs2Lys + sn2Lzs)/L
Kg2,5= ~Kg\,4' Kg2(, = PXmsA/ L
KS2 i o = - P(cs2Lye + sn Lze) I L; Kg2u = Psncs(Lye -L7e)/L
Ks2J2 = - PXmsBIL; Kg4A = P(cs2L2

s + sn2L2
s)/L

Kg4,s = Psncs(L2
ys - L2

ZS)/L
KS4,6 = P[~ sncs YmsA(Lys - Lzs) - XmsA(cs2Lys + sn2Lzs)]/L
Kg4J= — Kg\f4', -^g4,8 = ~-^g2,4
Kg4, i o = P(cs2LysLye + sn2LzsLze) I L; Kg4t , , = Psncs(LysLye - LzsLze) I L
KS4,\2 = P[(sncs YmsB(LyS - Lzs) + XmsB(cs2Lys + sn2Lzs)]/L
^85,5 = P(sn2L2

s + cs2L2
zs)/L

K&5,6 = P[~ sncsXmsA(Lys - Lzs) - YmsA(sn2Lys + cs2Lzs)]/L
K&5,1= — K&\,5, ^g5,8= — ̂ g2,5
KS5, i o = ^84, n ; *g5, 1 1 = P(snrLysLye + cs2LzsLze) I L
Kgs,i2 = P[sncsXmsB(Lys - Lzs) + YmsB(sn2Lys + cs2Lzs)]/L
KS6,6 = P( YmsA + XmsA)/L; -Kge,? = P YmsA/L
-^g6,8= —PXmsA/L
Ke6,io = P[ ~ sncs YmsA(Lye - Lze) - XmsA(cs2Lye + sn2Lze)]/L
Kg6,\ \=P[~ sncsXmsA(Lye - Lze) - YmsA(sn2Lye + cs2Lze)]/L
Kg6, \2 = P(~ YmsA YmsB — XmsA XmsB) I L; Kg-/^ j 0 = — Ks2, 1 1

o,\2 = P[sncs YmsB(Lye - Lze) + XmsB(cs2Lye + sn2Lze)]/L
j}=P(sn2L2

ye + CS*Ll)/L
1,12 = P[sncsXmsB(Lye - Lze) + YmsB(sn2Lye + cs2Lze)]/L

The physical meaning of the sample coefficients in Eq. (8.117) is explained by Fig. 8.34. For
simplicity, it is assumed that a = 0 (see Fig. 8.31), which means member principal axes coincide
with the ECS. Therefore ^g2,8= -PIL, Kg4^ = (P/L)Lys, Kg6,s= -(P/L)XmsA, K&^ = PIL,
KgiQ£ = (P/ L)Lye, and Kg\2$ = (PI L)XmsB. MC's of the mass center and/or master joint are
at the top and bottom floor of the column.

In Fig. 8.34, displacement 5Bmy induces horizontal force (shear) (P/L)6Bmy at each of the
member ends, A and B. This force is transferred to the joint center and causes moment at
the center. Then the joint center force is transferred to MC and also induces torsion at MC. Trans-
ferred forces are signified by the geometric matrix coefficients shown in the figure.

For Fig. 8.34b

Bmy = g2,$ Bmy',

For Fig. 8.34c

For Fig. 8.34d

MAmz = XmsAP/ L5Bmy = Kg6^()Bmy', MBmz = — XmsBP/ LdBmy = Kg\2,8&Bmy

Note that the moments shown in Fig. 8.34c are not transferable and stay at joint centers that
are part of the structural nodes; these nodes are treated as master joints.
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(a) (b)
X^'' P Fnm
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X

Bmv ~Kg8,8 5Bmy

•"ye,

-ys,

+2» MC
tS XmsB

P/L6 Bmy

A

P/L6Bmy

Famy= '
MC
ISA

Vg2.8 Bmy J _

P/L8Bmy

P/L8Bmy

(c)

-ys

MBmx=LyeP/L 6B

z= -XmsBP/L 0B

MAmx-LysP/L 6Bmy
~"-g4,8 ^Bmy

^——P/L6smy

P/L8Bmy

FIG. 8.34 Verification of beam-column geometric matrix coefficients, (a) Axial load P. b) For Kg2,i
and Kg&£. (c) For Kg4i$ and A^io.g. (d) For Kg6iS and

8.11.4. Beam Stiffness in the GCS Based on Method 2
For a building structure, a floor slab is usually in the Xg- Yg plane and a beam is attached to the
floor slab as shown in Fig. 8.26. The connection of these two elements is further illustrated
in Fig. 8.35. Since the floor slab is rigid in its plane, the beam's axial deformation and rotation
about its Ze axis are zero. Since the slab is flexible out of its plane (i.e. slab's out-of-plane bending
is negligible), bending of the slab about the beam's Ye exists, but is solely due to beam stiffness.



476

(a)

CHAPTER 8

(b)

X,

FIG. 8.35 Beam connected to rigid floor slab, (a) Beam connected to rigid floor slab, (b) Angle if/.

Assuming MC is as shown in the figure, the force-deformation relationship of the beam element
is

= [K'\ [$

f 'A

Amx

mx MA,

"Amz

[my

0]Amy 0Amz

fBmx ^Bmy ^Bmz MBmx MBmy MBmz]

&Bmx & Bmy &Bmz 0 Bmx 0 Bmy Osmz]

(8.118)

For the beam shown in Fig. 8.35, direction cosines of axis Xe are cx = cos \ji, cy = sm \ji, cz = 0,
which leads to /]=cos \ji, /2 = sin \ji, /3 = 0, m\= —sin \ji, m2 = cos \ji, m3 = 0, n\=Q, n2 = Q,
and «3= 1. As noted for Eq. (8.112), the above cosines are based on the orientation of global
coordinates shown in this figure. Let JCS coincide with GCS (f} = y = (f> = 0); then [Cj] of Eq.
(8.111) becomes an identity matrix. A general expression of beam stiffness matrix [K1] can be
obtained by using the same procedure shown in Section 8.11.2, or by substituting the known
parameters into Eqs. (F-1) and (F-2) in Appendix F. Since the beam's web is usually perpendicular
to the floor plane and no bending is allowed in that plane, it can be assumed that Lys = Lye = 0. This
is because Lys and Lye are in the rigid plane of the floor slab. Substituting the known parameters
into Eqs. (F-1) and (F-2), we have

= 0) (-sin (cos (0)= -sin

= — A 1 Lzs= — ( — sin if/) Lzs = s
3 = (1) (cos

\ji Lzs

(sin = cos

The matrix array of the above elements in Eqs. (F-1) and (8.119) can be identified as
A-[2 = A4t5; A\T,=A4£, ^42 = ^4,2; ^43 = ^4,3; A\\=A4^. Notations on the left and right of the
equals sign denote the elements in Eqs. (F-1) and (8.119), respectively. As discussed, axial
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deformations and rotations about the Xg- Yg plane of a beam are zero due to rigidity of the floor
slab in its plane. Therefore the elements associated with these deformations and rotations are
zero. The matrix array of these zero elements in Eqs. (F-1) and (8.119) is identified as

is theA ,1 — sl\2 — A ,2 — A\T> — A\,T> — si 21 — A2,\ — ^22 — ̂ 2,2 — ̂ 23 — -^2,3 — u Lwllel

nt in Eq. (8.1 19)] for member end A, and similarly for member end B. Calculat
. (F-1) by using the above approach, we obtain the following transformation [A
nt.

-* Amx

FAmy

FAmz

MAmx

MAmy

Fsmx

Fsmy

FBTOZ

^ly
MBmz

= [A']-

Fxa

Fya

Fza

Mxa

Mya

Fxb
Fyb

Fzb

Myb

M,_b

c ^ij
ngeac
' fora

- 0 0 0 0 0 0 0 0 0 0 0 0 -
0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 sin !/<• Lzs cos i//- - sin i//- 0 0 0 0 0 0 0
0 0 - cos i//- Lzs sin i/^ cos !/> 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 - sin <j> LK cos \j/ - sin \j/ 0
0 0 0 0 0 0 0 0 cos !// Lze sin \jt cos if/ 0

. 0 0 0 0 0 0 0 0 0 0 0 0 .

Fxa

Fya

F,_a

Mxa

Mya

Mza

Fxb
Fyb

F,b
Mxb
Myb

M,_b

(8.119)

Coefficients in Eq. (8.119) can be explained either in terms of force transformation or
deformation transformation. For example, ^5>3 = — cos \l/ Lzs [row 5 and column 3 in Eq. (8.119)]
and A5^5= cos \l> [row 5 and column 5 of Eq. (8.119)] in deformation transformation, based on
[B']T = [A'], are illustrated in Fig. 8.36a as

If 0Amy / 0, other displacements = 0

<5za= -cos \l/ Lzs 0Amy = A5j 0Amy; Oya = cos fy 0Amy = A5^ 0Amy

For force transformation based on [A'], the illustration is shown in Fig. 8.36b as

If Fza/0, other forces = 0
MAmy= -Lzs cos \l/ Fza = A5^ Fza.

If My.^Q, other forces = 0
A^m>. = cos \l/ My.A = A5t5 Myii.
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JAray

for A5 3 (or A5 3=B3 5)

MAmy=-cos<l'LzsFza
=A 5,3 Fza

M

for A5 3 for A5 5

FIG. 8.36 Coefficient verification of beam's transformation matrix, (a) Deformation transformation,
(b) Force transformation.

Similarly, the stiffness matrix can be obtained as

* Amx

FA-KIV

M™Amx

MA
AI

FBmx

Fsmy

M-
- o o o

O/fmA-

5/1 my

OA-KIX

OAmz

SBmx

<>Bmy

0Bmy

0 0 0 0 0 0 0 0 0 '
0 0 0 0 0 0 0 0 0 0 0

f f f A A A f IS Tf AA3 3 A3 4 A3 5 U U U A3 9 A3 ]0 A 3 ] ] U

A^4 4 A4 5 0 0 0 AL; 9 Â 4 ]o Â 4 ] ] 0

A's.s 0 0 0 K^9 A's.io A's.n 0
0 0 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0

K9,g A"9,io A^.n 0
A'I 0,10 A'J 0,11 0

A 1 11] 0

0.

SAmx )

5 Amy

5Amz

0Amx

OAmy

0Amz

SBmx

SBmy

dBmz

0Bmx

Oemy

0Bmz

(8.120)
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in which

K3,3 = - K3,9 = K9,9 = S33; K3A = s
^3,5 = - cos \I/(S33LZS+S35); -£3,10 = sin \j/(S33Lze + S35)
K3Jl= - cos \l/(S33Lze + S35); K4A = sin2 i^(L2

zsS33 + 2LZSS35 + B) + cos2 i//Q
K4i5 = - sin i/'cos \1/(L2

ZSS33 + 2LZSS35 -Q + B); K4$ = - K3A
K4,w = sin2 \!/(LzsLzeS33 + LZSS3S + LzeS3s + D) - cos2' \ji Q
K4J , = - sin ij/cos ^(LzsLzeS33 + LZSS35 + LzeS35 + Q + D)
K5,5 = cos2 4t(L2

sS33 + 2LzsS35 + B) + sm2 ij/Q
^5,9 = — K3t5; ^5,10 = ^4,11
K5,u = cos2 \!/(LzsLzeS33 + LZSS35 + LzeS35 + D)- sin2 ijiQ

, , , ,
^1010 = sin2 i/'(L2

e5<33 + 2L?eS35 + B)+ cos2 if/Q;
2LzeS35 - Q+B)

KUtU= cos2 iA(^2
e533 + 2LzeS35 + B) + sin2 ij/Q

, , = - sin ij/cos

As presented earlier, notations B, D, Q, and 5 employed here are defined in Eqs. (8.19)-(8.22)
and (8.32)-(8.35).

The physical meaning of the coefficients in Eq. (8.120) is shown in Fig. 8.37 for a sample
deformation 5Amz where, for convenience of graphic illustration, we let \ji = 0. This deformation
induces forces and moments that lead to the following stiffnesses K3t3 = S33, K43 = 0,

), K93= —5*33, A^10,3 = 0, and -Kn,3=

8.11.5. Bracing-Element Stiffness in the JCS or GCS Based on Method 2
For a two-force bracing element, neither rigid zone nor major and minor axes (see Figs. 8.11 and
8.26) exist. Therefore they should not be considered in stiffness formulation. Let a bracing member
be oriented in space as shown in Fig. 8.38, where MC is located at lower and upper floors relative
to member ends A and B, respectively. Using the general transformation matrix of a beam-column
shown in Eq. (8.110), we only need to consider axial displacement (or force) transformation of the
member. Thus the transformation matrix at A and B can be directly modified from Eq. (8.110) as

[Ce] =
[Ce]A

0
0 0 0 0 5.121)

M^-SB*,
= -8356,- MBmy

=K,1.3»A

FIG. 8.37 Verification of beam's stiffness coefficients.
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MC

xg
YmsA MC

FIG. 8.38 Bracing element.

Similar to beam-columns and beams, the cosines are based on the GCS orientation shown in
Fig. 8.38. The transformation matrix between the JCS and GCS, [Cj], is given in Eq. (8.11 la,b).
Constraint matrices [T^J^ and [T'm!]B may obtained by Eq. (8.97) as

m \\F-\-\T 1 IF-
[Tms]B\llsl~[msl{ls 5.122)

where

{Fjm} = [FAmx FAmy F Amz M Amx M Amy M Amz FBmx FBmy FBmz M Bmx M Bmy M Bmz\
f f 1 I" F f J7 J7 J7 J7 ~\*
\-Tjsj = L-TAsx ^Asy fAsz ^Bsx rBsy rBsz\

Note that FAsz and FBsz are not transferable to MC and stay at the member ends.
Transformation matrix [A], which transforms an element's forces in ECS to GCS by using
Eq. (8.108) (without rigid zone [A'] = [A]) can be expressed as

-* Amx

^Amz

M
MA

Amy

Fxa

'AH
AII
A3i
0
0

^61
0
0
0
0
0
0

o •
0
0
0
0
0

Bu
B-ii
B3l
0
0

*61

\Fxa

\Fxb
5.123)

where

iq\B

\ =Cx(XmsA)\A —

\ =j\ACx

l =J\BCX +

+ Cy
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~A 11 SAmx+A31 8Amz

FIG. 8.39 Coefficient verification of bracing member's compatibility matrix, (a) For A \ \ and A\2.(b)
For A6i.

The physical interpretation of coefficients in [A] is shown in Fig. 8.39. In the figure, we assume
that the GCS coincides with the JCS; then [Cj] = [f\. Furthermore, member AB is assumed to be in
the Xg — Zg plane with angle T; therefore /J = 0, y = i, <j> = 0, cx = cos T, cy = 0, and cz = sin T. Using
[B]T = [A] yields 5M =^ I ; 1 = AU =cx, B^2 = A2,\=A2\=cy, B^3 = A^=A3l=cz, and
B\£ = Ab^\=A(,\= —cxYmsA. Note that the subscripts of Ay and ^,-_y are the same; if (i.e. 11,
21, 31, 61) refers to the notation used in Eq. (8.123), and ;,j (i.e. 1,1; 2,1; 3,1; 6,1) signifies
the matrix array of row and column numbers in order to identify the deform matrix coefficients
Bij.

Using the general expression in Eq. (8.109), we obtain the following global element stiffness
matrix:

FAmx '
* Amy

FAmz

MAmx

MAmy

Femx

Ferny

FBTOZ

MBmx
M***• Bmy

MBmz

•=[K<].

5Amx

<W
SAmz

0Amx

0Arny

l^I
<5fimv

<5fimz

Osmx

Osmy

Osraz

K\ 1 A^l 2 "1 3 0 0 K{ 5 AI 7 A^l,8 "^1,9 *̂  *̂  "^1,12

^2,2 ^2,3 0 0 f^2,6 ^2,7 ^2,8 ^2,9 0 0 ^2,12

^3,3 0 0 ^3,6 ^3,7 ^3,8 ^3,9 0 0 K^u

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

Ke,e Kf,i KS$ K(,<) 0 0 A^g 12
Kf 7 -^7,8 -^7,9 0 0 -^7,12

^8,8 -^8.9 0 0 A«,i2

symm ^9,9 0 0 ^9,12
0 0 0

0 0
^12,12-

5Amx

5 Amy

<5/fmz

0Amx

0Amy

0Amz

<W-

demy

5Bmz

OBTOX

0Bmv

Oflmz

8.124)
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\£ = Kbra\a4;

•^3,8= ~J

K(,(, = Kbra4a4,
K69 = — Kbla4a7;

= — Kbra3a7;
= — Kbra4a6

K92 = Kbra7a7; ^9,12

~ _ _ r Y i _U r Y i _ r V i -\- r Y i — r 1
U 4— <~x J ms^1!^ ' t-.K^-msAJ \A cy L n\sAi2A ~r L-yJ^msAJ2A

 cz J

aS = — C.X YmsBl\ B + C.XXmsBJ\ B~cy

~y + k3ACz

i = k\Bcx + k2Bcy + k3Bcz

Note that Eq. (8.124) can be directly obtained from Eq. (F-2) of the beam-column element by
letting Iy = Iz = J=a = Lys = Lys = Lzs = Lye = Lze = 0. For cx = COST, cy = 0, cz = sin T (the GCS
coincides with the JCS), the coefficients may be simplified as

T+(0)(0) + (0) sin
2j =0; K3J =sin T cos T Kbr; =-cos

L 7 j l = —COS

M2,l =COS2 I
s \ =0; K9 \ = — sin T cos T Kbr

The above coefficients are physically interpreted in Fig. 8.40 with the following derivations
due to displacement 5Amx

= ^bAa = Abr COS lOAmx,

nx= COS T FA.a = C""2 '^

5xa= -Kbr cos -

^x4mz = - YmsAFAmx = -COS2 T yms^^br^mA- = K6JSAmx, FBmx = COS lFxb = - COS2 T^b,-!?^^ = K7J 5Amx

xb= -sn i cos brSAmx = K9A5Amx; MBm,= - Yms iYmsBKbrSAmx =

8.11.6. Shear-Wall Stiffness in the JCS or GCS Based on Method 2
A shear wall is usually perpendicular to the Xs-Yg plane of GCS as shown in Fig. 8.41. When this is
the case, Eq. 8.110 becomes

cos /, sin /, 0
0 0 1

sin /. — cos /. 0
0 0 3.125)

Since the shear wall ECS is different from the beam-column ECS, we should switch the position of
column 1 with column 2, and row 1 with row 2 of Eq. (8.110) to get the transformation between
ECS and GCS. Eq. (8.125) is obtained from Eq. (8.110) by substituting cx = cy = Q, cz=l,
and a = — "/, after the switch.

The transformation between ECS and JCS is given in Eq. (8.75). For normal building con-
figuration, the JCS usually coincides with the GCS; therefore [Cj] = [/]. Coordinate transformation
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(b)

MC
rAmx

(C)

'msA

rAmx

MC

M Amz

MC

e, X g

'msB

FIG. 8.40 Verification of bracing member's stiffness coefficients, (a) Deformation 5amx. (b) For A^
•^3,1, ^7,1, and AT9ii (c) For AT6il and ATi2,i.

(b)

x.

Shear Wall

Beam-Column

FIG. 8.41 Shear wall element in space, (a) Shear wall, (b) Relationship between A and a angles.
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matrix [A4] [Eq. (8.75)] can be written as

~[Ce]T 0 0 0
0 [Ce]T 0 0

L 0 0 [Ce]T 0
0 0 0 [Ce]T_

(

The element stiffness matrix of shear wall in ECS is denned in Eq. 8.71 as

[Ke] = [Ae][SI][Ae]r

in which [Ae] is presented in Eq. (8.70) as

[Ae] = [A2] [Ai] = —

" 0 2w 0 "
—2 2a w
0 0 0
2 — 2a w
0 0 0
-2 -20 -w
0 0 0
0 -2w 0
2 2ft -w

_ 0 0 0

Substituting Eq. (8.128) into Eq. (8.127) leads to

F i ] d: }
F2 52
F3 o3
F4 o4

FS <5s
„ = [Ke\ ' e
^6 Of,
F-j b-i
Ft <5g
F9 <59

-fio <5io

'kn ku 0 -ku 0 -kl3 0 -
k22 0 k23 0 k24 0 -

0 0 0 0 0
k22 0 k25 0 /

0 0 0
k66 0 /

0
/

-

in which

kn=KJh; ki2 = (Ksa)/(hw)
kn = (K&ft)/(hw); k22 = (4Kb + 4a2Ks + W

2K,)/(4hW
2)

k23 = (- 4Kb - 4a2Ks + w2Ka)/(4hw2); k24 = (4Kb - 4aKJ3 -
k25 = (- 4Kb + 4aKJ - w2K.d)/(4hw2); k66 = (4Kb + 4(]2KS +
k67 = (- 4Kb - 4[?KS + w2Kii)/(4hw2)
The tranformation matrix is developed in Eq. (8.81) as

-fjlm

^J2m = [^] {Fe} = [A5] [A4] [A3] {Fe} = \Au ]{Fe]
-^j3m [_ ^22 J

J4m

(

(

kn kl3 Q- 5, }
ku k25 0 62
0 0 0 <53

ci2 k24 0 c54
0 0 0 65

CI3 ^67 0 <56

0 0 0 c57

di -fcis 0 <58
k66 0 (59

0 _ < 5 , 0 .
(

w2Ka)/(4hw2)
w2K.d)/(4hw2)

(

.126)

.127)

(8.128)

S.129)

.130)
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where [A] is divided into two submatrices for convenience in expressing [K1] later; and

= [*jn ^jmz Mjmx Mjmy Mjmz]J; J= 1 ,2 ,3 ,4
F2 FT, F4 F$ Ff, F-j Fg Fg F\Q]

(8.131a)
(8.131b)

where / represents the wall's four corners, /I, J2, </3, and J4. In Eq. (8.130), [^3], [A4], and [A5]
expressed in general form are given in Eqs. (8.74), (8.75), and (8.80), respectively. For the present
case, [A4] is defined in Eq. (8.126); [A5] is

J = 1 ,2 ,3 ,4

5.132)

'iTmsll
0
0
0

0
[Tms\2ms

0

0

0

[7^s]3ms

0

0

0

trms]4 _

1
0
0
0
0

_ ~~ YmsJ

0
1
0
0
0

XmsJ

0"
0
1
0
0
0_

Submatrices of Eq. (8.130) are defined as

nx
ny
0
0
0

-Yms\nx + Xms\ny
0
0
0
0
0
0

0
0
1
0
0
0 -¥„
0
0
0
0
0
0

ny
-nx
0
0
0

si ny ~ Xms\Hx

0
0
0
0
0
0

0
0
0
0
0
0
0
0
1
0
0
0 -YK

0
0
0
0
0
0
«,
-nx
0
0
0

any - Xms2

0
0
0
0
0
0
0
0
0
0
0

nx 0

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0"
0
0
0
0
0
0
0
0
0
0
0

(8.133)

and

' 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

ny
-nx
0
0
0

/7 vi — j
0
0
0
0
0
0

0
0
0
0
0
0
nx
ny
0
0
0

x + Xms4ny

0
0
0
0
0
0
0
0
1
0
0
0

0
0
0
0
0
0
ny
-nx
0
0
0

~~ Yms4rly ~ Xms4nx _

(8.134)
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The global element stiffness matrix of a shear wall is

fj lm

= [Ki]\ <5j2m

<5j3m

<5j4m

= [A][Ke][A]r 5j2m

<5j4m

K22\
3.135)

where the force vector, {Fjjm}, is denned in Eq. (8.131a) and the displacement vector is

= [<5jm,x <5jm>' <5jmz Ojmx Ojmy Ojmz]j; J =1,2,3,4. 3.136)

In Eq. (8.135), the submatrices are written as

-o
0
0
0
0
0
0
0
0
0
0

.0

,1

0
0
0
0
0
0
0
0
0
0
0
0

symm

-^1,15

-^3,15

0

0

-^6,15

0

0
•£9,15

0
0
0

K

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0 K\
0 K2

0 K3

0 0
0 0

Kb

-^1,19

-^2,19

•^3,19

0
0

^6,19

0
0

^9,19

0
0
0

6 0

6 0

6 0

0
0

6 0

0

-^1,20

-^2,20

-^3,20

0
0

^6,20

0
0

-^9,20

0
0
0

0 K19 0 0 0 -
0 ^2,9 0 0 0

0 ^3,9 0 0 0
0 0 0 0 0
0 0 0 0 0
0 K^ 0 0 0
0 0 0 0 0
0 0 0 0 0

^9,9 0 0 0

0 0 0
0 0

0.

Km 0 0 Ki,2
K-i,i\ 0 0 K2<2

-^3,21

0

0

-^6,21

0

0
-^9,21

0

0

0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

t
t

-^3,24

0
0

^6,24

0
0

-^9,24

0
0
0 .

(8.137)

3.138)
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[K22] =

" 0 0 0 0
0 0 0

*I5,15 0
0

symm

0
0
0
0
0

0
0
0
0
0
0

0
0

-^15,19
0
0
0

-^19,19

0
0

-^15,20
0
0
0

^19,20
-^20,20

0
0

-^15,21
0
0
0

^19,21
-^20,21

-^21,21

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0 "
0

•^15,24
0
0
0

^19,24
-^20,24

-^21,24
0
0

-^24,24 _

(8.139)

In matrix [Kl], the stiffness coefficients are

^2,6— —^6,20— — nyk\l(Ym$\nx — Jfmsl«y); -^2,15 — —-^2,21— ~~ -^15,20 — -^20,21 — ~ nyk\3
K-2,24 = - ^-20,24 = nyk\,(Yms4nx - Xms4ny); A^j3 = K9^9 = /c22

^3,15=^9,21=^24; ^3,21=^9,15=^25
j^ __ j^ __ "I / T/- y \. j^ __ ~l f !/• y \2

js __ __ t'" _ 1,, ( y j - __ y j - \. js __ __ T,- / y M _ y M \( y M _ y M \

^15,15 = ^21,21=^66; ^15,21=^67

K\ 5,24 = — K21 _24 = — & 13( ^ms4«.v ~ Xms4ny); K24,24 = k 11 ( yms4WjE ~ Xms4Hy)

Physical interpretation of the stiffness coefficients is shown in Fig. 8.42. We illustrate
coefficients K\t\, K2j, K3j, and Kb\ in Eq. (8.137) by assuming <5im v/0; other displacements
are zero. The forces at J\ and MC (master joint) are

F\mx = cos "/-F\ =cos ~/.k\\ ( 5 j i = c o s / *
F\my = sin ~/.F\ = sin /.k\i5-^\ = sin ).k\jcos

M\mZ= -FlmxYmsl+FlmyXmsl= -cos /.A:u(7

Note that a rigid zone is not included in the stiffness because joints JI-J4 of the wall are at the
joint center, and rigid zone effect should not be considered.

8.11.7. Shear-Wall Geometric Matrix (String Stiffness) in the JCS or GCS
Based on Method 2

The global element geometric matrix of a shear wall is defined by Eq. (8.86) where the
transformation matrix [^] = [^s] [A4] [A3] is the same as Eq. (8.130). When [A4] is used as given
in Eq. (8.75), then the geometric matrix is expressed in terms of the JCS. When Eq. (8.126)
is employed for [A4] (i.e. [Cj] = [/]), then the global geometric matrix [K'g] of a shear wall is obtained
as

-fjlm

•fj2m

Fj4m

<5j2m

<5j3m

<5j4m
-[Kg2]

< j l m

(8.140)
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6,=cosX6ta

(b)

FIG. 8.42 Verification of shear-wall stiffness coefficients, (a) For K^\. (b) For K\t\, #2,1, and K^t\.

Coefficients of the submatrices are given in Eqs. (8.141)-(8.143) as

•Kg, i , i

-

" 0
0
0
0
0
0

•Kg?, 13
•KgS, 1 3

0
0
0

_-Kgi2,13

*gl,2 0
•Kg2,2 0

0

0
0
0
0
0
0

•Kg?, 14
•KgS, 14

0
0
0

•Kgl2,14

0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

K
K

K

0
0
0
0
0
0
0
0
0
0
0
0

gl ,6 0
g2,6 0
0 0
0 0
0 0
g6,6 0

•Kg?

0
0
0
0
0
0

•Kg?, 18
•KgS, 18

0
0
0

•Kgl2,18

0
0
0
0
0
0

7 -Kg?, 8
•KgS, 8

•Kgi, 19
•Kg2,19

0
0
0

•Kg6,19
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0

•Kgi
g26
0
0

•Kg6
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

20

20

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0

o •
0
0
0
0
0

•Kg?, 12
•KgS, 12

0
0
0

•Kgl2,12_

0 0 Kgi,24~
0 0 ^g2,24

o o o'
0 0 0
0 0 0
0 0 ^6,24
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

.141)

.142)
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[^g2i] = [^gi2]T, and

489

•Kg] 3, 13 -Kgi37i4 0 0
^g!4,14 0 0

0 0
0

symm

0
0
0
0
0

•Kgl3,18
•Kgl4,18

0
0
0

•Kg] 8, 18

0
0
0
0
0
0

•Kgi9,i9

0
0
0
0
0
0

•Kg]9,20

-Kg20,20

0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

o •
0
0
0
0
0

•Kgi9,24
-Kg20,24

0
0
0

•Kg24,24 _

(8.143)

where

= nxnyP/(2h)
Agl,6 = ~A

•Kg 1,24= ~ J

•Kg2,2= — A

•Kg2,6= —-^

•Kg2,24= — J

6t , 9 = (nxXms i «y - 2 yms i nx
2 - Yms , ny )PI (2/0

9,24 = ( - nyXms4nx + 2 Yms4nx
2 + Yms4ny

2)P/(2h)
0 = ^g20,20 = («/ + 2ny

2)P/(2h)
o = (~ny Yms\nx + 2Xms\ny

2

^g6,6 = (2Fmsi«/-2Fm:

nx
2)P I (2h)

o,24 = (ny Yms4nx - 2Xms4ny
2 - Xms4nx

2)P/(2h)

•Kg6,24 = T~ J Yms4(2nx
2+ny

2)
y + 2Xmsl

2ny
2

ny(Xmst Fms4 +
+ Xmsl

2nx
2)P/(2h)

n2)]PI(2h)

•Kg7,i2 = - -Kg 12,13 = «>•( ymS2«>. + Xms2nx)P/(2h)
K%1,, 8 = - *gi 3,18 = «>•( yms3">. + X™iflx)PI (2h)
^g8,8= -^g8,14 = ̂ 814,14 = n2P/(2h)
^gs.12 = - *8i2,i4 = («., ymS2^ + Xms2n2)PI(2K)
•Kg8,i8= -^gl4,l8= -«,(rms3«y + ^ms3nJ^/(2/;)
•Kgi2,i2 = (Yms2ny + Xms2nx)2P/(2h)
•KgI2,i8 = - ( Yms2ny + Xms2nx)( Yms3ny + Xms3nx)P/(2h)

7 9 754 (2nx +ny ) — 2nxnyAms4i ms4-Kg24,24 — Yms4 + Xms4
2(2n2 n2)}PI(2h)

Physical interpretation of the geometric matrix coefficients derived above is shown in Fig. 8.43
for both in-plane (<5]mv / 0 only) and out-of-plane deformation (<5Im>,/O only). In Fig. 8.43, we
assume that /. = 0 which results in nx = 1 and ny = 0. Therefore

•Kg6,2 = (~nx

g2,2 = (2n2 +«2)

P P
msiny)— = ——

P PXmsin2
x)— = —

MC is the master joint.
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MImz~-FlmxYmsI
=Kg6.1 &lmx

fJ3 J4

|"1X| „ PS, P6lmx
*n F'=~=-F
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— x.
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2h 2h

FIG. 8.43 Verification of shear-wall geometric matrix coefficients, (a) In-plane deformation for Kg\t\
and Kg$j. (b) Out-of-plane deformation for A^2,2 and Kg^-

PART B ADVANCED TOPICS

8.12. ASSEMBLY OF STRUCTURAL GLOBAL STIFFNESS MATRIX
The assembly technique for structural global stiffness is based on direct element formulation,
introduced in Section 5.4.2 for trusses and Section 5.4.3 for elastic frames. Here the formulation
is augmented by the mapping concept: map an element's d.o.f. with global d.o.f. so that a sum-
mation of individual element's stiffness, geometric, and mass matrices can directly form the system
matrices (structural global matrices). This mapping concept and the symmetric characteristics of a
structural matrix allow the use of sophisticated techniques for minimum storage of computer data,
efficient procedure of system assembly, and optimum numerical calculations such as matrix
inversion. These techniques include skyline of band matrix as well as half band, linear array
of system matrix coefficients, and matrix condensation. This section focuses on two methods
of building structure assembly. The first, called general system assembly (GSA), is based on direct
element formulation to obtain the system matrix member by member. Then the system matrix is
condensed to keep the d.o.f at each floor's master joints and mass center for dynamic analysis.
The second, called floor-by-floor assembly (FFA), is also based on the direct element approach,
but assembly and condensation are simultaneously obtained on each floor, usually starting at
the top and proceeding downward.

8.12.1. General System Assembly (GSA)
A 3D structure can have three general coordinate systems as shown in Fig. 8.44: the GCS (Xg, Yg,
Zg), JCS (Xm], 7mj, Zmj and Xj, Yj, Zj), and ECS (JSfe, 7e, Ze). The orientation of a slave JCS (X}, 7j,
Zj) should be identical to its master JCS (Xmj, Fmj, Zmj).

The stiffness at a structural joint comes from the members connected to that joint. Assembly
of a structural global stiffness matrix can be completed by a coding method based on the mapping
concept. This method consists of three steps: (1) formulate he rth element stiffness matrix [Ke] in
ECS; (2) transform matrix [Ke] into a global element stiffness matrix [1C] (or [tf'] with consider-
ation of the rigid zone); (3) code the global element matrix and add it directly to the global stiffness
matrix of a structure. A similar procedure can be applied to formulate other global matrices such
as a geometric matrix. In Sections 8.6-8.8, we introduced the element stiffness matrices in
the ECS of beam-column, bracing, and shear-wall members without a rigid zone. The geometric
matrix (string stiffness) is also introduced for the P-A effect on beam-columns and shear walls.
These element stiffness and geometric matrices are then expressed in JCS or GCS by using
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FIG. 8.44 Coordinate systems for 3D structural analysis.

(a)

FIG. 8.45 Element and global d.o.f. of element i. (a) Element d.o.f. (b) Global d.o.f.

transformation matrix of Method 1 (vector formulation). In Section 8.11, the aforementioned
matrices are formulated using the transformation matrix of Method 2 (direct transformation)
with consideration of the rigid zone. In this section, we use the coding method to assemble global
stiffness matrix [K\ of a structure. Note that constraint in the Xg- Yg plane is included for rigid
in-plane stiffness of floor slabs.

To assemble a global stiffness matrix [K\ of a structure by the coding method, Fig. 8.45a shows
the element (local) d.o.f. of beam-column element i, and Fig. 8.45b shows global d.o.f. of the
element. The relationship between the element and global d.o.f. systems is displayed in Table
8.1, in which the notations for element forces and deformations are based on Eqs. (8.17) and
(8.18), respectively.

If the global d.o.f. is restrained, then the corresponding global d.o.f. is assigned a value of
zero. Based on the relationship in Table 8.1, each Kir/- of matrix [K1] can be directly added to
system matrix [K\. For example, element stiffness coefficient K5j corresponds to Kg5^gl in global
d.o.f. system. If g5= 11 and gl = 20, then K57 is added to K\\^Q according to the matrix array
(row and column of 11 and 20) of [K\; if g5 = 0 or/and g7 = 0, then K5tl should be neglected.
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TABLE 8.1 Relationship between Element d.o.f. and Global d.o.f. for Element i

Element Forces Fr, Fya Mxa Mya Fxb fyb F,b Mxb Myb M,b

Element Deformations
Element d.o.f.
Global d.o.f.

* xa ®ya *za ^ xa ^ya
1 2 3 4 5

g\ g2 g3 g4 g5

o*,
6

g6

&xb &yb <5rf> Q.xb
7 8 9 10

gl g8 g9 glO

Qyb Qzb
11 12

gll «12

(b)

FIG. 8.46 One-story building, (a) Global d.o.f. (b) Structural plane.

Global stiffness matrix [K\ of a structure is the sum of the stiffness matrix of each element. It can be
expressed as

NM

B.I 44)

where ,/VM is the total number of members of a structure.

EXAMPLE 8.12.1 Find the global stiffness matrix [K] for the one-story building shown in Fig.
8.46, which has two beam-columns, two beams, one bracing, and one shear wall. No rigid zone
is considered.

Solution: Let the orientation of the JCS coincide with that of the GCS. The global element
stiffness matrices denned in Section 8.11 can be directly used. When the JCS and GCS do
not have the same orientation, the stiffness coefficients in Appendix F should be used. The ana-
lytical method is the same, but the coefficients in stiffness matrix [K'] have different values. This
is because the transformation matrix [Cj] (Eq. 8.11 la,b) is no longer an identical matrix. When
designating the GCS, it is important to make its orientation the same as that of most other
elements in the ECS in order to reduce the amount of calculation. In this example, the GCS
is chosen at angle \js with the structural system to demonstrate a general analytical procedure.
If \I/ = Q, then the coefficients of [K'} are less complicated.

The structure is fixed at its base for which the global d.o.f. are shown in Fig. 8.46a. A total of
13 global d.o.f. represent relative forces and deformations given in Table 8.2. Thus the stiffness
matrix of this structure is 13 by 13.



THREE-DIMENSIONAL BUILDING SYSTEMS

TABLE 8.2 Global d.o.f. of Given System
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Global d.o.f.

Forces
Deformations

TABLE 8.3

Element d.o.f.
Global d.o.f.

1 2 3

Fx Fy Mz
sx sv ez

Relationship between

1 2 3
0 0 0

4

FA A
8* t

Element

4
0

5 6 7

f-;1 Meyi FH
d.o.f.and Global

5 6 7
0 0 1

8 9 10 11

Mx2 My2 F,3 Mx3
& & K Qt>x2 t>y2 «z3 t>x3

d.o.f. of Beam-Column

8 9 10
2 4 5

12

My3

1

11

6

13

Sz4

12
3

For beam-column 1, the numbering of its two ends is A = 5 and B=\. The relationship
between element d.o.f. and global d.o.f. is given in Table 8.3. Member length can be obtained
from Eq. (8.7) as

r __ y \2 I / "I/" __ "I/" \2 | ( ^7 __ "~7 \2

Direction cosines of Xe axis are defined in Eqs. (8.13)-(8.15) as

y _ y y _ y ^ __ ^
A.a] AgS I a] I aS -^01 ^05

cx = •
A

cv = c, = •
A,

(a)

(b)

Therefore for Eq. (8.110), we have

[Ce] =
" / I
m\

_ « i

/2 / 3 "

«2 «3

=

-Cv-Cj

c^9

cx
, cos a — cz sin a

m
sin a — cz cos a

m

m cos a

—m sin a

— CyCz COS M + Cv Sin M

c>.cz sin a + cx cos «
m

(c)

where m = (^ + c2
z)l/2. If the JCS coincides with the GCS [see Eq. (8.111)], then

«1 '2 '3

71 72 73
/Cl /C2 ^3

1 0 0
0 1 0
0 0 1

(d)

Substituting the known parameters of Eqs. (b), (c), and (d), length Dse and
Lys = Lzs = Lye = Lze = 0, XmsB = X\— Xmc, and YmsB =Y\ — Ymc (where X\ and Y\ are the global
coordinate values of node 1, and Xmc and Ymc are the global coordinate values of the mass center),
into Eq. (8.107) or (F-2) in Appendix F, the stiffness matrix of beam-column 1 is

[A"1] = (e)

where [A' , , and [A'lJ] correspond to restrained global d.o.f.; they do not contribute to global
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stiffness matrix [K\. [K^] is given as

^cl iscl
7,7 A7,8

r is di[A22J =

CHAPTER 8

•^7,9

-^8,9

t-clA9,9

ymm

j^cl t'd isc\ ~A7,10 A7,ll A7,12

fc-d jfd t-clA8,10 A8,ll A8,12

•^•9,10 -^9,11 -^9,12

-^10,10 -^10,11 -^10,12

A'?2,12_

Based on Table 8.3, we can put [A^1 into the global stiffness matrix as follows

tÂ7,7
JK
A7,8 Kl]\2

•^•8,12
t
Â 12,12

-^7,9

•^8,9

^9,12
K'ClA9,9

^•7,10

^8,'lO

^•10,12

^9,'lO

^lO. lO

11,12
•cl
9,11

symm

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
o o o o o o o
0 0 0 0 0 0
0 0 0 0 0
0 0 0 0
0 0 0

0 0
0.

For beam 2, one end is A = 2 and the other is B = 3. The relationship between element d.o.f.
and global d.o.f. is given in Table 8.4.

The angle between the Xe axis and Xg is \ji\ the length is Lb2 = L2. Substituting the known
parameters into Eq. (8.120) yields the following stiffness matrix for beam 2:

" 0 0 0 0
0 0 0

^3,3 -^3,4

•^4,4

symm

0 0
0 0

A"3
b2

5 0
j^b2 A

JV f C \J

K5\ °
0

0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0

-^3,9

•^4,9

•^5,9
0
0
0

•^9,9

0
0

lfb2
A3,10

•^•4,10

•̂ 5,10
0
0
0

•^•9,10
isb^A10,10

0
0

rb2
A3,ll

•^4,11

^.n
0
0
0

•^9,11
]^b2

10,1 1
K\\ 1 1

0"
0
0
0
0
0
0
0
0
0
0
0_

(h)

TABLE 8.4 Relationship between Element d.o.f. and Global d.o.f. of Beam 2

Element d.o.f.
Global d.o.f.

7 9
10

10
11

11
12

12
3
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TABLE 8.5 Relationship between Element d.o.f. and Global d.o.f. of Bracing Member

Element d.o.f.
Global d.o.f.

10
5

12
3

Based on Table 8.4, the above stiffness matrix of beam 2 can be put into global stiffness matrix
[K\ which becomes

t^cl
•^•8,8 K&\2

K\2,\2

'tf\0

^8,10

V9,10
L10,10

JfClA9,ll

0
0
0
0
0
0

C3b3

0
0
0
0
0
0

A3,4

•"-4,4

0
0
0
0
0
0

^3,5

•^•4,5

•^5,5

0
0
0
0
0
0

A3,9

•^4,9
A5,9
t^b2

A9,9

0
0
0
0
0
0

A3,lo
Kb2
•"HlO

•̂ 5,"lO
K9JO
t^b2

•^10,10

0
0
0
0
0
0

K32I\

•̂ 4,1 1
A5,ll
A9,ll
ffb2

1 0 1 1
j(b2

0
0
0
0
0
0
0
0
0
0
0
0
0

(i)

For the bracing member, one end is A = 6 and the other is B=\. The relationship between
element d.o.f. and global d.o.f. is given in Table 8.5. [CJ and [Cj] are calculated according to
Eqs. (a)-(d) for which a, = \]/. These results along with XmsB = X\-Xmc and YmsB= Y\-Ymc are
then substituted into Eq. (8.124), and the bracing's stiffness matrix may be expressed as

K

where [A'f,], [K\2], and [K2]] correspond to restrained global d.o.f.; they do not contribute to global
stiffness matrix [K\. [K22] is expressed as

[K22] =

V7,8 K7,9
A8,9
A9,9

symm

0
0
0
0

0
0
0
0
0

K7,\2
Kl,\2
K9,12

0
0

(k)
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TABLE 8.6 Relationship between Element d.o.f. and Global d.o.f. of Shear Wall

Element d.o.f.
Global d.o.f.
Element d.o.f.
Global d.o.f.

1
1

13
0

2
2
14
0

3
10
15
0

4
11
16
0

5
12
17
0

6
3
18
0

7
1

19
0

8
2
20
0

9
13
21
0

10
0
22
0

11
0
23
0

12
3

24
0

Based on Table 8.5, we add the bracing's stiffness matrix to global stiffness matrix [K]

I + ^7, ^7,8 + ^7,

_]_ If'T
X ' A8.8

^7,12 + ^7,1

E^Cl _|_ tTAX.12 ' A8.1

^7,9 + ^7,

. r^r
9 ' A8

AQ Q ~l~ "Q

0

0

0

0

0

0

M 4

0 0 0 0 0 "

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

A3,5 ^3,9 A3, 10 A3, 11 ^

A4,5 A4,9 A4,10 A4,ll ^

^5,5 ^5,9 ^5.10 ^5,11 0

^9,9 ^9.10 ^9.11 0

^10,10 ^10,11 "

^52 n
1 1 1 1

0.

(1)
For the shear wall, its four joints are numbered J\ = 3, J2 = 4, J3 = 8, and J4 = 7. The relation-

ship between element d.o.f. and global d.o.f. is given in Table 8.6. Substituting «x = sin \]/ and
«y = cos \j/ in Eq. (8.125) and other parameters into Eqs. (8.137)-(8.139) yields [A^j], [K?2],
and [K%2\- \K^\, [^21 ]> and [A^] correspond to restrained global d.o.f., and have no effect on
the global stiffness matrix [K\. [K™}] is

£2,2
K•3,3

symm

0
0
0
0

0
0
0
0
0

i^W A

fW A
? ft

K?6 0
0 0
0 0

*6W6 0
0

0
0
0
0
0
0
0
0

•^1,9
^2,9
K\9

0
0

A<^9
0
0

A9!9

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0"
0
0
0
0
0
0
0
0
0
0
0

(m)

Based on Table 8.6, we can add the wall's stiffness matrix to global stiffness matrix [K] as follows
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(a)

CHAPTER 8

(b)

(c)
1

7
1

6

3
14

5

6 5

(d)
1

0
0

4
3 ^—-^5

6

0
0

FIG. 8.47 Numbering system for FFA. (a) Three-story building, (b) Story 3. (c) Story 2. (d) Story 1.

Using the same procedure, we can further add global element stiffness matrices of beam 1 and
beam-column 2 to global stiffness matrix [K\ for which the complete result is given in Eq. (o). Note
that global geometric matrix [Ks] for this structure can be established by using the same procedure.

8.12.2. Floor-by-Floor Assembly (FFA)

8.12.2.1. Assembly Procedure
For a building structure, it is more convenient to assemble the global structural stiffness

matrix floor-by-floor. Each story is treated as a substructure. The global d.o.f. number for each
story begins with 1 at the top of that story. Global d.o.f. numbers at the bottom of a column,
bracing or shear-wall are based on their connection: if connected to the base (assuming fixed
connection), the number is zero; if connected to a lower story, it is taken as the number of
the connected node. Figure 8.47 explains the numbering procedure.

At node ; of story j, the first global d.o.f. is calculated as

5.145)
k=\

where NM^ is the largest number of nodes at the kth story. Equation (8.145) is based on the
assumption that in-plane stiffness of the floor-slab is rigid. Therefore each floor has three common
d.o.f.: two horizontal displacements and one torsion numbered 1, 2, and 3. With this assumption,
each node has only three independent d.o.f. and the kih floor has 3*NM^ + 3 d.o.f. In the equation,
the first term, 5ji=\(3 * NM^ + 3), represents total d.o.f. ofpreviousy'-l stories; the second term, 3,
signifies the d.o.f at MC of the story considered; the third term, 3(;-l), represents the d.o.f of the
( i - l ) nodes or joints; and the last term, 1, signifies the first d.o.f of node i. For the structure shown
in Fig. 8.47, NMk (k= 1, 2, 3) are

NMl = 6; NM2 = 6; =4 B.I 46)
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TABLE 8.7 Relationship between Element d.o.f. and Global d.o.f. of Column 3

Element d.o.f. 1 2 3 4 5 6 7 8 9 1 0
Global d.o.f. 22 23 31 32 33 24 43 44 52 53 54

12
45

The first d.o.f. of node 3 on the third story is

/3(13} = (3 * 6 + 3) + (3 * 6 + 3) + 3 + 3(3 - 1) + 1 = 52

The other two d.o.f. of joint 3 are added to Eq. (8.147) as ff\ =/3(
3
) -+

Similarly, the first d.o.f. of node 3 on the second story is

/^ = (3 * 6 + 3) + 3 + 3(3 - 1) + 1 = 31

The first d.o.f of the master joint at each floor can be calculated as

7-1
f%] = V(3 * NMk + 3) + 1

1 and

(8.147)

- f(2) + 1— J3,3 + 1-

(8.148)

(8.149)

Therefore the first d.o.f. of the master joint at the second and third story is

f^\ = (3 * 6 + 3) + (3 * 6 + 3) + 1 = 43

f^\ = (3 * 6 + 3) + 1 = 22

(8.150)

(8.151)

As discussed, global d.o.f. of an element are determined by its connecting nodes. For column 3
at the third story of Fig. 8.47, the top node of the column is 3, which corresponds to global d.o.f.
(43, 44, 45, 52, 53, 54); the bottom node 3 is at the second floor, which corresponds to global
d.o.f. (22, 23, 24, 31, 32, 33). Underlined d.o.f. are at the master joints. The relationship between
global and element d.o.f. of column 3 is given in Table 8.7.

Based on the relationship between global and element d.o.f., an element can be assembled into
the global stiffness matrix of a structure using the same procedures as demonstrated in Section
8.12.1.

FFA is useful for tall buildings. A tall building may have more than 1000 nodes; however, the
number of structural nodes at each story is far fewer. Thus the elimination of d.o.f. not associated
with lumped mass can be carried out floor-by-floor, considerably reducing computational effort
and data storage. To demonstrate the advantage of FFA solution procedures for both static
and dynamic analysis, a building system's stiffness matrix is briefly described below.

The global stiffness matrix of an «-story building structure takes the following form:

[K\ =

0 0
1*2,3] 0

symm
[Kn,n]

(8.152)

The global displacement vector is

(8.153)
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in which displacements at the rth story are

{A},-= [(5, 5y Oz dzl Oxi Oyi ... ozL OxL OyL]f (8.154)

where 5X, 5y, and 0, are displacements at the master joint; dzj, Oxj and Oyj- are displacements at the
y'th node (joint); and L is the largest number of nodes (i.e. NMk) at the /'th story. The structure's
load vector is

[R] = [{Rfi {R}1... [R}J ... {R}^ (8.155)

in which the /'th story load vector is

{R}i = {Fx Fy M, F,\ Mxi Myi ... F,L MxL MyL]J (8.156)

where Fx, Fy, and Mz are the loads at the master joint; Fzj, Mxj and Myi are the loads at the y'th
node. The equilibrium equation of the structure is

[K\{\} = {R] (8.157)

which is a general expression of force-displacement relationship for a structural system. The brief
outline given in Eqs (8.152)-(8.157) is the foundation for GSA. These equations, however, can be
simplified for FFA as follows.

8.12.2.2. Solution Procedure
The procedure for FFA is summarized in the following six steps.
Step 1—form the stiffness matrix of the nth story, which is the building's top floor.

^11 -^12 I A«-l I _ I -^n-l I .
•<$ K$>\\ AB J ~\ Rn Y

Step 2—the equilibrium equation for the Kth story, from the second row of Eq. (8.158), is

[K$>] {A}K_! + [A^2}] {A}n = {R}n (8.159)

Rewrite Eq. (8.159) as

(A}n = [K%]-*[R},, - t^]-1^] {A}^ (g_160)

in which

{R'}n = [A-W]-1 {R}n; [K']n = [A-W]-1 [A-W]

Step 3—form the stiffness matrix of the (w-l)th story. Note that {Rn.\} can be either applied at
the Kth story or the («-l)th story. For the present formulation, {Rn.\} is applied at the «th story as
shown in Eq. (8.158). Thus

An_2 1 f Rn-
0

From the first row of Eq. (8.158)

-2 let
KA

KA (n-\)
12

21 22

8.161)
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and the second row of Eq. (8.161)

[Kfrl)] {A}n_2 + [K%-1)] {A},,.! = {01

Combining the above two equations yields

[K%-l)]Mn-2 + ([*£-'>] + [Af?]) {A}n_, + [K<g] {A}fl = {/?}„_! (8.162)

Substituting Eq. (8.160) into Eq. (8.162) to eliminate {An} yields

t^r1'] Wn-2 + ([*lr ''] + [4?]) {A}B-i + [̂ 2°] ({R'}n - [n,{A}B-i) = {*}„_, (8.163)

Let

r jsf-\ /Tf(w~i)i i r if (w)i rfWirf'i \~i rf(tt~i)i /Q IA/I\[A \n_} = ([K22 J + [An J - [A]2 J [A JJ [A2] J (8.164)

and

r D/i /r j^(w~0i i r f(w)i r t^(w/i r JK'I \~l /T DI r JK^W)I r E>'I A /Q i ̂ o{A)K_1=([A2 2 J + [AU J - |A12J|A JJ ({A}n-i -L^nJl^in) (8.165)

Equation (8.163) can then be rewritten as

{A}n_, = {#}„-! - [^']B_,{A}B_2 (8.166)

S'Ze/' 4 — repeat step 3 for stories n-2 through 2.

{A}2 = {R'}2 - [^{AJj (8.167)

5 — form the stiffness matrix of the first story.

11 12
,,(1) „(!)A2I A22

Assume that the structure is fixed at its base, and the displacements at ground level are zero. The
equilibrium equation at the first story becomes

[K^]{A}2 + ([K^] + [Kff]) {A}, = {R}, (8.169)

If ground floor displacements are not zero, then Eq. (8.169) should be revised based on the known
displacements. Substituting Eq. (8.167) into Eq. (8.189) to eliminate (A}2 yields

[K^] {R'}2 + ([*£>] + [*ff] _ [^(2)] [K']2){A] , = {/?}, (8.1 70)

Let

[K'}} = [Kg] + [K({?] - [K<§] [K']2 (8.171)

and

{R'}l={R}l-[K^]{R'}2 (8.172)

Then Eq. (8.170) can be rewritten as

[K']l{A}l = {R}, (8.173)
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F3=40;

F2=20 ;

F,=10;

h,=h,=h3=10

1=10;

M3=15

M2=10

M,=5

E=10

FIG. 8.48 Three-story building model.

Step 6 — obtain displacements from the first story to the top of a building by backward sub-
stitution. From Eq. (8.173), {A}] is

8-174)

8-175)

Substituting (A}[ into Eq. (8.167) yields

(A}2 = {#} - [Jn2{Ah

Repeat the same procedure to obtain other floor displacements as {A}3, • • -, {A},,.

EXAMPLE 8.12.2 Using the numerical procedures presented in Eqs. (8.158)-(8.175), find the
displacements of the three-story structure shown in Fig. 8.48. Consider horizontal and rotational
displacements and neglect vertical displacement at each floor.

Solution: Step 1 — form the stiffness matrix of the third story:

—

• i:
_-^21
>£/
L3

6EI
L2

-UEI
L3

6EI
I n

|40|
3 ~ 15

K(3)~\A12

^22 J
6EI
L2

4EI
L

-6EI
L2

2EI
L

-UEI
L?

-6EI
L2

UEI
1}

-6EI
L2

6EI '
L2

2EI
L

-6EI
L2

4EI
L \

120 600
600 4000

-120 -600
600 2000

-120 600 "
-600 2000

120 -600
-600 4000

(a)

(b)
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Step 2—the equilibrium equation for the third story is

[-120 -600]
[_ 600 2000 J 1 ' 2

[ 120 -600].., [401
[-600 400oJ { A } 3 - ( l5}

Following Eq. (8.160), we have

[ 120 -600"
L -600 4000 .
J 1.4081 [-

~ { 0.215 J ~ [ 0

- / [401 [-120 -600] \
(1 15j - [600 200oJ{A}2j
-10]-1 J{A)2

Step 3 — form the stiffness matrix and load matrix of the second story:

~ K™ Kf}~
[K]2 =

t-(2) *-(2)
\-K2\ K22 J

,R] f 2 0 ]
i2 [10]

From Eq. (8.162)

" 240 1200 -240 1200 "
1200 8000 -1200 4000
... -.. ... ...

-240 -1200 240 -1200
_ 1200 4000 -1200 8000 _

[-240 -12001 /[ 240 -12001 [120 600 1\
[l200 4000 J U-1200 8000 _| + |_600 4000 JJ

I" -120 6001
+ |_-600 2000 J

and from Eq. (8.164),

(2) (3) (3)[K22] + I K U ] - [ K 1 2 ] [ }

r-i2o eoo i r - i
~ [-600 2000 J [ 0

[201
i i o j

[ 240 -1200] [120 600 ]
[-1200 8000 J + |_600 400oJ

-10] [ 240 -1200]
-1 J ~ [-1200 8000 J

[ 240 -1200]"'r-240 -1200] [-1 -10]
LA J2 - ^_1200 8000 J [ 1200 4000 J - [ o -1 J

Substituting the above into Eq. (8.165) yields

[" 240 -1200]"Vf20l [-120 600 I f 1.408 }\ {2.0625}
1 )2~[-1200 8000 J vl10! L"600 2000 J| 0.215 }/ [0.3625 J

Using Eq. (8.166) results in

... (2.0625) [-1 -10]..,
{A}2= 0.3625 - 0 -1 {A}l

503

(c)

(d)

(e)

(g)

(h)

(i)

(k)

Step 4—skip this step for the three-story building.
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Step 5—form the stiffness matrix of the first story and its equilibrium equation:

360 1800 | -360 1800
1800 12,000 | -1800 6000

M2 _
XDL22 -360 -1800 | 360 -1800

1800 6000 | -1800 12,000

(1)

-240 1200
1 )2

360 -1800 I" 240 1200
-1200 4000 J l"J2 ' \l_-1800 12,000 J ^ [1200

Substituting Eq. (k) into Eq. (m) to eliminate (A}2 yields

600 -600 ] |~ -240 1200
-600 20000 J +[-1200 4000

IT
J[

! 10
o i

! J1 ~
10

360 -1800]
-1800 12,000 J

(m)

(n)

T-240 1200] f 2.0625} _ f 70 }
-1200 4000 JI 0.3625} ~ I 1030} (o)

[ 360 -1800] _ f 70 }
[-1800 12,000 J1 h ~ { 1030 J

Step 6—find displacements by backward substitution:

} - [
360 -1800]"

-1800 12,000 J
70

1030
2.4944}

0.46 J

(P)

(q)

2.0625 [
[0.3625 J
-1 -10]} 2.4944
0 - 1 1 0.46

9.1569}
0.8225 }

l . 4 0 8 ) _ r
0.215} [

-1 -10]}9.1569}
0 -1 J{ 0.8225 J

18.7899}
1.0375 (s)

8.13. MASS MATRIX ASSEMBLY

From Fig. 8.49, the relationship between the lumped mass of master joint MC (mass center) and
the lumped mass of a slave joint (nodes 1, 2, 3, and 4) can be expressed as

' mx 0 0 0 0
my 0 0 0

m, 0 0
0 0

symm 0

-mx Yms

myXms

0
0
0

5.176)

where Xms and Yms are defined in Fig. 8.49 in terms of a typical slave joint, such as joint 2; matrix
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FIG. 8.49 Relationship between master joint and slave joint.

[Tms] is given in Eq. (8.6) and the lumped mass matrix of a slave joint is

Mslave =

~mx
0
0
0
0
0

0
my
0
0
0
0

0
0

mz
0
0
0

0
0
0
0
0
0

0
0
0
0
0
0

0"
0
0
0
0
0

5.177)

If vertical inertia force is not considered, then let mz = 0, and the d.o.f. of 5Z can be eliminated from
the stiffness matrix. Since rotatory inertia is small and negligible, Ox and Oy can also be eliminated.
After excluding d.o.f. of 5Z, Ox, Oy from Eq. (8.176), the result is

L^lmaster —

0 -mx Fms
myXms (8.178)

_symm mxYs + myX

For the rth floor with L joints, the mass matrix of a system is

(-mxiYmsi)

E'
7=1

L

0 ...

0 ...

0 ...

0 ...

... 0

... 0

... 0

... 0

... 0
0

(8.179)

symm

Note that the MC of a floor should be located at either the rigidity center or the mass center of
the floor. Eq. (8.179) is based on the assumption that MC is at the rigidity center. If MC is at the
mass center, then Eq. (8.179) becomes a diagonal matrix, which is usually preferred in dynamic
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analysis. Thus

7=1

L

= 0

Recall that the mass matrix does not include d.o.f. where inertia force is neglected. These
d.o.f. should be excluded from the stiffness matrix to reduce computer storage and improve com-
putational efficiency. Rewrite the structural global stiffness matrix [Eq. (8.144)]) as

(8.180)

where [A"mm] is the submatrix corresponding to the master joints with lumped-mass inertia forces,
and [Kss] is the submatrix corresponding to slave joints without lumped mass. Arrange the mass
matrix to match the above stiffness matrix, which becomes

r if-i [J" Jm L"J I /o 1 o 1 \\.M\= I rni rm I (8.181)
[0]

[0] [0]s

where [M]m is a diagonal matrix

diag ([M]m) = [Mi Mi Ji M2 ... ./„_! Mn Mn Jn] (8.182)

in which n is the number of stories; M/ and My are the masses associated with translational d.o.f. of
5Xj and 6yj, and Jj is the torsional mass for dgz/ at the j'th floor. It is assumed that vertical inertia
forces of columns are neglected and the masses at each floor are lumped at the mass center
of that floor. Substituting Eqs. (8.181) and (8.182) into the following eigensolution matrix,

([K\ -p2[M]) {X} = (0) (8.183)

yields

[Kmm] [Kms]l\Xm 1 _ 2r[M]m [0] "I J Xm 1 _ f 0
[Ksm] [ K S S ] \ \ X S I P [ [0] [ Q ] S \ \ X S I J O

from which

r]f 1 i V l ^ F J f 1 J V \ r^\ H/fl i V \ — fCil /Q 1 9^\["-mm! t ^ m j ~r L-*MnsJ t^si — P L^Jmt^mj — WJ ^o.lo^j

and

[^sm] {^m} + [^ss] {^sl = {0} (8.1 86)

Displacements at slave joints can be expressed in terms of master joints (mass centers) as

[Xs] = -[Kss]-l[Ksm]{Xm} (8.187)

Thus {Xs} can be eliminated by substituting Eq. (8.187) into (8.185)

([^mm] - [A-ms][^ssr'^sm]){*m} -P
2[M]m{Xm] = {0} (8.188)

Let

[K]m = [Kmm] - [Kms] [Kss]~l [K^] (8.189)
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Then the eigensolution matrix in Eq. (8.183) can be reduced to

-/Mm) f^m) = (0) (8.190)

To find [K\m, we may use Eq. (8.189) directly or employ the following numerical elimination
technique.

Eet the load be equal to 1 at the position corresponding to 5X of the first mass center. No other
load exists, so the displacement vector is {A}^. Then let the unit load be applied to 5y of the same
mass center. Other loads are zero, so {A}^; then (A,}el. Repeating the same procedure for other
mass centers, the result is (A}^2, {&}sy2, (A}0z2, . . ., {A}Sxn, [A}Syn, [A}0zn. Keep only the
displacements corresponding to the mass center in the above displacement vectors. Then put them
together; we obtain

[A]m = [{A),,, MSyl {A}fel ... {A},,n {A}^ {A}flzn]3m3B (8.191)

[A]m is a 3n by 3« matrix, and

fflm = [A]-1 (8.192)

In finding [A]m, there is no need to find the displacement vectors of the mass center one by one.
Instead a load matrix [R] can be constructed. Solve the equation [K\ {A} = {R}, and the [A]m matrix
can be obtained simultaneously.

EXAMPLE 8.13.1 Find [Km] corresponding to {dx} of the structure shown in Fig. 8.48 of
Example 8.12.2 by using FFA. Eliminate {A}gz and neglect {A} .̂.

Solution: To find {A}^ of the three-story building, the load matrix is

}o o]. [o i o]. [o o i
o o h [R]i~ o o o ' [jR]'- o o o

Using the above load matrix [R]3 in Eq. (d) of Example 8.12.2 gives

= T 120 -600 ]-'/[! 0 0 1 T - 1 2 0 -6001 \
3~L-600 4000 J Vl_0 ° o j ~ [ 6 0 0 2000 J /

, i_r- i -101
)J L o -i J

(b)0.003 o o] _ r-i -101
0.005 0 0.' ~ ' " i K }2

Using [R]2 given above in Eq. (j) of Example 8.12.2 gives

' = [ 24° -1200]"Vr° ! °l_r-120 60o]ro.c
2~[-1200 8000 J \[0 0 0_|~|_-600 200oJ[o.C

•-120 600]r0.033 0 0
.-1200 8000 J VLO 0 Oj [-600 200oJ[o.005 0 0J7

0.0417 0.0167 0^
.0.0075 0.0025

which is substituted into Eq. (k) of that example; then

_ [0.0417 0.0167 0] [-1 -10]
LAJ2~[0.0075 0.0025 o j ~ [ 0 -1 J|A}l (d)
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Employing [R]i in Eq. (o) of that example gives

° H-T"2 4 0 1200l r°-°417
0 0 0_|~|_-1200 4000 J [ 0.0075 0.0025 0
i i 11

20 10 0

] T
J [

l 1 1
20 10 o

which is employed in Eq. (q) of that example, leading to

i <?22 <?2i] = [" 360 -1800
i 022 02 1J~[-1800 12000

_ I T 0.4000 0.250 0.100]
~ 9 |_ 0.0075 0.045 0.015 J

Using {A}] just obtained in Eq. (d) above, we have

[A]2 —
(523 (522

023 022 02

Similarly from Eq. (b),

J3 ~ ' 033 032 03l

Combining Eqs. (f)-(h) yields

'[A]i
[A]2

[A]3

013 On Ou
^23 ^22 ^21
023 022 021

033 032 031

1.5250 0.8500 0.250]
11425 0.0675 0.015 J

3.25 1.5250 0.400]
1.47 0.0675 0.015 J

'0.400 0.250 0.100'
0.075 0.045 0.015
1.525 0.850 0.250
0.142 0.0675 0.015
3.250 1.525 0.400
1.470 0.0675 0.015

(e)

(0

(h)

(i)

Eliminate rotational displacement from the above; then the rest of the elements in matrix form
[A]m corresponding horizontal displacements become

'0.10 0.25 0.40'
0.25 0.85 1.52
0.40 1.52 3.25

which is a flexibility matrix whose inversion is a stiffness matrix,

'411.17 -190.59 38.82
155.29 -49.41

symm 21.18
00

Note that either the flexibility matrix in Eq. (j) or the stiffness matrix in Eq. (k) can be used for
eigensolutions as discussed in Section 2.6.

8.14. LOADING MATRIX ASSEMBLY

For structural system analysis, a stiffness matrix is formed in association with d.o.f. at the struc-
tural joints. Each joint has member(s) connected to it. Therefore the loads which act on member(s)
but not on joints must be transferred to the corresponding joints by using fixed-end forces.
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8.14.1. Vertical Static or Harmonic Forces
For vertical loads in gravity direction acting on a beam or a member, the fixed-end forces including
moments and shears are found and then transferred to joints as unbalanced forces. This procedure
was applied to steady-state vibration introduced in Section 4.5.5 for dynamic stiffness and in
Section 6.3 for consistent mass method. For the structural model presented in this chapter,
the positive direction of unbalanced forces at a structural system's joint should be the same
as the system's positive d.o.f. For a beam connected to a floor slab which is rigid in its plane
(see Fig. 8.35), axial forces along Xe and bending about Ze are neglected. Thus the unbalanced
forces due to a vertical load are only aligned with the Ze-axis of the member and should be trans-
ferred to the member's structural joints. For member ;', the unbalanced forces can be expressed
as

{Rti} = [Fxs Fys Fa Mxs Mys Mzs Fxe Fye Fx Mxe Mye M,_^
= [ 0 0 Foa 0 -Moys 0 0 0 Foze 0 Moye 0]T

To put the local unbalanced loads into the global load vector, the following transformation is
necessary:

Rti} (8.194)

where [Cj] and [CJ were defined previously for different types of members, such as the
beam-column in Eq. (8.39). After finding the internal forces {-Fe}< of the rth member resulting
from deformations (displacements), the actual internal forces of the member are obtained as

{F*Yi = {F*}i±{Ru} (8.195)

in which the positive ( + ) or negative sign ( — ) of {Ru} adjusts the fixed-end force's direction. For
instance, the two fixed-end moments of a beam are opposite to each other; when the counter-
clockwise direction is positive, the clockwise direction is negative. The global load vector of a
structure can be expressed as

NM
{R} = ^{Ri} (8.196)

;=1

where NM is the total number of structural members. When using the FFA method, {R} based on
Eq. (8.155) can be written as

[R] = [{Rtf . . . {R}J . . . {*}J]T (8.197)

where

{R]i = [0 0 0 Rl Mxl Myl ... RL MxL Myrf (8.198)

EXAMPLE 8. 1 4. 1 The two-story building structure shown in Fig. 8.50 is subjected to harmonic
forces q\ cos cat and q^ cos a>t acting vertically on beam b\ and bi, respectively. Form load matrix
{R} for steady-state vibration response.

Solution: For steady-state vibration response, the time function cos wt is assumed to be a unit
value. Thus, the fixed-end shears and moments for beam b\ can be expressed as (see Fig. 8.35 for
sign convention):

(a)
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Second Floor

H
First Floor

FIG. 8.50 Two-story building structure.

and

0 12

Similarly for beam bi

0 ^ 0

(b)

(c)

Each floor is parallel to the Xg-Y& plane; thus from Eq. (8.110), cv = cos if/, <;.,, = sin i//, cz = 0,
/] =cos i/f, /2 = sin (j), /3 = 0, m\ = — sin if/, m2 = cos if/, m^ = 0, n\ =«2 = 0, «3= 1, we have

[Ce] =
COS 1

— sin
0

"[Ql
0
0
0

I/ sin \jj 0
i// cos i// 0

0 1_

0 0 0
[Ce], 0 0

0 [Ce]2 0
0 0 [Ce]2

(d)

(e)

Assume the GCS is parallel to the JSC; then

[CJ2] = [Cji] = [/],2*i2

= [/]; and

-giL2sm\l/ -
12 12 12 12 °J

(g)
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Thus

= |~0 0 —— ~g2^2 sin $ ~g2^2 cos \ji q2L q2L2 sin tp q2L2cosil/

(h)

As shown in Example 8.12.1, the relationship between element and global d.o.f. of b\ and b2 can be
established in Eqs. (i) and (j), respectively.

Element d.o.f. of &i 1 2 3 4 5 6 7 8 9 10 11 12
Global d.o.f 1 2 4 5 6 3 1 2 7 8 9 3

Elment d.o.f. of b2 1 2 3 4 5 6 7 8 9 10 11 12
Global d.o.f 10 11 13 14 15 12 10 11 16 17 18 12

Thus the final load matrix in GCS is

q\L —q\L2 sin \j/ —q\L2 cos \j/ q\L q\L2 sin if/ q\L2 cos

0 0 0

2 12 12 2 12 12
q2L —q2L2 sin if/ —q2L2 cos if/ q2L q2L2 sin \j/ q2L2 cos \j/
~Y 12 12 ~T~ 12 12

8.14.2. Lateral Wind Forces
For general lateral forces, we can use the procedure discussed in Section 8.14.1 to transform
non-joint to joint loads as unbalanced fixed-end forces. For wind load acting on a building
structure's surface, we usually find equivalent forces lumped on floor levels that are transformed
to respective MCs. At the top story, the lumped force equals the distributed forces on half
the story; for the other stories, the lumped force equals the distributed forces acting on the upper
and lower half of each individual floor. A lumped force transferred to MC can induce torsion
which is equal to the force multiplied by its eccentricity measured from the lumped force's location
to MC. Figure 8.51 explains this in more detail.

For triangular distributed wind forces, Wxi and Wyi are force magnitudes at the rth story
height (Fig. 8.51b). Let dxi and dyi be eccentricities measured from the lumped-force location
to the master joint of the rth story; typical lumped forces and torsions at the top and z'th stories
are given in Eq. (8.199a-f).

Fxn=Wxn^Sn (8.199a)

Fyn=Wyn
h^Ln (8.199b)

Mzn = Fxndyn + Fyndxn (8.199c)

Fxi = Wxi - (hi+i S/+i + hiSt) (8.199d)2

Fyi = Wyi
l-(hi+lLi+l + hiLt) (8.199e)
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(b)

w. w,

Wind Force in Xg-Direction Wind Force in Yg - Direction

M^F,n-2 d yn-2+Fyn-2 d xn-2

MCn.2

*i Jr
t TF*n-2

'yn-2

nth Story (n-2)th Story

FIG. 8.51 Lumped forces transferred to MC. (a) Building structure, (b) Wind forces, (c) Loads at
master joints.

Mz=-Fxdy+Fydx

/^NMC
Mz=Fxdy-Fydx

/^\
MC

FIG. 8.52 Torsion direction.

The direction of torsion depends on the force direction relative to Xg and Yg axes and the
eccentricity. Sample torsion equations are shown in Fig. 8.52, where forces are positive; torsion
is positive in the counterclockwise direction. The wind force vector is composed of transferred
forces and torsion at MC of each floor.

EXAMPLE 8.14.2 For a two-story building structure in Example 8.14.1, two lumped forces, P\
and P2, are applied at the first and second floors, respectively (see Fig. 8.53). Form the loading
matrix {R}.
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Second Floor

First Floor

First Floor

FIG. 8.53 Example 8.14.2.

Solution: Based on the solution of Example 8.14.1, the global d.o.f. are 18. Thed.o.f. are 1,2, 3
at master joint MC, and 10, 11, 12 at MC2. For MQ at d.o.f. 1, 2, 3

Fx\ =P\ sin ai
Fy\ =Pi cos a\
Mz\ = Fx\dy\ +Fyid*i =Pi(dyi sin ai +dx\ cos ai)

For MC2 at d.o.f. 10, 11, 12

FX2 = ?2 sin v.2
Fy2 = PI cos a2
Mz2 = Fx2dy2 + Fy2dX2 = P2(dy2 sin a2 + dx2 cos a2)

Thus the loading matrix is

{R} =[/>! sin «i PI cos «i /*i(4i sin « i+4i cos «i) 0 0 0 0 0 0

^2 sin «2 /*2 cos «2 Pi(dy2 sin «2 + ^2 cos 1x2) 0 0 0 0 0 0]

(a)
(b)
(c)

(d)
(e)
(0

(g)

Note that if a (aj or a2) < 90°, then cos a > 0 and Fx (Fx\ or Fx2)> 0; if a («i or a2)> 90°, then cos
a < 0 and Fx (Fxi or Fx2)< 0.

8.14.3. Lateral Dynamic Loads
For lateral dynamic loads acting on the building structure shown in Fig. 8.54, the acting load does
not pass through the mass center (say rth story); torsion at that story is then induced by the lateral
load as

Mimz(t) = Fi(i) (- sin 0,dy + cos 0/4)

Horizontal loads which act at the mass center are

5.200)

/WO = -Fi(t) sin Of
/WO = FM cos Oi

(8.20 la)
(8.20 Ib)
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-I
Fj(t)

MC.

FIG. 8.54 Lateral dynamic loads.

At each story, load vectors corresponding to <5X, <5y, and Oz are

f {Flmx(t)} ] f -sinO,- )
(Fmi(t)} = (Fimy(t)} = cos 0, \F,(t)

[ {M-lmz(t)} \ [-sin Oidy + cos Otdx \

The lateral dynamic load vector for an w-story building structure is

{Fm,(t}}

(Fmi(t)}

(Fmn(t)}

5.202)

(8.203)

8.14.4. Seismic Excitations
Building structures subjected to seismic excitations can be analyzed by means of: (1)
pseudo-dynamic procedure based on response spectra, (2) time-history response using numerical
integration, or (3) equivalent lateral force procedure. Method 1 and 2 are discussed in earlier
chapters, notably Chapter 7; method 3, based on building code recommendations, is covered
in Chapter 10. For pseudo-dynamic procedure, the lateral pseudo-dynamic loads at each story
are obtained for each of the modes included in the analysis; shear and moment at the base
or any floor are then obtained for the individual modes by using equilibrium requirements. Using
modal combination technique SRSS, CQC or ABSSUM (summation of individual absolute value
of individual modes) yields the peak value of base shear and overturning moment. For instance,
with SRSS the peak value of base shear for m modes is

Similarly, the value of a member's internal forces or a structure's story drift is determined by
combining the peak value of individual modal contributions with the same response (member
force or story drift).

After the lateral pseudo-dynamic loads at each story are obtained, the seismic load vector is

... [R}J ... {R}^ (8.205)

Since the seismic forces are acting on the mass center at each floor, the lateral force vector at ;th
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floor is

{R}i = [Fxs Fys 0 0 ... 0]T

515

(8.206)

For time-history response analysis, the load vector is based on mass matrix and seismic accel-
eration records and may be expressed as

(8.207)

5.208)

where [M] and [Km] are given in Eqs. (8.207) and (8.208), respectively. Damping matrix, [C], can be
computed based on Section 3.3 in Chapter 3 as

= -[Af[[xg(t)}

The dynamic equilibrium matrix for a structural system is

[M] {x(i)} + [C] {x(f)} + [Km] {x(i)}

[C] = a[M] 5.209)

EXAMPLE 8.14.3 A two-story building structure is subjected to earthquake accelerations of
N-S component MN-s(0 and E-W component uE-w(t), as shown in Fig. 8.55. Assume that
MQ and MCa are mass centers of the first and second floor, respectively. Formulate the mass
matrix [M] and loading matrix {R(t)}.

Solution: Using Eq. (7.5) in Chapter 7 with the given accelerations in E-W and N-S
directions, we obtain accelerations along the Xz and Yg axes as

ux(f) = «E-w(0 cos 0' + MN_S(0 sin 0' (a)
uy(t) = - ME-w(0 sin 0' + wN_s(0 cos 0' (b)

Second Floor

First Floor

. Yms21, Yms22

ms22

X „ Second Floor

ms!2

FIG. 8.55 Example 8.14.3.
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The mass matrix for first and second floor is obtained from Eq. (8.178) as

[M\ =
MI] 0
0 [M2]

where

and

[M2] =
+ m22

0

0

The load vector is

(c)

+ m\2 0
0 m\
0 0

(d)

(e)

(f)

8.15. ANALYSIS AND RESPONSE BEHAVIOR OF SAMPLE STRUCTURAL
SYSTEMS

This section comprises two numerical examples. The first one demonstrates how to model a 2D
structure based on 3D elements and then provides detailed analysis of a plane beam-column
and shear-wall system. The second one involves a 3D structure subjected to multicomponent
seismic input, which shows how significantly the interacting seismic input affects structural
response.

EXAMPLE 8.15.1 A 2D beam-column and shear-wall structure is subjected to two concen-
trated forces as shown in Fig. 8.56. The beam-column has elastic modulus, £"=29,000 ksi;
cross-section area, A = 19.1 in2; and in-plane moment of inertia in the plane of bending, 1=174
in4. The shear wall has 7^ = 7000 k, ,Kb = (1.35)109 k in2, and ^s = (2.67)105 k. Formulate the
structural stiffness matrix by using the 3D elements presented previously and then find system
displacements and member deformations and forces. Neither rigid zone nor second-order effect
is considered.

Solution: Since the wall is fixed at the support, v. = h and /? = 0 should be used for stiffness
coefficients. As a 2D structural system, only three in-plane d.o.f. exist at each joint: one horizontal
displacement, one vertical displacement, and one bending. The others are restrained. Thus the
dimension of the beam-column stiffness matrix is 6 by 6 where joints 4 and 5 are connected with
a rigid-body bar. Assume that one of the principal planes of the beam-column cross-section
is parallel to the X&-Zg plane, and that the JCS is parallel to the GCS. The in-plane stiffness
matrix in the GCS of beam-columns can be established using Eq. (8.115). For member 1, the
restrained d.o.f. are: <53mv = 03m>, = 03mz = <56mjc = 06nv = 06mz = 0; the stiffness matrix in the
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, z.

FIG. 8.56 Two-dimensional beam-column and shear-wall system, (a) Given structure, (b) Global
d.o.f.

GCS is

Flmy K-1,1 0 K24 A\8 0 A^io

^3,3 0 0 K^g 0
IS IS (\ ISA4 4 A4 g U A4 ] o

K%$ 0 A'gjo
symm Kgtg 0

A'lO.lO

Substituting the known conditions into Eq. (8.115) leads to

Olmx

[^] =

rl2EI 6EI
L? L?

f, "'J—l\

4EI
Li

symm

-12EI

0

-6EI
^

UEI

0

-EA
Li

0

0

6EI "I

0

2EI
Li

Li

0

4£7
LI

(a)

(b)

Similarly for beam-column 2, d$mx = 05my = 05mz = d6mx = 06my = 06mz = 0, we have

F5my ~K2,2 0 0 ^2,8 0 0
^3,3 ^3,4 0 A\9 KJJO

A-4t4 0 ^4,g "4^0

^8,8 O' 0
F6mz symm A"9>9 A"9]IO

A'IO.IO

(c)
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[K2] =

\EA o o - ^ oL2 L2

12EI 6EI -\2EI
L\ L\ L\

4 El -6 El
L2 L\

f o
UEIsymm — —

L2

0

6EI
L\

2EI

0

-6EI
L\

4EI

(d)

The stiffness matrix of the shear wall can be obtained from Eqs. (8.137)-(8.139). Based on the
numbering system shown in Fig. 8.56 and that of a typical wall given in Eq. (8.136), the restrained
d.o.f. are

at J = 1, §5mx = 05my = 05mz = 0;
at J = 3, c5ln« = 0 l m . = 0 Imz = 0;

at / = 2, §4mx = 04my = 04mz = 0 (e)
at J = 4, <52m, = 02my = 02mz = 0. (f)

Since the wall is fixed at the base, its stiffness matrix is [Ku] as given in Eq. (8.137). Con-
sidering restrained d.o.f. of Eq. (e), [Ku] may be expressed as

Tilm I _
—

where

_ \if i
— LJV1U

<5j2m] = [<)5my (h)

^3,3

symm

0
0
0

0
0
0
0

K2,9
^3,9

0
0

^9,9

0"
0
0
0
0
0

'kn kn
k22

ymm

0
0
0

0
0
0
0

-kn
k23
0
0

k22

0"
0
0
0
0
0_

(i)

in which the stiffness coefficients k, such as k\\, k\2, are given in Eq. (8.129).
Since node 5 is the master joint of the wall and the rigid bar on the wall (see Fig. 8.56),

transformation between the slave joint at node 4 and the master joint is obtained from Eq. (8.2),
with consideration of restrained d.o.f., as

I \rr i
L-'msJs

"1
0
0
0
0
0

0
1
0
0
0
0

0
0
1
0
0
0

0
0
0
1
0
0

0
0
0
0
1

y1 ms

0"
0
0
0
0
1

[7ms] =

Note that the displacement vector of Eq. (j) is [c>5m>,
Eq. (8.2) are: at node 4, Xms = Xgs - X
Zms = Zgs-Zgm = 240 -240 = 0; and at node

$m: 5$mx 54S}, c>4SZ £>4SJT. The parameters used in
m = 0; Yms= Ygs- 7gm = 0-90= -90 in;
5, Xms = X& - Xgm = 0; Fms=Fgs-Fgm =

90 - 90 = 0; Zms = Zgs - Zgm = 240 - 240 = 0. Submatrix [K\ i] of the shear-wall stiffness matrix
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becomes
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k\\ k\2 0
k22 0

0

symm

0
0
0
0

-kn
k2i
0
0

k22

—kn Yms
£23 yms

0
0

k22 Yms

(k)

in which the displacements at the slave joint (node 4) are transferred to the master joint (node 5).
Thus the displacement vector is {5m} = [<5sm>, <55mz 0$mx 56my <56mz 06mx]T. The global stiffness
matrix of the structure is

EA

——3- + (/C22 + /C23) -T7-

4EI
~Li~~

symm

0
2 -12EI

L\

o -6f
L2

EA UEI

\2EI EA
Ll+U

0

6EI
L\

2EI

-6EI

-6EI
L\

(1)
From Fig. 8.56, we have L\ = w = 240 in, L2 = 120 in, Yms = — 90 in. Substituting the known

data into Eq. (1) yields

'5728.3333 0 267,000.00 -4615.833 0 0
64.2083 790.0001 0 -35.0416 2102.5

69,932,262.48 0 -2102.5 84,100
4620.2135 0 -525.625

symm 2342.9583 -2102.5
252,300

(m)

The load vector is

{R} = [F5my F5mz M5mx F6my F6mz

Structural displacements are then found as

0 0 0 15 0]T (n)

(>5my
^5mz
05mx
&6my

(>6mz
_06mx

r K^I ~ ^ ( D i— [JvJ i^M — '

1.0605 '
-0.0897
-0.0041

1.0600
0.0053
0.0044

(o)

which is shown in Fig. 8.57a.
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(a) 0.0041/

1.0S05 _ 0.0044
0.0053

1.0600

(b)

5mx/jk a5my ——
tsy
——— *-

55my -f-

—— "" 44-
' \ -V5 8

^t«5mz y
-=t95mx /

9
~^ ^~

/

°4sy - °5my

FIG. 8.57 Displacement details, (a) Displacements, (b) Relationship between Wall's master and
slave joints.

From Fig. 8.57b, displacements of joint 4 are

{A4} =
'1 0 0'
0 1 0
0 Yms 1

{A5} =
1.0605
0.2751

-0.0041

The internal forces of beam-column 1 can be obtained as

4205 -841

F6
= [*']

'841
192

-2.36
-12.30
-374.17

2.36
12.30

-191.21

0

2307.917

8

0

84,100

192

8

841
192

symm

2307.917

2307.917

4205 '
8

0

42,050

-4205
8

0

84100

(P)

0
0
0

1.0600
0.0053
0.0044

(q)
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Similarly, the internal forces of beam-column 2 are

0
2102.5
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F6z

=<!=
1.0605

-0.0897
-0.0041
1.0600
0.0053
0.0044

"4615.8333 0
841
~24

symn

-2.36
-2.70

-515.57
-2.36
2.70

191.21

-4615.8333
0

168,200 0

4615.8333

0
-841

24
-4205

2
0

841

0

2102.5

84,100

0

0

168,200 _

Based on the displacement of joints 4 and 5 and the structure's fixed condition, the displacements
of the four joints of the shear wall can be expressed from local d.o.f. in Fig. 8.16 as

(s)

Si '
52
§4
56
<58
<?9

1.0605 '
-0.0897
0.2751

0
0
0

Using Eq. (8.129), the shear-wall internal forces are

Fl
F2

F9

1112.5

1.0605
-0.0897
0.2751

0
0
0

2966.667
8612.8472

symm

97.64
8.43

-5.73
-254.65
-97.64
251.95

-2966.667
-8598.264
8612.847

0
687.153

-701.736
(3.9375)10'°

-1112.5
-2966.6672

2966.667
0

1112.5

0
-701.736
687.153

-687.153
0

(3.9375)10'° _

(t)
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FIG. 8.58 Members' internal forces from Example 8.15.1. (a) Internal forces at members, (b)
Transformation of shear-wall internal forces.

Internal forces are given in Fig. 8.58a from which the equilibrium conditions are illustrated at the
members and the joints. Shear-wall internal forces are transferred to the wall's center line, as
shown in Fig. 8.58b, according to the equilibrium principle.

EXAMPLE 8.15.2 A pipeline structural model is shown in Fig. 8.59a with 36 d.o.f. Member
thickness, t, and radius, r, are 0.5 in and 20 in, respectively. The structural reference axes are
aligned with the coordinates x\, x2, and x3. Structural properties are: damping ratio = 5% in
all modes; elastic modulus = 3000 ksi; member mass = 0.0066 k sec2/ft2 and liquid mass = 0.016
k sec2/ft2. Thus the lumped masses are calculated as M\ = 0.805 k sec2/ft and M2 = 0.23 k sec2/ft.
Rotational masses of inertia at points B, C, D, E, F, and G are 1.92, 0.38, 0.192, 0.192, 0.38 and
1.92 k sec2-ft in the x\ direction, respectively; 1.725, 0.192, 0.38, 0.38, 0.192 and 1.725 k sec2-ft
in the x2 direction, respectively; 1.92, 0.192, 0.192, 0.192, 0.192 and 1.92 k sec2-ft in the x3
direction, respectively.
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(a) (b)
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1.0 +
0.59

0.36+ +

FIG. 8.59 Pipeline structure and mode shapes, (a) 3D pipeline structure, (b) First three mode shapes.

(A) Find the first three vibration modes and then observe coupling behavior of the modes. (B)
Obtain the structural responses by using time-history analysis for seismic input of ID, 2D, and 3D
respectively corresponding to the N-S component, the N-S and E-W components, and to the N-S,
E-W, and vertical components of the 18 May, 1940 El Centre earthquake records. For ID
analysis, N-S earthquake input is applied in the x\ direction; for 2D analysis, earthquake records
of N-S and E-W are respectively applied along the x\ and x2 directions simultaneously. Similarly
for 3D analysis, N-S, E-W and vertical components are respectively applied to x\, x2, and x3
directions simultaneously. (C) Find the responses by respectively applying ground main (ux), inter-
mediate (uy), and minor (uz) principal components [see Section 7.2.4 and Eq. (7.5)] in x\,X2, and x^
simultaneously based on time-history analysis. This result, identified as Type 1, is then compared
with the 3D result, identified as Type 2, obtained from (B) above.

Solution: (A) The first three modes are shown in Fig. 8.59b which reveals that structural
translational motion and torsional motion are strongly coupled in each of the three fundamental
modes.

(B) Comparing ID, 2D, and 3D responses in Fig. 8.60a shows that 2D and 3D responses are
much greater than ID and that the 3D results are somewhat greater than the 2D, but not as
striking when compared to ID.

(C) Comparing the Type 1 and 2 responses in Fig. 8.60b shows that using major,
intermediate, and minor seismic input components yields greater responses than those resulting
from N-S, E-W, and vertical ground motion.

8.16. OVERVIEW

This chapter treats concepts and techniques of formulating and analyzing 3D building structures
with greater scope than even a self-contained text. Since coordinate transformations for ECS,
JCS, and GCS are important in 3D structural analysis, they are carefully presented with two
different comprehensive approaches that hardly mentioned in other texts. A structural joint's
rigid zones, shear walls, and in-plane rigid floor slabs are key in modeling building systems.
Therefore, significant effort is devoted to deriving stiffness and geometric matrices and to inter-
preting the physical meaning of the element coefficients of these matrices. Structural stiffness
matrix assembly and solution procedures, unique for tall buildings, are depicted in detail along
with a comparison to the conventional approach for general 3D structures. These features cannot
readily be found in a single source. Extensive examples illustrate formulation concepts and
numerical procedures. Note that the material in this chapter is written as part of the computer
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FIG. 8.60 Response comparison of 3D pipeline structure subjected to 18 May, 1940 El Centre
Earthquake, (a) Response comparison for ID, 2D, and 3D seismic input, (b) Comparison of type
of response for major, intermediate and minor seismic input component (type 1) and response for
3D seismic input (type 2).
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program INRESB-3D [1,5-7], which is widely available. This program can be used to analyze not
only 3D but also 2D structures for both elastic and inelastic response due to static and/or dynamic
forces, or static load and seismic excitations. Also note that there are references cited here to guide
the reader seeking to fill the gap between the author's original work and the condensed form
presented in this chapter. Publications on the subject by other researchers can be found in this
author's reports cited here.
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Various Hysteresis Models and Nonlinear
Response Analysis

PART A FUNDAMENTALS

9.1. INTRODUCTION
The previous chapters focused on elastic structures with emphasis on mathematical models, ana-
lytical methodologies and numerical procedures as well as response characteristics. When a struc-
ture is subjected to dynamic force or ground motion, its constituent members may deform beyond
their elastic limit, such as yielding stress of steel or crack stress of concrete. If we assume that the
members continue to behave elastically, then their response behavior is based on linear or elastic
analysis as presented previously. When the stress-strain relationship beyond the elastic stage
is considered, the response then results from nonlinear or inelastic analysis. Analytical techniques
and response behavior of inelastic structures are discussed here. Note that nonlinear analysis
always encompasses linear analysis because of elastic material behavior at the early loading stage.

Linear and nonlinear analysis can be conducted with consideration of small or large
deflection. Large deflection implies that structural configuration deforms markedly, which results
in change of originally assumed directions of forces and displacements. The direction of members'
internal forces in a structure after large deformation is not the same as that used in formulation for
this structure with small deformation. Consequently, equilibrium equations between internal
forces (shears, axial forces, etc.) and external loads (applied force, inertia force, etc.) and the
compatibility condition between internal deformations and external displacements at each struc-
tural node should be modified at various loading stages. Large deflection formulation is generally
considered in inelastic analysis, but is sometimes used in elastic cases for material with a small
modulus of elasticity. Note that the geometric stiffness matrix or stringer matrix due to the
.P-A effect presented previously can be included in either small or large deflection formulation.
Naturally, P-A effect becomes more pronounced for large deflections.

527
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FIG. 9.1 Material nonlinearity.

When inelastic material behavior is considered in formulating the force-deformation relation-
ship of a structural member, the relationship is called the hysteresis model. In this chapter, four
well-known hysteresis models of elasto-plastic, bilinear, curvilinear, and Ramberg-Osgood are
introduced; numerical procedures for response analysis of members' forces and structural
displacements are illustrated; various effects of P-A, large deflection, and material nonlinearity
on structural response behavior are shown; and a correctness check of inelastic numerical sol-
utions based on equilibrium and compatibility requirements is demonstrated.

9.1.1. Material Nonlinearlity and Stress-Strain Models
A typical stress-strain relationship of structural steel is shown in Fig. 9.1. The linear relationship
between O and A is denned as elastic behavior. After initial yielding, ay, the slope of the
stress-strain curve is not constant and material behavior becomes inelastic. Unloading path
B-C and reloading path D-E are elastic, and form straight lines parallel to the initial elastic path
O-A. Absolute values of the initial yield points in tension A and in compression A' are the same,
but the values change for subsequent points B and C or D and E. A stress magnitude of 2cry
is observed for AA , BC, and DE, which is known as the Bauschinger effect [2].

For practical purposes, some simplified models are often used. Most typical are these shown in
Fig. 9.2 as elasto-plastic, bilinear, curvilinear, and Ramberg-Osgood.

9.1.2. Bauschinger Effect on Moment-Curvature Relationship
The Bauschinger effect can also be observed in the moment-curvature (M-<t>) relationship of a
structural member. This relationship is determined by the material stress-strain relationship
and the cross-section shape of that member. Figure 9.3a shows a rectangular cross-section with
width b and depth d. Assuming the stress-strain relationship follows the elasto-plastic
stress-strain model, stress and strain distributions on the cross-section at different loading stages
are shown in Fig. 9.3b. Moment-curvature relationships corresponding to each loading stage
are sketched in Fig. 9.3c. As shown in Fig. 9.3b, at stage (1) the stresses on the cross-section
at both compression and tension sides are less than the yielding stress, ay, and the slope of
the moment-curvature is equal to El. When stresses at the extreme fibers of the cross-section
reach yielding stress, ay, as shown at stage (2), the corresponding moment is called the initial
yield moment, My. Continued increase of the moment will develop yielding stresses on more
of the cross-section area, as is the case at stage (3).
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(a)

529

(c)

FIG. 9.2 Simplified stress-strain models, (a) Elasto-plastic. (b) Bilinear, (c) Curvilinear, (d)
Ramberg-Osgood.

At stage (4) the entire cross-section yields, so the moment cannot increase further. Any
additional deformation makes the cross-section rotate like a center hinge with a constant moment.
The hinge is a plastic hinge and the moment is plastic moment, normally signified by Mp. Note that
at stage (3) strain distribution is linear but stress distribution is not linear. Therefore the nonlinear
moment-curvature relationship develops as shown in Fig. 9.3c. Once the cross-section reaches its
plastic moment, stress distribution is unchanged even though strain increases continually at stage
(5). Strain decreases at stage (6); decreased strain results in a linear stress-strain relationship.
Thus the slope of the moment-curvature curve becomes the initial slope as EL Using the strain
and stress distributions shown at stages (7) and (8) yields the linear moment-curvature relation-
ship at both stages. Further decrease of strain yields negative plastic moment at stage (9).
The linear segment with magnitude of 2My from stages (5)-(8) shows the Bauschinger effect
on the moment-curvature relationship.

9.2. ELASTO-PLASTIC HYSTERESIS MODEL
Observe from the previous section that when a structure is subjected to strong cyclic motions, a
nonlinear moment-curvature relationship develops (see Fig. 9.3c). For elasto-plastic stress-strain
material, the nonlinear moment-curvature relationship can be simplified by using branches I and
II (solid lines) for linear and nonlinear behavior, respectively, as shown in Fig. 9.4. In this
elasto-plastic hysteresis model the bending stiffness associated with branches I and II is El
and zero, respectively. Mp is the plastic moment (also referred to as ultimate moment) of the
member.
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FIG. 9.3 Bauschinger effect on moment-curvature relationship, (a) Cross-section and stress-strain
relationship, (b) Stress and strain distribution at loading stages 1-9.
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FIG. 9.3 Continued.

9.2.1. Stiffness Matrix Formulation
The elasto-plastic model in Fig. 9.4 shows that, when the moment reaches the ultimate moment
capacity of a member, the plastic moment cannot increase but the rotation of the plastic hinge
at the cross-section can increase. For a member without considering gravity dead load, as is
the case with dynamic or seismic analysis, the outcome is as follows. A plastic hinge develops
at the member's end where the magnitude of the moment is greater than at other locations.
The member end behaves like a real center hinge with a constant ultimate moment, Mp. When
the member-end rotates in reverse, the moment decreases elastically and the plastic hinge dis-
appears. Elastic behavior remains unchanged until the moment reaches ultimate moment capacity.
Consequently, a plastic hinge forms again.

Plastic hinge formation in a member has three possibilities: a hinge at the /-end, they'-end or
both ends (see ; and j in Fig. 9.5). Force-deformation relationships associated with elastic state
and the three states of yield condition are discussed as follows.
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FIG. 9.3 Bauschinger effect on moment-curvature relationship, (c) Moment-curvature relationship
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FIG. 9.4 Elasto-plastic moment-curvature relationship.

(A) Both ends linear—since the member is still elastic, the member stiffness matrix is

AM,
AM = 4£7

\/L 1/2L -3/2L2 -3/2L2

1/L -3/2L2 -3/2L2

3/L3 3/L3

symm 3/L3

' A0/

(9.1)
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Posssible Plastic Hinge Locations

FIG. 9.5 Nonlinear beam.

(B) i-end nonlinear andj-end linear—since the plastic hinge develops at the /-end, the member
can be treated as a beam with one end restrained and the other end supported by a hinge. Using any
conventional structural analysis technique, such as moment-area or conjugate beam, the following
stiffness coefficients of the member can be found:

AM;

AMy

AK;

J

= 3EI

0 0 0 0
\/L -\/L2 -1/L2

1/1} 1/L3

symm 1/L3

AC;

A0y
AF;

AF;

(9.2)

(C) i-end linear and j-end nonlinear—similar to the preceding state of yield, notations become

AM,-
AM = 3EI

1/L 0
0

symm

-1/L2 -1/J
0 0 A0y

AF;
(9.3)

(D) Both ends nonlinear—when a beam has hinges at both ends, the bending stiffness of the
member vanishes; therefore

AM,-
AM;

AK,- AF,
AF,

(9.4)

9.3. BILINEAR HYSTERESIS MODEL
Expanding on Section 9.1.1, the moment-curvature relationship of a member can be idealized as a
bilinear model, shown in Fig. 9.6, if the material stress-strain relationship is assumed to be bilinear
(see Fig. 9.2b). Initial elastic slope and subsequent inelastic slope of the bilinear
moment-curvature curve are El and EI\, respectively; I\ can be in terms of/. The Bauschinger
effect on the moment magnitude of 2MP also exists between two subsequent plastic hinges as
signified by points B and C in Fig. 9.6. The moment-rotation relationship of a member shown
in Fig. 9.7a is given in Fig. 9.7b, which is composed of two imaginary components as linear
component and elasto-plastic component, sketched in Figs. 9.7c and 9.7d, respectively.
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FIG. 9.6 Bilinear moment-curvature relationship.

M,e EI

(a)

M

(c) (d)

FIG. 9.7 Bilinear moment-rotation, (a) Structural member, (b) Bilinear hysteresis loop, (c) Liner
component, (d) Elasto-plastic component.

Initial stiffness of the hysteresis loop and of the elastic, elasto-plastic components is a, a\, a2,
respectively, where a=a\+a2, a\=pa, a2 = qa, and p + q=l. p is the fraction of stiffness
apportioned to the linear component and q is the fraction of stiffness apportioned to the
elasto-plastic component. The second slope a\ of the hysteresis loop is the same as the initial
slope of the linear component.

9.3.1. Stiffness Matrix Formulation
Based on the moment-rotation in Fig. 9.7, assume that an inelastic member has two equivalent
components, elastic and elasto-plastic, as shown in Fig. 9.8. In the latter figure, 0,- and 0, are
joint rotations (also member-end rotations); «/ and «,• are plastic angles at each end of the
elasto-plastic component. For purposes of illustration, a's and O's are not shown in the same
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Actual Length = 0

Elasto-plastic

(c)

FIG. 9.8 Bilinear beam, (a) Nonlinear beam, (b) Linear component, (c) Elasto-plastic component.

location, although they actually are. End rotations of the elasto-plastic component become

0; = 0,-a, 0'J = Oj-«j (9.5a)

or in incremental form

O; = AO,- - Aa,- AO' = AOj - Aay (9.5b)

Incremental forces and deformations at both ends of these two components in Fig. 9.8b and 9.8c
may be expressed in terms of stiffness coefficients as
(I) Linear component

(9.6)

AMpi
AMPJ
&vpi
^VPj

= P

a b —c—c
a —c —c

d d
symm d

AOi
AOj
AF,

. ^ Y j

in which a=4EI/L, b = 2EI/L, c = 6EI/L2 and d=l2EI/L3; and
(II) Elasto-plastic component

AMqi
AMqj
&vqi
W«

= q
a b —c—c

a —c —c
d d

symm d

AO;
AO;
AF;

*Yj

(9.7)

Moments and shears of the nonlinear beam are the combination of the end forces of the
components according to the state of yield. State of yield may be one of the following four con-
ditions including elastic state at the beginning: (A) both ends linear; (B) /-end nonlinear andy-end
linear, (C) /-end linear and y'-end nonlinear; and (D) both ends nonlinear. Force-deformation
relationships associated with the above conditions are examined separately as follows.

(A) Both ends linear—since the member is still elastic, plastic hinges do not exist; Eq. (9.5a
and b) yields

a, = ay = 0; O'l = Or,

or in incremental form

and O' = (9, .8a)

Aa,- = Aa, = 0; 9; = AO,; and (9.8b)
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The incremental force-deformation relationship may be expressed either directly in elastic
stiffness or by combining Eqs. (9.6) and (9.7) with p + q= 1

(9.9)

(9.10)

/\ ft/f .

A V'
AVj

• — -

AMpi •
AMPJ

^VPJ .

+
AMqi '

A^' .

—
a b — c — c

a —c —c
d d

symm d
B,
A Yj

B) i-end nonlinear and j-end linear — from Eq. (9.5a and b),

.,- / 0; a; = 0; 0\ = Of - a,-; and (K = Oy

or

Aa,- ^ 0; Aa, = 0; A0't = AO, - Aa,;

Combining Eqs. (9.6) and (9.7) gives

and A0J = A0/ (9.11)

AM, '
AMj
AVj
AVj

a b —c —c
a —c —c

d d
symm d

AO, '
AOj
AY,
A YJ .

'

—a
-b
c
c

(9.12)

Since the moment at the /-end of the elasto-plastic component is constant, the increase in
moment AM,- at the end of the member must be due to AMpi of the linear component, i.e.

AM, = AMP,

which means that AMpi of Eq. (9.6) is equal to AM,- of Eq. (9.12). This equality yields

a a a 1 2 .

Substituting the above into Eq. (9.12) gives the desired result,

(9.13)

(9.14)

AOj

AYj
(9.15)

pa pb —pc —pc
pa + qe -pc - qf -pc - qf

pd + qg pd + qg
symm pd + qg

in which e = 3EI/L, f= 3£7/L2, and g = 3EI/L3.
(C) i-end linear and j-end nonlinear—similar to the preceding state of yield, we have

Aa,- = 0; Aa/ /0 ; AO; = AO,; and AOj = AOj - Ao, (9.16)

Substituting the above into Eq. (9.7), which is then combined with Eq. (9.6), yields

qAa.j (9.17)

1

AMj
AVi
AVj

a b — c — c
a —c —c

d d
symm d

AO; '

AOj
AY,
A y / ,

+ '

-b
—a
c
c

Using AMj = AMpj in Eqs. (9.6) and (9.17) gives

Aay = AO,. + AO; - (A Yt + (9.18)



538 CHAPTER 9

Consequently, Eq. (9.17) becomes

AM;

AMy

AK,-

pa + qe pb
pa

symm

-pc-qf -pc-qf'
—pc —pc

pd + qg pd + qg
pd + qg

A0;
AOj

AYi
AY:

(9.19)

(D) Both ends nonlinear—since both ends have plastic hinges, Aa; / 0, Aa/ / 0, we may
directly substitute Eq. (9.5b) into Eq. (9.7) and then combine Eqs. (9.6) and (9.7) as

(9.20)

AM;

AMy

AVi
AF7

—

a b —c—c
a —c —c

d d
symm d

AOj '
AOj
AYf
AYj

+ 1

'-a -b~
-b -a
c c
c c

Equating AMi = AMpi and

Thus Eq. (9.20) may be expressed as

in Eqs. (9.6) and (9.20) yields

(9.21)

(9.22)

AM;

AMy

AViAV]
=p

a b — c — c
a —c —c

d d
symm d

AOf '
A0y

AYt
A 7 y _

(9.23)

which are actually the incremental forces of the linear component as shown in Eq. (9.6).
Note that when p = Q, then q=\. The bilinear model presented above becomes the

elasto-plastic model introduced in the previous section, and the stiffness coefficients in Eqs. (9.15),
(9.19), and (9.23) become identical to those in Eqs. (9.2), (9.3), and (9.4), respectively.

9.4. CONVERGENCE TECHNIQUES AT OVERSHOOTING REGIONS

9.4.1. State of Yield and Time-Increment Technique
In nonlinear dynamic analysis, the criteria for establishing the state of yield at time t (the beginning
of a time increment) are based on the bending moment at time t and the last incremental bending
moment prior to time t. These criteria are shown in Fig. 9.9 as

If ML(t) < M(0 < MU(t)

then the state of yield is linear

f M(0 > MU(t) and AM(0
M(0 < ML(t) and AM(0

then the state of yield is nonlinear

If or M(t) > MU(f) and AM(0 < 0
M(0 < ML(f) and AM(0 > 0

then backtracking has occurred and the state of yield is linear in which M(t) = total bending at time
t; MU(i) = upper yield bending moment at time t; ML(i) = lower yield bending moment at time t;
AM(t) = current moment M(t) subtracted from previously calculated moment (the last
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ML(t)

BT

FIG. 9.9 State of yield.

incremental bending moment prior to time f); OS = overshooting, the yield limit upon entering the
nonlinear state; BT= backtracking, the limit upon returning to the linear state; and EL = elastic
linear range. When a system has a number of yield joints, it is necessary to check the state
of yield for each joint at the beginning of each time increment. When using a predetermined
incremental time At, turning points at overshooting and backtracking often do not occur at
the theoretical point. If this situation arises, reasonable accuracy can be achieved by reducing
the time increment at OS and BT. For a large structure with many structural elements, several
of them may exhibit a stiffness change in a single time step. In such cases, this approach leads
to excessive computation time. To achieve computational efficiency, an unbalanced force tech-
nique is introduced in the following section.

9.4.2. Unbalanced Force Technique
Consider a beam element of a bilinear hysteresis model and assume that the moment-rotation
curve at the element's /-end is as shown in Fig. 9.10. Note that the moment-rotation curve need
not be a bilinear shape_because the moment at end /' will be influenced by the rotation at end
j. Assume that point A is on the loading curve and has a rotation, DM, and a moment, Ma0.
When an incremental rotation, A0a, is applied, member stiffness at the current stage is used
to determine the end moment which then has a value of MaJ. Moment Mal, however, is greater
than the actual internal moment M'al corresponding to rotation Oa\. The actual moment may
be calculated as

M'al = - Mp - y) = Mal - [(Mal - M p ) ( \ - (9.24)

Now the unbalanced force at end i is t±Ua = Ma\ —M'al, and the unbalanced force at end j is
similarly calculated as At//, = M/,\ —M'h\. At every time step, the element's unbalanced forces
at each end are obtained, and are then treated as joint loads of a structure for the next time step.
The total structure's unbalanced force vector can be expressed as

= [A£/i At/2 A £4- m = total joint number (9.25)

This approach is fairly simple to execute. Yet it provides a reasonable approximation of actual
nonlinear dynamic response.
EXAMPLE 9.4.1 Applying the incremental linear acceleration method with state of yield
technique, find the dynamic response of the framework given in Fig. 9.1 la and then plot the
response history of moment vs deflection and moment vs time. Use the bilinear hysteresis model
for all members. Assume EI= 1000 k in2 (2.8697 kN m2), M = 2 x 10^ k sec2/in (35.0236 N
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Mal

Mal
Mp

M,

|AUa

M a I - M p - y

Rotation

FIG. 9.10 Member's unbalanced force.
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#^3 4*1;
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/Ml 6
x IV I vr i *$

(a) (b) (c)

FIG. 9.11 One-story building of Example 9.4.1. (a) Given structure, (b) External action, (c) Internal
resistance.

sec2/m), h = 10 ft (3.048m), i = 20 ft (6.096m), F(t) = 0.02 &m(nt)k [88.96 sin(7iON],^=0.05, and
ultimate moment capacity Mp = 0.2k in (22.59584 N m). The initial conditions are
XQ = X0 = X0 = 0.

Solution: Let the stiffness matrix of i element be expressed as

"-13 M

I-/ Z,'L'MI K42 •144 J

(a)
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Using the diagrams shown in Fig. 9. l ib and c, the motion equation can be formulated as

" 0 0

0 0

0 0

0 "

0

M

A'x02

A3cs

. +
"-22 + "-11 "-12 1 "-24

k22+kll \ kl3
|

symm | k\4 + k\3

Axgi '

Axs

= .
0

0

AF(0
(b)

in which M = 2xlO~4 k sec2/in, AF(t) = 0.02 sin nAt, kl
22 = al=k]l = a3 = 4£///z = 33.3333 k in,

k2
u=k2

22 = a2 = 4EI/l= 16.6667 k in, k2
2 = b2 = 2EI/1 = 8.3333 kin, k24 = cl= fc?3 =

-c3 = -6EI/H2 = -0.41667 k, and k\4 = d\ = k]3 = d3 = \2EI/h3 = 0.0069445 k/in. Note that
the subscripts of a, b, c, d represent the member numbers. For convenience, let Eq. (b) be expressed
symbolically as

where

0

0

'Ku

K2l

0

M K2 K22

(c)

K22

50 8.3333 -0.41667'
50 -0.41667

symm 0.01389

By matrix condensation, Eq. (c) becomes

MA'xs + KAxs = AF(t)

in which

K = K22- K2\K^KU = 0.007936 k/in

(d)

(e)

(0

Note that the modified K in Eq. (f) can be obtained either by using matrix condensation as shown
above or by using Gauss elimination on the original structural stiffness in Eq. (d). Now Eq.
(e) may be rewritten as

(2)10-4AJcs + 0.007936A;ts =

After Axs has been found from Eq. (g), the joint rotations can be calculated as

0.0071429
0.0071429

(g)

(h)

Internal forces are then

AM] = k\2Axgi + k\4Axs = b^ AM2 = kl
2

AM4 =

+ kl
24Axs =
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Incremental linear acceleration formulae are used here and, for convenience, can be summarized
as follows:

•M + K\ Axs = AF(t)-MA
.(A*)'

——
A;..

B — — 3xs(n-i) — ——Xs(n-\

n-i) + ——Axs + B

-—A*s + ,f; {xg} = {Axg}

in which « represents current calculated results and n-1 signifies a time-step immediately preceding
the current time step.

Using Eqs. (j) and (k), we may find the dynamic responses shown in Table 9.1. Detailed
calculations are illustrated at £ = 0.3 sec for which the initial conditions at £ = 0.2 sec are

Xs(n-i) = 0.3637 in; .Xs(n-i) = 5.1157 in/sec; X(n-\) = 44.343 in/sec2

Following Eqs. (j) and (k), we have

A = ~ t k s ( " - l ) ~ 3*S(*-I) = ~bT (5A 157) ~
AtB= -3xs(n_i) - x s ( n _ i ) = -17.564

= -439-97

K = K = ~(2) (1Q-4) + 0.007936 = 0.1279
(AO2 (0.1)2'A

AF(t) = 0.02 sin(0.37i) - 0.02 sin(0.2?i) = (4.42463) (10~3)
AF = AF(t) - MA

= (4.42463) (10^3) - (2) (10^4) (-439.97) = 0.0924

and displacement responses

AJCS = AF/~K = 0.7224 in (1)

xs = xs(n_i) + Axs = 1.0861 in

is = is(n_!) + — Axs + B = 9.2229 in/sec

3cs = 3cS(n_i) + + A = 37.801 in/sec2

(m)

[Axel 0.0071429 0.00516)
(n)

0.0077
0.0077 (o)
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Using the incremental moments' expressions given in Eq. (i), moments can be calculated as

= -0.1083 + 16.6667(0.00516) + (-0.41 667) (0.7224) (p)
= -0.3232 k in = M6

M2 = M2(n-i) + AM2 = -0.0649 + 33.3333(0.00516) + (-0.41667) (0.7224)
= -0.1939k in = M,

M3 = M3(n_i} + AM3 = 0.0649 + 16.6667(0.00516) + 8.3333(0.00516)
= 0.1939k in = M4

Some other key aspects of Table 9.1 are explored as follows.
(A) At t = 0.3—at the OS point, M\ and M6 are greater than Mp. Reducing the time

increment to A; = 0.05 and using initial conditions at t = 0.2, we have, at ^ = 0.25 ,
M] = M6 = — 0.2008 k in. Let the difference between the calculated moment Mc and the ultimate
moment Mp be the tolerance as e = 0.002. Then

Mc - Mp = 0.2008 - 0.2 < s

Thus the solution at t = Q.25 is accepted as correct. This tolerance also applies to the difference
between the moment at current step, «, and the previous time step, n — 1. Since nodes 1 and
6 become nonlinear, the stiffness of members (1) and (3) must be changed in motion equation
(b) according to yield conditions described in Eqs. (9.15) and (9.19). Stiffness coefficients in
Eq. (b) are changed as

k\\ + k22 = a2 + Pa\ + qe\ = 4EI/1 + 4EIp/h + 3EIq/h = 42.0834

k}2 =b2 = 2EI/i = 8.3333

kl
24 = -pd -qfi = -6EIp/h2 - 3EIq/h2 = -0.21875

k22 + k3
n=a2+pa3 + qe3 = 4EI/1 + 4EIp/h + lEIq/h = 42.0834

k3
3 = -pc3 -qfz = -6EIp/h2 - 3EIq/h2 = -0.21875

£44 + ^33 = P(d\ + d]) + q(gi + g3) = 24EIp/h3 + 6EIq/h3 = 0.0039931

With similar operations applied to Eqs. (c)-(f), (g) becomes

(2)10"4Axs + 0.00209482Axs = A(0.02 sin nt) (t)

Incremental joint rotations and incremental moments may be calculated from

(s)

f A.x91 } _ I 0.0043388
0.0043388
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AM i = k\2Axe\ + k\4Axs = pbiAxei -pc\Axs = 0.8333A;t91 - 0.020833Axs

AM2 = kl
22Ax0i + kl

24Axs = (pa\ + qei)Axei - (pc\ + qfi)Axs = 25.4167Axei - 0.21875Axs

AAf3 = k2
uAx0\ + k2

2Ax02 = a2Axgi + b2Ax02 = 16.6667 'Axgi +

Other moments can be similarly expressed as above.
(B) At t = 0.35 — again, at the OS point, M\-M6 are greater than Mp. By changing the time

increment, we finally reach a solution satisfying tolerance criterion e at t = 0.33 125 sec. At
the end of t = Q. 33125, all nodes become nonlinear. Use the predetermined time increment
Af = 0. 1 for the next cycle.

(C) At 1 = 0.43125 — since all nodes are nonlinear, stiffness coefficients in Eq. (b) should be
modified as

(w)

Motion equation, incremental rotations and moments may now be expressed in Eqs. (x), (y),
and (z), respectively.

(2)l(T4A3cs + 0.0003968 Axs = AF(t) (x)

\Axgi 1 _ f 7.1429 x 10~3

k\\ + k\2=k2
22+k\l = p(ai + a2) + p(a2 + ai) = 2.5

k2
2=pb2 = 0. 41667

k\4 = k]3 = -pC] = -pci = -0.020833

k\4 + k3
33 = p(dl + J3) = 0.0006944

-3[Ax02 ] {7.1429x10

AM i = k\2Axg\ + k\4Axs = pb\Axgi — pc\Axs = 0.83333Ax§i — 0.020833Axs

AAf2 = k22Axgi + k24Axs = pa\Axg\ — pc\Axs = l.66667Axgi — 0.020833Axs

k2
2Axg2 = pa2Axgi + pb2Axg2 = (

(y)

Note that Eqs. (w)-(z) are used for the period t = 0.43125 to 1.33125.
(D) At t = 1.33125—moments are less than those at the preceding time. This signifies that

{AM} changes sign [i.e. AMj = -0.5089 - (-0.5187) = 0.0098, AM2 = -0.3798 - (-0.3848)
= 0.0059] and the structure is moving backwards. Consequently, backtracking has occurred.
In order to obtain an accurate solution, we may change time increments at t= 1.23125 with
A^ = 0.01 sec for t= 1.24125 sec. In comparison with those at t= 1.23125 sec,
AMi = -0.5187 - (0.5187) = 0 and AM2 = -0.3848 - (-0.3848) = 0. This result indicates that
the correction is acceptable. To gain insight into the correction, actual computer results (not
shown in the table) are AM\ = -0.00001732 and AAf2 = -0.00001039, which have the same sign
as t= 1.23125. This implies that the members' deformations are still increasing on the right track.
By increasing A? = 0.01 sec, incremental moments at t= 1.25125 are AM\ = — 0.5185—
(-0.5187) = 0.0002 and AM2 = -0.3847 - (-0.3848) = 0.0001, of which the sign is different from
the preceding time and the difference is within tolerance. Correct backtracking may thus be
assumed at t= 1.25125; at the end of this time, the structure is assumed to be elastic. Consequently,
numerical values in Eqs. (f)-(h) should be used for further analysis.
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FIG. 9.12 Effects of p's on MI vs time of Example 9.4.1; oabcd, defgh, hijk signify repetitions 1, 2, 3,
respectively, for p = 0.05 shown in FIG. 9.13.

(E) At t = 1.44125 — overshooting arises again. Procedures shown in (A) should be similarly
used for an accurate solution. How various p's of p= 1, 0.5, 0.1, 0.05, 0.001 affect M\ vs time,
M] vs jcs, and xs vs time is shown in Figs. 9.12-9.14, respectively. Note that p=\ is an elastic
response and p = 0.001 corresponds approximately to an elasto-plastic response. The elastic
response may also be obtained by using xs = — 1.673 sin(6.2922t) + 3.3543 sin(7iO resulting from
xs = A cospt + Bsmpt+\QQsm(n)/(p2-Ti2);A=Q;andB= -1.673 for x = x = 0 at t = 0. Thus
the numerical integration solution includes transient vibration [see Eq. (1.59)].

EXAMPLE 9.4.2 Find the dynamic response of the framework given in Example 9.4. 1 by using
incremental linear acceleration method with unbalanced force technique.

Solution: Using the linear acceleration method with time increment At = 0.1 sec, structural
displacements and internal forces at t = 0.l and 0.2 sec are elastic and are the same as those
in Table 9.1 of Example 9.4.1. At t = 0.3 sec, MI and M6 are greater than the ultimate moment
capacity, Mp, and need to be corrected.

The relationship between forces (moments and shears) and deformations (rotations and
deflections) of a member corresponding to various plastic hinge conditions shown in Eqs. (9.9),
(9.15), (9.19) and (9.23) can be expressed in terms of moments and relative rotations. Shears
are expressed in terms of moments based on equilibrium conditions of a member, and rotations
and deflections are combined into relative rotations as shown in Fig. 9.15.



VARIOUS HYSTERESIS MODELS

2-1

547

-30 -20 -10 0 10 20
Displacement (in)

40

FIG. 9.13 Effects of /s on Ml vs xs of Example 9.4.1.
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FIG. 9.14 Effects of p's on xs vs time of Example 9.4.1.
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:.f-
AV, H

(a)

IV A6j

AM,+/
AV.——Y

(b)

Actual
Length =

Chord

FIG. 9.15 Relationship between four- and two-d.o.f. of a member, (a) Four independent forces and
deformations, (b) Two independent forces and deformations, (c) Detailed deformations at i-end of
(b) in total form.

When the /-end is nonlinear and the j'-end is linear, the moments in Eq. (9.15) can be expressed
as

AM, = paAO, + pbAOj - pcA Yt - pcA Y} = pa A0; -
r, + Ar /

L
+ p b A O j - AFj + Ay)

Z
(a)

• - = pbAO, + {pa + qe)AOj - (pc + qf)A F, - (pc + qf)A Yj
] + AYj\

= pb( A0f -

i + (pa + qe)Aej

(b)

A Vi = -pcAOf -(pc + qf)AOj + (pd + qg)A Yt + (pd + qg)A Yj
(.. AY, + AYj\ ( AYj + AYj

= -pel AO, - ——— - —— J- }-(pc + qf){ AOj - ——— - —— J-
\ L / V ^

= -pcAet -(pc + qf)Aej
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FIG. 9.16 Relationship between deformations.

From the equilibrium condition of Eqs. (a) and (b)

AM,- + AMy _ (pa+pb) (pb+pa + qe)
'~ ~ i +L L

(pc
(d)

Note that the sign of shear in Eq. (c) is opposite to that of Eq. (d), which is due to the equilibrium
condition of moments and is consistent with the sign shown in Fig. 9.15a and b.

Relative deformations of members 1 and 3 are shown in Fig. 9.16 from which angle e, between
the chord and the tangent line, can be calculated as

at t = 0.3 sec
1.0861

120 = -9.051(10-J) rad

at t = 0.2 sec

= 02 - j- = 7.7(10~3) - 9.051(10~3)
= -1.351(10-3)rad

Xs_ 0.3637
~h~ 120" =-3.031(10-') rad

(e)

Unbalanced forces for members 1 and 3 can be obtained from Fig. 9.17 as

' = 0.3) - M,(; = 0.2) -0.3232 - (-0.1083)
ei(t = 0.3) - ei(t = 0.2) -9.051(1Q-3) - (-3.031)(1Q-3)

k2 = pkl = (0.05)35.6977 = 1.7849 k in/rad

-Mi(t = 0.3) _ -0.2 - (-0.3232)= 3.4512(10-J)ki 35.6977
M((t = 0.3) = Mp - k2x = -0.2 - 6.160(10~3)

= -0.20616 k in

The member's unbalanced moment is AMi = M] — M[; thus AMi =
—0.1170 k in. Unbalanced shear of the member is

AV = AM:/h = -9.750(10~4) k

= 35.6977 (f)

(g)

(h)

-0.3232 -(-0.2062) =

(i)
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e, (t=0.3) e, (t=0.2) M,

MI (t=0.2)

Mp=-0.2
MJ(t=0.3)

M, (t=0.3)

FIG. 9.17 Member force correction.

Mxs = 73602(1Q-3)
—————| ——»-F(t=0.3) = 0.01618

AV

M2=-0.1939

1]'=-0.2062

FIG. 9.18 Equilibrium check for Example 9.4.2.

Unbalanced lateral force of the structure is then

A/>s = 2AK = -1.9506(10~3) k G)

which should satisfy the equilibrium condition of the structure as shown in Eq. (k) based on Fig.
9.18.

Z,FX = 0, -7.5602(10-3) - (2)3.33342(1Q-3) - 1.9506(1Q-3) + 0.01618 = 0

The response analysis continues for t = 0.4 sec with initial conditions at t = Q.3 sec as

xs= 1.0861 in
is = 9.2229 in/sec
xs = 37.801 in/sec2

:0.02 sin(0.47i) - 0.02 sin(0.37i) = 2.84077(1Q-3)

(k)

(1)

Member 1 has /-end nonlinear andy'-end linear, and member 3 has i-end linear andy'-end nonlinear.
Repeat the procedures shown above for the rest of the calculations. The dynamic response for the
time increment of A; = 0.01 sec is listed in Table 9.2. Comparing Table 9.2 with Table 9.1 reveals
the difference between their responses. Apparently the smaller At used in the unbalanced force
technique gives more accurate results.
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FIG. 9.19 Linear component.

9.4.3. Equilibrium and Compatibility Checks for Numerical Solutions
After the bending moments are found, we may calculate deformations at each end of individual
members. Moments and deformations can then be used for compatibility and equilibrium checks.
Deformations may be derived according to the state of yield as shown below.

(A) Both ends linear—from Eq. (9.9), the moment-rotation relationship in total form may be
expressed as

M/] [a b 1 \ <?,• 1 (9.26)
Mj\ \_b a

in which b = a/2,a = 4EI/L, and e is the rotation measured from chord to tangent line, positive in
the clockwise direction, as shown in Fig. 9.15. Thus

i — i /-v /-I ^ i t i i i ^ i V ° /
£j\ L-2/3a

(B) i-endnonlinear andj-end linear—from Fig. 9.15c, the angle beyond O't is a/ = 0; - O't, which
is due to the moment above Mpi as Mt - Mpi. Since the angle results from an elastic component, we
may use the conjugate beam method to find a,- as shown in Fig. 9.19 for which

MI - Mpi L /2\ MJ - Mpi Li\\=Mj- Mpi =
a'~ pEI 2\3J 2pEI 2\3j pa ' '

where Mp, is the plastic moment at the /-end.
From Eq. (9.12), the total moment-rotation relationship may be expressed as

Mi = aOi + bOj - cYt-cYj - qaat = aet + bej - qaaf

= a(ei — qot-i) + bej

and

Mj = b(et - qoij) + aej (9-30)

Substituting Eq. (9.28) into Eqs. (9.29) and (9.30) yields

g(M, - Mpi) _
i - 3a 3a pa ' J 3a 3a

From Fig. 9.15c

e'. = e i - a i = L + - (Mi - 2M); e = e (9-32)
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-Mpj

FIG. 9.20 Both ends nonlinear.

(C) i-end linear and j-end nonlinear—similar to case (B)

a,- = 0; a/ = Mj ~ Mpj (9.33)pa
e=^Mj__™[. c =

 4MJ 2MJ , q(Mj-Mpj) ^^
1 3a 3a ' j 3a 3a pa

and

M-^- + ̂ (Mi-2Ml) (9.35)

(D) Both ends nonlinear—let the positive moments of the elasto-plastic component be as
shown in Fig. 9.20 where Mpi is usually equal to MpJ but the direction may be different. By using
the conjugate beam method, the plastic angles are

-Mp/) 4(M/-MP/) 2(M/-MP/) (^y.joj
' 3/><z 3p<z ' J 3pa 3pa

From Eq. (9.20), the total moment-rotation relationship can be similarly derived as shown in Eqs.
(9.29) and (9.30)

MI = a(ef - q<Xi) + b(ej - qctj); M} = b(et - qaf) + a(e} - qa}) (9.37)

Substituting Eq. (9.36) into Eq. (9.37) and then solving for <?,- and e/ results in

Si —
i 2Mj q T4(M,- - Mp/) 2(My - Mpy)

3a 3a p[ 3a 3a
2Mt q \4(Mj — Mpj) 2(Mj — Mpi

<i \-ryii fpu t-v+j J"P7/ (938)

(9.39)
P\

Consequently

4MP; 2Mp/ , 4Mpy 2Mp; (9-40)

The above is based on the assumption that both ends of the member become nonlinear simul-
taneously and |M/| = |M/|. If |M/| J |M/|, then one end becomes nonlinear sooner than the other.
Thus the carry-over process of the moments on the linear component can be quite complicated
during joint plastification.

EXAMPLE 9.4.3 Using Example 9.4.1, make the equilibrium and compatibility checks for the
dynamic responses at £ = 0.3 sec as shown in Table 9.1.
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0.16643
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H
"• — v.

F(t) = 0.02 sin (0.3 TC)

0.16643

FIG. 9.21 Example 9.4.3. (a) Internal forces, (b) Deformations.

(b)

Solution: According to computer output, the dynamic responses at £ = 0.3 sec are

jti = xg2 = 0.665722 x 10~2 rad; xs = 1.09824 in; xs = 49.682 in/sec2 (a)
M{ = M6 = -0.208123 k in; Mp, = Mp6 = -0.2000 k in (b)
M2 = M5 = -M3 = -M4 = -0.16643 k in (c)

For the equilibrium check, the condition of ZM = 0 at the joints is satisfactory by inspecting
the above moments; the condition of E/7 = 0 may be applied to the girder shown in Fig. 9.2la
for which

H = (0.208123 + 0.16643)/120 = 0.0031212 k

and

Mxs + 2H = F(t)

yields

(2)10~4(49.682) + 2(0.0031212) = 0.016179k « F(t = 0.3) = 0.016180

(d)

(e)

(0

The compatibility check may be studied by using the accompanying figure of deformations
where members (1) and (2) correspond to the states of yield of (B) (/-end nonlinear andy'-end
linear) and (A) (both ends linear), respectively.

Using Eq. (9.28) for member (2), we write

£4 = •

4M3 2M4_ 2(0.16643)
'~3o7~~3o7~ 3(16.6667)
4M4 2M3 2(0.16643) = 0.0066572 rad w xg2

(g)

(h)3a2 3<z2 3(16.6667)

which are the same as given in Eq. (a). For member (1), applying Eqs. (9.29), (9.31) and (9.32)
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yields

= Mi - Mpi -0.208123 - (-0.2000)
a' ~ ^ ~ 0.05(33.3333) = -0.004874 rad; a2 = 0

555

e, =
4M, 2M,
3a\ 3a\ pa\

0.95(-0.208123 + 0.2000)

4(-0.208123) 2(-0.16643)
3(33.3333) 3(33.3333)

+ 0.05(33.3333)
= -0.00962644 rad.

(j)

e2 =•
4M7 (-0. 16643) 2(-0.208123)

3(33.3333) ~ 3(33.3333) = -0.00249478 rad (k)

0\ = Oi - a, = 0 - (-0.004374) = 0.004374 (1)

e\ =ei-oii= -0.00962644 - (0.004374) = -0.005252

The above deformations are shown in Fig. 9.2 Ib from which

xg} = -(e: - e2) = -[(-0.0096262644) - (-0.00249478)] = 0.007132 rad
xs = (-ei)h = 0.00962644(120) = 1.15517 in

(m)

(n)
(o)

Note that the final values in Eqs. (n) and (o) based on hand calculation are slightly different from
the computer output given in Eq. (a).

9.5. CURVILINEAR HYSTERESIS MODEL

A curvilinear beam is shown in Fig. 9.22, where the notations are the same as those used in Fig. 9.8
of the bilinear beam denned in Section 9.3. This model consists of a central beam and a nonlinear
spring at each end. The moment beyond the ultimate capacity of the central beam is assumed
to be carried by the nonlinear spring signified by 5", which actually represents the yield charac-
teristics of the beam. For generalization, let St and Sj be the yield characteristics at end-/ and
end-y of the member, respectively. Moments, rotations, plastic angles, and yield characteristics
may be related to each other as shown in Fig. 9.23.

FIG. 9.22 Curvilinear beam.
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M

a e

FIG. 9.23 M vs 6 and M vs a.

9.5.1. Stiffness Matrix Formulation
From Fig. 9.22, we may express the plastic angles and force-deformation relationship in the
following incremental forms associated with the central beam:

(9.41)

(9.42)

where a, b, c, and d are the stiffness coefficients identical to those defined in Eq. (9.6).
Since the magnitude of plastic angles depends upon yielding conditions, Eq. (9.42) is

reformulated according to the states of yield given in Section 9.3.
(A) Both ends linear—since Aa,- = Aa/ = 0, Eq. (9.41) becomes

W'i = AOi - Aa,-; AOj

AM;

AM/

AK,-
AV]

'a b
a

symm

= AOj

—c -
—c -
d

- Aa/

-c
-c
d
d _

AO; )
AO;
AF,
*Yj.

AC) =A0; = AO,-;

Consequently, Eq. (9.42) yields

(9.43)

AM,-
AM/
AK;
AJ/-

a b —c —c
a —c —c

d d
symm d

AOi '
AOy

A 7;

^J.

(9.44)

(B) z'-ewfi? nonlinear and j-end linear—since Aa,- / 0 and Ao/ = 0, we have

AO; = AO,- - Aa,-; AO) = A0/

The incremental moment at the /-end may be expressed as

AM,- = Si aAa,-

which is equal to the moment, AM,-, of the central beam given in Eq. (9.42). Thus

O'j - cA Y, - cA Y} = S, <zAa,-

(9.45)

(9.46)

(9.47)



VARIOUS HYSTERESIS MODELS

Substituting Eq. (9.45) into the above yields

557

1
^AC, '

Substituting Eqs. (9.45) and (9.48) into Eq. (9.42) yields Eq. (9.49)

AM,

AVj

1 - - -
symm - + s

in which the first row is used to demonstrate how it is condensed from the following equation:

AM^al 0,+^Oj-. A Y j } \ \ +bAOj-c(AY,

(C) i-end linear and j-end nonlinear—similar to (B), Eqs. (9.45)-(9.49) may be changed as

A0\ = A0;;
AM/ = 1

(9.50)
(9.51)

(9.52)

and finally

symm S j d

(9.53)

(D) Both ends nonlinear—since both ends have plastic hinges, moments beyond the ultimate
moment are

(9.54)

(9.55)
(9.56)

AM,- = 5,-aAa,-;

which are equal to the respective moments in Eq. (9.42) as

';. + bAO'j - c(A Yf + A Yj) = S/aAa,-
'; + aAOj - c(A YI + A Yj) = SjaAoij
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Substituting Eq. (9.41) into the above and then solving for Aa; and Ao/ gives

Aa,- = - (1 + \S,-)A0; + \SjkOj - 7 (^ + Sj] (A7, + A7y)l (9.57)
A\_ j 3 L\2 / J

(9.58)

in which

4
3 ' 7

Using Eqs. (9.41) and (9.57)-(9.59) in Eq. (9.42) yields the desired solution

(9.59)

AM/
AM/

AK;

1

Si(l+-S> -S,S/a _|s,.(i+2S;)c -|s,-(l +2S,-)c

S/(l+-Si)a — -S/(l+2Si)c — -S/(l + 2S,-)c3 3 3

i (Si + S,- + 4SiSy)rf ^ (Si + S; + 4StSj)d

symm - (Si + Sj + 4Si Sj)d

%,

(9.60)

EXAMPLE 9.5.1 Use the curvilinear hysteresis model shown in Fig. 9.24 to find the dynamic
response of the framework given in Example 9.4.1 at time equal to 0.4 sec by linear acceleration
method with consideration of unbalanced force technique. The structural response at ? = 0.3
sec is

jcs = 1.0861338 in; xs = 9.222907 in/sec; 3cs = 37.80112 in/sec2;
xe] = x02 = 7.758179 (lO"3) rad; M{ = M6 = -0.3232 k in;
M2 = M5 = -M] = -M4 = -0.19395 k in; e\(t = 0.3 sec) = -9.051 (10~3) rad;
and ei(t = 0.2 sec) = -3.031(1Q-3) rad

Solution: Using procedures similar to Example 9.4.2, the unbalanced force of member 1 may
be calculated from the given initial values shown in Fig. 9.25 as

el(t = Q.3)-ei(t = Q.2)
= 35.6977

-0.3232-(-0.1083)
-9.051(10-3) - (-3.031)(10-3) (a)

M

0.5
0.4

0.3

Mp=0.2

FIG. 9.24 Curvilinear model for Example 9.5.1.
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MI

559

MI (t=0.3)

FIG. 9.25 Member force correction for Example 9.5.1.

and

-0.2 -(-0.3232)
35.6977

= =

From Fig. 9.24

4E7
k2 = 0.05a = (0.05)-r- = 1.6667h

(b)

(c)

M\(i = 0.3) = Mp + k2y. = -0.2 + (1.6667)(-3.45(10~3))
= -0.20575 k in

The member's unbalanced moment, AMa = M\ — M{, is

AMa = Mi(t = 0.3) - M((t = 0.3) = -0.1 1745 k in

Then the member's unbalanced shear can be obtained as

and finally the system's unbalanced nodal force becomes

At/ = 2AF= -1.958 (10~3) k

(d)

(e)

(g)

which should satisfy the equilibrium condition of 1,FX = Q as shown in Example 9.4.2.
To calculate the response at / = 0.4 sec, use the given response at t = Q3 sec as initial value.

Now member 1 has /-end nonlinear and y'-end linear; member 3 has /-end linear and y'-end
nonlinear; and member 2 has both ends linear. The element stiffness matrix of member 1 can
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be calculated from Eq. (9.49) for which

Si = 0.05; a = 33.3333 kin ; b= 16.667 k i n
c = 0.41667k; and d = (6.9445) 10~3 k/in

Similarly, we calculate element stiffnesses of members 2 and 3 and the structural stiffness as well as
its condensed matrix. Then the motion equation becomes

2(10-4)Axs + 2.0778(10-3)Axs = 0.02[sin(0.4re) - sin(0.37i)] - 1.958(10~3) (i)

which can be used for subsequent responses with At of time increment in the linear acceleration
method as shown in Example 9.4.1.

9.5.2. Stiffness Comparison Between Bilinear and Curvilinear Models
Bilinear and curvilinear models are compared to find the relationship ofp and q in bilinear and S in
curvilinear stiffness coefficients. A curvilinear model represents a moment-rotation curve with
multiple linearized slopes. This comparative study is to identify the similarity or difference
between these two models for a moment-rotation curve having two slopes only. Comparison
is conducted for the four deformation conditions described in the previous two sections.

(A) Both ends linear—since the member is elastic, the stiffness coefficients should be the same
for both models. That is why Eq. (9.9) of the bilinear and Eq. (9.44) of the curvilinear model are
identical. In this case p = \, q = 0, S = oo and Aa = 0.

(B) i-end nonlinear andj-end linear—this comparison can be made by examining the equality
of individual stiffness coefficients as

(ky) bilinear = (ky) curvilinear (9.61)

For instance, let the coefficients of Eqs. (9.15) and (9.49) be

(fcn)bilinear = pa = (/cn)curvilinear = -—'—— (9.62)
1 + i,-

Then

S' . 1 /n fi\

or

p q
(9.64)

Eqs. (9.63) and (9.64) can also be obtained by applying Eq. (9.61) to all other stiffness coefficients.
Eq. (9.64) indicates that S is equivalent to the ratio of the linear component to the elasto-plastic
component.

Since p and q can take values between 0.0 and 1 .0, S varies from 1 to oo when

p = Q, q=\; then 5 = 0 (9.65)

which corresponds to the elasto-plastic model. When

p=\, q = 0; then S = 00 (9.66)

which is the elastic case. Since the rotational spring has infinite stiffness, the model becomes com-
pletely elastic. This behavior can be observed directly for all stiffness coefficients by letting Sf
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approach infinity and applying 1'HospitaPs rule; for instance

(C) i-end linear and j-end nonlinear — the derivation is identical to that of (B). Therefore

> = « = (9'69)

Substituting Eq. (9.69) into Eq. (9.19) of the bilinear model yields Eq. (9.53) of the curvilinear
model's stiffness coefficients.

(D) Both ends nonlinear—to verify stiffnesses of the bilinear model and the curvilinear model
with both ends nonlinear, stiffness coefficients of both models should be identical. Thus

[Ae] [Eq. (9.60) of the curvilinear model] = [K^] [Eq. (9.23) of the bilinear model] (9.70)

From the symmetric matrix of Eq. (9.20), we have four distinct elements: k\\ =k22, k\2 = k2\,
k-(3 = k\4 = k23 = k24, and k23 = k24 = £43 = £44. Consequently the coefficients in Eq. (9.60) must
be proven to have similar characteristics. For k\ \ and k22

4 4
^(1 +^S,)a = S/(l + -S,)a (9.71)3 3

which gives a constant relationship signified by S

O __ O __ O /Q TOXbi — &j — b (y. u)

Substitute S into Eq. (9.60) and then let

ky [Eq. (9.23) of bilinear ] = ktj [Eq. (9.60) of curvilinaer] (9.73)

which yields the following results:

35* + 4S2

P = 3 + 4(2S + S2y for*n,fc22 (9.74)

452 f t t ,Q7«r-; foTk\2,K2i (9.75)

2S + 4S2 f z = l , 2 ; 7 = 3,4
=3.4; , = 1,2,3,4

The above three equations reveal that, with both ends nonlinear, we have a different S and p
relationship for moments due to rotations, but have an identical S and/) relationship for moments
due to deflections and shears due to rotations and/ or deflections. This is because the curvilinear
model's moment transformed from the rth end to the y'th end is itself a nonlinear moment;
the relationship is more complicated than for a bilinear model. While the bilinear model is simpler
in computation, the curvilinear model can better solve a highly nonlinear problem.
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9.6. RAMBERG OSGOOD HYSTERESIS MODEL

9.6.1. Parameter Evaluations of the Ramberg-Osgood Stress-Strain Curve
W. Ramberg and W.R. Osgood proposed an analytical expression of the stress-strain relationship
[20]. Commonly referred to as the Ramberg-Osgood hysteresis model, the stress-strain relation-
ship is

(9.77)

where a/E and K(al' E)' represent linear and nonlinear parts, respectively, in which e is strain, E is
Young's modulus, and Kand r are constants. Let cry be the yielding stress and be b be K(ay/E) r~l.
Then Eq. (9.77) becomes

( T X ' - ' f f i , ,— \ - = -\l+b
<TV/ E E

(9.78)

in which b and r are positive constants chosen to fit the stress-strain curve of the structural
material. The notation of absolute value of a and ay is_used in Eq. (9.78) because they always
have the same sign. How to choose the parameters in b and r is explained as follows.

Let the stress-strain curve of gradually yielding metals be as shown in Fig. 9.26, in which
stress-strain has a linear relationship up to the yielding stress, cry. Using <ry in elastic design
for this type of material, such as alloy steel with yielding stress in the range of 80-110 ksi, would
be unreasonably conservative. We normally use 0.2% of set strain, e0, to determine the secant
yielding stress, a\, by drawing a line intersecting the stress-strain at point 1. This line is parallel
to the elastic curve with a slope E while the line connecting the origin and point 1 has a slope
m\E. Substituting a\ and z\ into Eq. (9.78) yields

si =
m\E

(9.79)

from which

1 — m\
m\ (9.80)

O

FIG. 9.26 Stress-strain curve of gradually yielding metals.
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mi can be determined based on the strain shown in Fig. 9.26 where
/Tt /Tt

so = 0.002 = -

563

(9.81)m\E E

in which the average value of a\l E may be taken as 0.00486. After substitution, we have

mi =0.71 (9.82)

To determine r, we use the second secant yielding stress, 02, and the second secant modulus,
m2E, for which b can be similarly obtained as

b = -
m.2

Equating Eqs. (9.80) and (9.83) leads to

in\m.2(\ — m\)lm\(\ — m?)!
r = 1 + —-—-————-——-—————

where m2 should be chosen between 0.7 and 1.0 and can be used as

m2 = 0.85

Since

K(ffy/E)r-1 = b

substituting Eq. (9.80) into the above gives

K =
1 — m\

(9.83)

(9.84)

(9.85)

(9.86)

(9.87)

Employing Eqs. (9.84) and (9.87) in Eq. (9.77), we have the stress-strain expression of a given
metal.

9.6.2. Ramberg Osgood Moment-Curvature Curves
Eet stress a be expressed as My/I where y is the distance between the neutral axis of a member's
cross-section and the stress location. Then Eq. (9.78) can be expressed as

My/I
Myy/I

M M
dMr

M

in which d = S/Z, the ratio of elastic section modulus S to plastic section modulus Z, and a = b/(d)'~}.
Since curvature is equal to the first derivative of the strain with respect to distance y, using Eq. (9.88)
gives

de M , , .
= — = — \+a
dy El

M (9.89)

which represents the Ramberg-Osgood moment-curvature relationship. 4>/4>p is graphically rep-
resented in Fig. 9.27 for various values of r. The graph also includes two limiting cases, the elastic
(a = 0, r = 1) and the elasto-plastic (a > 0, r = oo) relationships. Note that, theoretically,
a = My/I can only be applied to the first term, e = a/ E, of Eq. (9.77). Using Eq. (9.77) to find a moment
will result in a highly nonlinear moment-stress equation.
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1.5

1.0

0.5

M/M, r = l

0 0.5 1.0 1.5 2.0

FIG. 9.27 Ml M vs for Ramberg-Osgood.

1.0

Branch /Mv

FIG. 9.28 Ramberg-Osgood moment reversal.

A cyclic moment-curvature relationship of the Ramberg-Osgood model is sketched in Fig.
9.28. As shown in the figure, immediately after the load is applied, the moment-curvature follows
the skeleton curve from origin, 0, to load release point, N (or from 0 to N'). The load is then applied
in the opposite direction, and moment-curvature follows the branch curve from N to N'. In the
process of load reversal, the moment-curvature relationship is linear for a range of moments
designated as M' Because of the Bauschinger effect, the magnitude of M'y is equal to 2My.

Let point N be treated as the origin of the branch curve; then the curvature associated with the
branch curve may be expressed as

(9.90)
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(a) Given Beam

*1 (b) Curvature

FIG. 9.29 Forces applied at /-end.

Employing Eq. (9.89) in the above yields

1 = <S>n + •
M -Moi

El 1+a 2M (9.91)

where ^0 and MQ are the curvature and moment at point N. Eqs. (9.89) and (9.91) are used to
derive bending stiffness coefficients in the next section.

9.6.3. Stiffness Matrix Formulation for Skeleton Curve
Let us consider a beam shown in Fig. 9.29 with a positive x-y coordinate, for which the curvature
associated with a given moment may be sketched in the accompanying figure. The slope at
the /-end may be expressed as

'•-/**--/£('+>
0 0 \

M,
Mr

dx (9.92)

in which </> is curvature and MK = - Vtx - M,-.
Integration of Eq. (9.92) yields

n I i I/0^-K-V.x- dx

—^(-ViX-MiYl dx

El Mr, Mr

(9.93)
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The deflection at the /-end may be similarly obtained,

f : , "I / y l f \ l ]

0 0 \

1 \-VfL3 MiL2 a

V

_j / .L-M/ r ~ 1

r + 2) (- K-L - M;)2(MO —— '— —— '-Mp

- V& -
Mi

-

( i)

_ y\//-

\ ^

M,
Mp

j dx

L M)3~ViL~Mi

11

r-l

).94)

Since an incremental procedure is used for analyzing the inelastic structure, the
force-deformation relationship at the /-end can be obtained from Eqs. (9.93) and (9.94) in
the following derivative forms. The derivation for force-rotational deformation may be obtained
as

dOi I
dM, El

1
El

L

-L

a(- ViL - Mi)r(r + 1) a(r + \)M'f
(r+1)

a\\M,
Vi\\M,

r-l

(M/) +
-K,L-M,

Mp

r-l
n/r.\
'""_

(9.95)

Using the equilibrium condition of K/= — (M,- + My)/L in the above, we have

(Mi + Mj -dO, -11 L« |
JM, £/ 1

-L
£7

M,- + Mj L

a

( j\^ ' \

A/I • I

M,
Mp

Mi
Mp

' \M\ Mi + Mj - Mi
Mp

'-' a

( JVI ' \

JVl ' /

Mj
Mp

r-l

= /22

(9.96)

dO, -1

L2

El

-L2

2 (r+1)
(r+l)(-ViL-Mi)rl

" Mr1 K,-

Mi

-M M

M

(9.97)
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A similar derivation is performed for force-transverse displacement; the results are

dVt El
-\_
~3~

Ta Mi

"MI)
=/n

2r(r + 2)( + (r + "$)'
(9.98)

L2

dMf El
Mi

(9.99)

Note that Eq. (9.97) is identical to Eq. (9.99). Eqs. (9.96)-(9.99) are actually an incremental form
of flexibility coefficients and can be symbolically expressed as

11 /121UK,-

21 /22 \\dMi
(9.100)

or

,- =/ (9.101)

Let the incremental forces at end-j be expressed as

= [dVj dM/ (9.102)

The forces at they'-end can be found from the forces at the /-end by using equilibrium matrix E as

dF, = E dFi (9.103)

for which the sign convention is based on the typical member given in Fig. 9.29. Thus,

E = 1 01
-L -\\ (9.104)



568 CHAPTER 9

From Eq. (9.101), the forces at the /-end can be expressed in terms of displacements as

dFi=f-ldAi (9.105)

where the inverse of flexibility matrix is based on Eq. (9.100); flexibility coefficients are derived in
Eqs. (9.96)-(9.99). Eq. (9.105) expresses the force-deformation relationship for which stiffness
coefficients can be obtained as

(9.106)f f21/22 -/2 L ~/2 711

Note that S,7 represents stiffness coefficients due to unit displacements at the /-end. Substituting
Eq. (9.105) into Eq. (9.103) yields

dFJ=Ef-ldA, (9.107)

which expresses forces at they'-end due to unit displacements at /-end. Thus the stiffness coefficients
can be obtained as

~r~f——7T f r i f f T f/11/22 -/,22 L ~/22L +/12 J12L -/11

To determine stiffness coefficients, S/j, reciprocal relations may be used so that the work done by
dFj and dAj (when they'-end is fixed) is equal to that done by dFj and cfAy (when the /-end is fixed).
Thus,

1 dFj dAj = \ dFj dt^i = i d^ dFi (9.109)

Substituting Eqs. (9.107) and (9.108) into the above yields

dAjsJ dAj = dAj dF, (9.110)

from which

dFi = SjidAJ (9.11 la)

Comparing Eqs. (9.108) with (9.11 la) results in

Sji=f-lE'T (9.1 l ib)
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Substituting the above into Eq. (9.11 la), which is then employed in Eq. (9.103), we have

dFj = Ef~lET dkj (9.112)

which gives the following stiffness matrix:

S
/22 -A/22 +/12

'12 L~A/22 +/12 /22^2 — 2/12-^ +/22
(9.113)

T ^ i r
E ~/U/22 -/,22 L-

Using Eqs. (9.106), (9.108), (9.113), and Sv = Sj yields the following symbolic stiffness matrix:

f < > • • S1J« jj,
L Sji -^ /ll/22_/22

where

/11=6£/(

L2 ,

and

^ = (T
6a

symm /2

Mr,

M

Mr,

Mr,

Mr

Q, = r(r + 1) + 2r(r + 2) (Mj/Mi) + (r + 1) (r +

Q; = r(r + 1) + 2r(r + 2) (M.-/M,-) + (r + 1) (r + 2) (M,-/M,-)2

/22 —/1 2 /22 /1 2 —

/i i —/i 2 fuL—fn

(9.114)

(9.115)

(9.116)

(9.117)

(9.118)

(9.119a)

(9.119b)

(9.119c)

(9.119d)

(9.119e)

(9.119f)

(9.119g)
(9.119h)
(9.119i)
(9.119J)

(9.119k)
(9.1191)
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Substituting Eqs. (9.115)-(9.118) into Eq. (9.114) with proper rearrangement of coefficients'
location yields the detailed stiffness matrix as follows:

6EI
Tz

2 + 2 Wt + Wj QJ 1 + WtGi

symm

in which

-^(3+Ui+UjSj) -^-(3+£/,- +

'/ -j(3+Uj+UiSi) ^(3+Uj +
_/_j AJ

- (6 + R, + - (6 + R, + dY,

(9.120)

Z = (2 + 2 Wt + WjQj) (6 + Rt + RJ) - (3 + Ut + (9.121)

9.6.4. Stiffness Matrix Formulation for Branch Curve
The unloading case can be classified into two groups: (A) moment reversal at the /-end, and (B)
moment reversal at the j'-end. Moment reversals and their associated curvatures for (A) and
(B) are sketched in Figs. 9.30 and 9.31, respectively.

(A) Moment reversal at the i-end—consider the moment at the /-end when subjected to a
moment reversal, dMh as shown in Fig. 9.30a; the moment and shear at the /-end are

(9.122a)
(9.122b)

From Fig. 9.30c,

M0 = -Ma - Va x
Mx = -Mi - Vt x

(9.122c)
(9.122d)

Substituting Eqs. (9.122a and b) into the above yields

Mx = -Mi -Vi x = M0- dM, - (9.122e)

Figure 9.30b shows the curvature changing from solid line to dashed line. Because of moment
reversal, the curvature between 0 and x' (<J>QXI) is reduced while the curvature between x' and
L (4>X'L) is increased, where x" can be expressed as —Mu/ K// or — Mt/ Vt. <p0x, and <px,L correspond,
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(a)
C j i»Aj i-"ij

i V = V -V-V.+dV;

571

TVdv,

M (c)

M,

V,, 4 v.f——5——I*. *
FIG. 9.30 Moment reversal at /-end. (a) Given beam, (b) Curvature, (c) Equilibrium state.

(a)
M,

0
=Mij+dMi Mj=Mjj+dMj

—————————— L)
v-v«v 1

4>i (Mi)

FIG. 9.31 Moment reversal at j'-end. (a) Given beam, (b) Curvature.
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respectively, to branch curve and skeleton curve. The slope may be calculated as

J.123)Of = ~ I 4>QX' dx- I </> V,L dx
0 x'

From Eqs. (9.89) and (9.91),

Mx -
El

MX-M(,
/§('
,.' \

dx- ^ 1+5
Mr

dx (9.124)

in which

EI\ " 2

/
(Mx-M0)dx

Vux + MB) dx = —-V^-- M,x'+ Vn

(9.125)

(9.126)

J_
£7

dx

Vt(x')2
+ M,x' - - ViL - Mi

(9.127)

(9.128)
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Substituting Eqs. (9.125)-(9.128) into Eq. (9.124) yields

573

Ma
Mr,

Max'

M, - Mu L2

(Mi - Mu)2 -Vi—- M,L + -V- + M,x'

- ViL - M,

(Mu)2-Vi—-MlL

+
- VtL - Mi

a
(r+\)(Vi- Vu)

Mi — MU
2Mp

(Mt - Mu

Similarly

Y, = - t>x,Lx dx

Mr-M,

El \+a dx- 1+a

in which

f X ( j ) d x = — -EI '(r+l)VJ

f
X(MX -

ax(Mx —

l —— u —— ll

(Mi - .
(-Vi+vuy 2MD

(Mi- M,,)3

( r + i )(_K,- + vuy
M, - Mu

2MP

£ 7 3 2)K?

(9.129)

(9.130)

(9.131)

(9.132)

(9.133)

(9.134)
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Substituting Eqs. (9.131)-(9.134) into Eq. (9.130) yields

r r-l_
Yl ~ l 3

__
M / "2 (r+l)(r + 2)Vl

-ViL-Mi

Mn

a(Mi - Ma)3 Mi - MU
2M

[(r + 1) (- ViL - Mi) + (r + 2)M/] (9.135)
M

Similar to the derivation of Eqs. (9.96)-(9.99), we can find the derivatives of Eqs. (9.129) and
(9.135) with respect to A/,- and Vt and then substitute the following equilibrium equations into
the derivative equations:

Mj = - VtL - Mi

MJid = Mj - Mji
M; = 2MP

Vi - V,, = -(Mia + Mja)/L

Thus from Eq. (9.129),

1

(9.136a)
(9.136b)
(9.136c)
(9.136d)
(9.136e)
(9.136f)

a
(-'

L
El

'i)

1-

- ViL - Mi
Mp

a
<r- ————— r-/ Jv£ ' \

\ JVl ' /

r-l

( ]>L M/) (Vi

Mj >-1 a
Mp / Mjt A

\ MiiA)

a
- Vu)

M;

M,

•-i

- Mu

>Mp
(Mi - Ma)

Similar to the procedures shown above,

El
-1 Mj_

MD

Mi)

(9.137)

M,M

Miiiid

Mp

(9.138)

dYi L3

dVt El

a

1 2a

(r+l)(r + 2)(l+-}

MJ '-T
/, . MA3 Mp

MiiA

Vv3 MP

f l) + 2r(r +
( r+ l ) ( r + 2) 1 +

(9.139)
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L2

MM
M'

MJ,
Mr,

(9.140)

Eqs. (9.137)-(9.140) are similar to Eqs. (9.96)-(9.99) of the skeleton curve except for the two
terms, Mj/Mj and \Mt/Mp

 r~l, which should be modified as

replaced by

replaced by M'

(9.141)

(9.142)

the terms Mt/Mj and M//MV remain the same. Thus the stiffness coefficients of the branch curve
are the same as those given in Eq. (9.120) in which the parameters of the coefficients of Rh
Uh Wh Sh Gh Qi in Eq. (9.1 19a, c, e, g, i, and k) should be modified to replace Mj/ Mj by M/7d/M,7d
and \ by \MM/M'

(B) Moment reversal at thej-end — following Fig. 9.31 and Eqs. (9.123)-(9.136), we can also
find four derivative equations of dOi/dMb dOf/ ' dVi: dYtldMh and dYtl ' dVt. After substitution
of the following equilibrium equations,

Mjj=-VijL-Mij

MM = Mj - MJJ
MJjd = MJ ~ MM

M'p = 2MP

(9.143a)
(9.143b)
(9.143c)
(9.143d)
(9.143e)

the final results are

dO, L
dMi El ! + / *,,xI VK/ ' \

\ Jvf ' /

Mi
Mp M> (9.144)

dOf L2

El
-1 a
2 / MA2

(r+ 1) 1 + —
V MJ

Mi
Mp

' ' a

(r 1 1) ( 1 1 M'Jd}2

JJ^

A/I M;;,

(9.145)
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L?_
~E!

2a
M

Mi
+ -

r(r+ l) + 2r(r + 2)
M,v,

(9.146)

dO, (9.147)

Comparing Eqs. (9.144)-(9.147) with Eqs. (9.96)-(9.99) leads to the following conclusion: replac-
ing MI/ ' MJ by jjd, and \Mj/Mp in Eq. (9.120) yields the desiredby lM,yd/Mp
stiffness coefficients for moment reversal at the y'-end as shown in Eq. (9.114) or Eq. (9.120).
Consequently, the parameters of RJ, Uj, Wj, Sj, Gj, and Qj of Eqs. (9. 1 19b, d, f, h, j, and 1) should
be modified by replacement of Mf/Mj with Mijd/Mijd and \Mj/Mp ''"' with \MJJd/M'p ''"'.
EXAMPLE 9.6.1 Use the Ramberg-Osgood hysteresis model with a= 1 and r = 20 to find the
dynamic response of the framework given in Fig. 9. 1 1 at (A) t = 0. 1 sec and (B) t=\.2 sec. Assume
that the initial conditions at t = 0. 1 are zero and those at t = 1 .2 are based on the following results
at t = 1 . 1 sec: xs = 12.596 in, xs= - 1 .5678 in/sec, 3cs = - 1 1 7.25 in/sec2, xei = xg2 = 8.6891 1 x 10~2

rad; M, = M6=0.38002 k in, M3 = M4= - M2= - Af5 = 0.298610 k in, Axe, =Ax82 = 2.6907 x
10~3 rad; Axs = 0.376 in, and the unbalanced force At/ = - 5.95916012xlO~3 k.

Solution: Using Eq. (9.120) in Eq. (a) of Example 9.4.1, the element stiffness matrix can be
expressed as

6EI
LZ

2 + 2 Wi + WjQj 1 + WiGt + WjGj - (3 + f/,- + UjSj) - (3 + f/,- +

i Qi ~(

-j(6 + Ri + .

•/) -r;(3-

1

symm

in which

Z = (2 + 2 Wi + W&) (6 + Ri + RJ) - (3 + t/,-

-^(6 + Ri + Rj)

^-(6 + Ri + Rj)

(a)

(b)

(A) At t = 0, the member's end moments M, and My are zero; Eq. (9.119a-l) consequently
becomes

Rt = RJ = Ui = Uj = Wi =Wj=0 (c)
(d)
(e)

Substituting Eqs. (c)-(e) into Eqs. (a) and (b) leads to

Z = (2)(6)-(3)2 = 3
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6EI
2 1 -3/L -3/L

2 -3/L -3/L
6/L2 6/L2

symm 6/L2

(g)

which is identical to the static stiffness matrix.
From Example 9.4.1, EI= 1000 k in2, H= 120 in, and t = 240 in, structural stiffness matrix

[K\ is the same as the one given in Eq. (c) of that example. Thus the dynamic responses at t = 0. 1
sec are equal to those shown in Table 9.1.

(B) Based on initial conditions given at t = 1 . 1 sec, the element stiffness matrix for element 1
can be obtained by using Eqs. (9.119)-(9.121). To illustrate, Eq. (9.119a and b) are calculated
as

Ri =
6a

(1 +
Mi 6(1)

-0.298610\
+ -0.38002 J

0.38002
0.2

(20-1)

= 665,391.6562

6a
(1 + Mj/Mj)

= 5358.4012

Mj
p

6(1)
/ -0.38002 \
\ ' -0.298610/

0.298610
0.2

The numerical values of other parameters are

Ui= 17,743.1799;
^• = 2.2456;
Gi= 37.2870;
Qj= 2,288.1633; and

Substituting the above numerical values into Eq. (a) leads to

Uj= 112.27608;
5,-= 36.5013;
Gj = 47.9979;
Z = 3,525,137,945.0

Wi = 451.6294
Sj = 46.7252
Qi= 1,396.7395

0.857215 2.40398 -0.0271766 -0.0271766
89.4739 -0.765649 -0.765649

0.660688 x 10-2 0.660688 x 10~2symm
0.660688 x 10-2

10-4 (h)

Element stiffness matrices for elements 2 and 3 can be similarly calculated. Based on the d.o.f.
given in Fig. 9.11, the structural stiffness matrix is assembled as

[K\ =
0.01325714 0.205897 x 10"3 -0.765649 x 10-4'

symm 0.01325714 -0.765649 x 10~4

1.321376 x 1Q-6
(i)

from which the condensed stiffness, K, corresponding to the transverse displacement, xs, is

K = K22- K2\K^KU = 4.505199 x 10~7 k/in (j)

Using the linear acceleration integration technique, the following parameters are calculated with
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the initial conditions given in the problem:

A = - — is(n_i) - 33cs(K_n = ̂ -(-1.5678) - 3(-117.25) = 445.818 (k)
A? 0.1

B = 10.5659 (1)

~ L 2 =-5.57536 x 1Q-3 (m)

K = 0.1200 (n)

AF(0 = (AF(0 + A U) - MA = -0.1007 (o)
AJCS = AF(t)/K = -0.8391 < 0 (p)

5.6870 x 10-3 ] . ( -4.7727 x lO"3

„ s 0 rad (q)
5.6870 x 10-3 J [ -4.7727 x 10~3

Since Axs, Axel, and A.xg2 changed direction due to their present values being less than zero,
the signs of the element's incremental forces should also change; the element's moment-curvature
relationship is now associated with the branch curve. Therefore, the member end's moment at
reversal point should be determined by recalculating element stiffness for the branch curve at
unloading point. Treat the point in an approximate sense by assuming that the loading reversal
is at t=\.\ sec; then the stiffness matrix for element 1 can be calculated by letting

Mm = Mi - Mn = Mi - M; = 0 (r)
My,d = Mj - Mjt = Mj - My = 0 (s)
M,yd = Mi - My = Mi - Mi = 0 (t)
Myyd = Mj - Mjj = Mj - My = 0 (u)
M'p = 2MP = (2)0.2 = 0.4 (v)

The above calculations Eqs. (r) -(u) imply that unloading is assumed to begin at 1 . 1 sec. Therefore,
replacing M/, My, Mp in Rh t/,-, Wh St, G, and 2, with Ma<j, M-H&, and M'p and replacing M,, My, Mp
in RJ, Uj, Wj, Sj, Gj, and gy with M,yd, M;yd, and M'p lead to

Ri = Rj = Ui = Uj = Wi =Wj = 0 (w)
Si = Sj = Gt = Gj = r = 20 (x)
Qi = QJ = r(r + 1) = 20(22) = 420 (y)

Eqs. (w), (x) and (y) are identical to Eqs. (c), (d), and (e), respectively, signifying that the stiffness is
elastic and that the moment-curvature is now on the branch curve.

Thus the condensed form of the elastic structural stiffness matrix is

K = K22- K2iK^Ku = 0.0079365 k/in (z)

Numerical values of A, B, AF(t) and A(f) are the same as Eqs. (k), (1), (m), and (n), but the stiffness
matrix should be modified to include current values in Eq. (z) as

= 0.1279365 (aa)

Other response results are then routinely calculated for which the lateral displacement is

AJCS = AF(t)/K = -0.7871 1 in (bb)
jcs = xs(n-D + Axs = 12.596 + (-0.78711)= 11. 80889 in (cc)
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Constant gravity load H

*
H

(a) (b)

FIG. 9.32 Influence of nonlinearity. (a) Frame structure, (b) Lateral load vs. displacement.

PART B ADVANCED TOPICS

9.7. GEOMETRIC NONLINEARITY

In the previous sections we have introduced nonlinearities due to material properties. It has been
assumed that the deformation in a structure is small. Thus the kinematic matrix based on struc-
tural configurations or equilibrium matrix based on internal forces and external loads remains
unchanged during various loading stages. This holds true even when the second-order effect (P-A)
is included, whether the effect is implicitly considered in dynamic stiffness (see Chapter 5) or
explicitly formulated as geometric stiffness matrix (see Chapter 6).

If structural deflection is large, then geometric nonlinearity should be considered. In this
formulation, the geometric stiffness matrix (P—A effect) is not necessarily included. To illustrate
the concept of geometric nonlinearity, consider the frame shown in Fig. 9.32 with constant gravity
load and a slowly increasing lateral force. If geometric and material nonlinearity as well as the P-A
effect are not considered, then lateral displacement vs lateral force relationship is linear, as shown
by curve "a" in Fig. 9.32b. If geometric nonlinearity is considered without both the P—A effect and
material nonlinearity, then lateral displacement is as shown in curve "b". If the geometric stiffness
matrix is included, then the displacement curve is as shown in "c". If material nonlinearity is also
included, then displacement will follow the path of curve "d".

Note that the geometric nonlinearity is due to large deflection for which the equilibrium
equations between internal forces (deformations) and external nodal forces (displacements)
should be changed at each loading stage. This change is based on the consideration that, when
structural displacements are large, the directions of both external force (displacement) and
internal force (deformation) are not the same as they were at the previous loading stage.

Let us consider member ; in Fig. 9.33a at position AB with length L and inclined angle a. This
member now moves to position A'B' with an incremental joint displacement vector of

AxB AOA AOB AyA AyB]J (9.148)

Joint displacements are in the direction of global coordinates X and Y as shown in Fig. 9.33a.
Local displacements are given in Fig. 9.33b of which the incremental vector is

{AD}f = [AuA AuB AOA AOB AYA AYg]J (9.149)

where AM^ and A Y& are the member's axial and lateral displacements measured parallel and
perpendicular, respectively, to the member axis AB at the current time step (see Fig. 9.33b);
and A#A and AOB are the end rotational increments. From Fig. 9.33a and b, the transformation
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(a)

AM

Current step

Global X

AM

Next step

AMR

FIG. 9.33 Large deformations of a member, (a) Joint displacment for forces, (b) Member displace-
ment and forces.

from joint displacements in local coordinates to global coordinates can be expressed as

AuA '

i

cos a 0 0 0 — sin a 0
0 cos a 0 0 0 —sin a
0 0 1 0 0 0
0 0 0 1 0 0

sin a 0 0 0 cos a 0
0 — sin a 0 0 0 — cos a

Ax A '

(9.150a)

or

(9.150b)

in which [B]',• is the compatibility matrix of the member. In Eq. (9.150) the angle, a, can be cal-
culated based on the coordinates of the member's joints.

Let the location of joint A in the global X— Y coordinates (see Fig. 9.23a) be (Ax, Ay) while
joint B is (Bx, By); then the inclined angle can be expressed as

a = — tan By -Ay

x - Ax
(9.151)
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Let the force-deformation relationship of member i in its local coordinates be expressed as

&FB &MA J.152)

and let the force vector of member z in its global coordinates be

AMB (9.153)

Based on the virtual load concept derived in Eq. (4.54), the transformation from local forces to
global joint force can be expressed as

(9.154)

where [A\t represents the equilibrium matrix of member z. Substituting Eq. (9.150b) and (9.152)
into (9.154) yields

J.155)

where [K'} represents the stiffness matrix of member /' in global coordinates, as was similarly pre-
sented for elastic case (see Section 4 of Chapter 5). Thus the stiffness matrix for a structural system
can be obtained simply by adding the contributions of all member stiffnesses using the direct
element formulation shown in section 5.4.3 as

[K\ =

Note that when the member's axial deformation is not considered, i.e. AuA = &UB = 0 (see Fig.
9.33b), the comptibility matrix in Eq. (9.150a) becomes

AYA

0 0 1 0 0 0
0 0 0 1 0 0

sin a 0 0 0 cos a 0
0 — sin a 0 0 0 — cos a

(9.157)

EXAMPLE 9.7.1 Assume the truss shown in Fig. 9.34 is subjected to a vertical load of 0.2 PCT;
PCT represents the elastic buckling load of the structure, and a force of 20 k is applied horizontally
at joint 3. Find the horizontal displacements of the structure: (A) due to horizontal force only
without consideration of geometric stiffness and large deflection; (B) with consideration of hori-
zontal force and geometric stiffness but without large deflection; and (C) with consideration
of horizontal force and geometric stiffness and large deflection. Material properties are A = \l
in2 and £ = 29000 ksi.

Solution: Based on the diagrams of external action and internal resistance given in Fig. 9.34
and (Eq. 9.150a), the compatibility matrix can be established for the constituent members as
shown in Eqs. (a) and (b).
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(a)

|X2,P2=0.2Pcr

3 A ——"• X,, P,=20 kips

a'=120°

F2,D:

275.6 in

FIG. 9.34 Example 9.7.1. (a) External action {/>}, {X}. (b) Internal resistance {F}, {D}.

For member 1

_I/238.6766-0\ ™0 , , , • • • • xa = — tan | —77 -̂7,—7— I = —60 (clockwise is positive)137.8 — 0

0A = 0B = 0; a = -60°; cos a = 0.5; sin a = --

AuA

AYA

AuB

A F B . 1

AA
AA
AA
AZ>4 . i

"cos a 0 —sin a 0
sin a 0 cos a 0

0 cos a 0 — sin a
0 —sin a 0 —cos a _

~ 0 "
AJC!

0
_ A x 2 _

~ 0 0
0 0

cos a — sin a
_ — sin a — cos a

t' ) = M , (A*}

For member 2

/238.6766-0, 1 / £*~J\J ,\J I \J\J '-'I

a =- t a n 137.8-275.6 =
D ; 0A=0B = 0; cos a' = -0.5; sin a' = --—-

(a)

AuA '
AYA
AuB
AYB :

AD5
AD6
AD-,
AD& 2

cos a' 0 — sin a' 0
sin a' 0 cos a' 0

0 cos a' 0 — sin a'
0 — sin a' 0 — cos a'

0
Axi

0
Ax2

The element stiffness matrix of member 1 is

F2

F<

AE
~ ~j^

1 0 - 1 0 "
0 0 0 0
- 1 0 1 0
0 0 0 0

A
DI
DZ
D4

(b)

(c)
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FIG. 9.35 Element's geometric stiffness.

Since these two members are identical, \K%\ = [A,,1].
Using the direct element stiffness formulation given in Eq. (9.156) yields

[K] = [B]T
2[K2

e][B]2 = ~" L
VlAE

4 L
3 AE
4~ZT J

0.25^
J—i

VlAE
4~~ZT

V3yJE'

"1^77
3 AE
4~ZT .

(d)

T0.5 0 I AE_
[ 0 1.5 J ~L

As to geometric stiffness formulation, the typical element's coefficients based on the sign
convention shown in Fig. 9.35 are

0 0 0 0 '
0 1 0 1
0 0 0 0
0 1 0 1

(e)

Note that the sign convention in Fig. 9.35 is similar to that in Fig. 6.25 of the geometric string
stiffness. In the former, F is positive for tension and negative for compression; the system's
stiffness is expressed as [K\ + [Kg] where the sign of F adjusts the sign of [Kg]. In the latter, P
has already been treated as compression in Eq. (6.141); thus the system's stiffness matrix is

(0

Similar to the formulation of Eq. (d), the system's geometric stiffness matrix is

1.5 0
0.5

of which numerical values depend on the amount of axial force acting on the members. Solution
procedures are shown below for Case B.

(A) Due to horizonal force only without consideration of geometric stiffness and large
deflection—for horizontal force of 20 k at joint 3, the displacement vector can be obtained from
elastic analysis as

° L

0.66667
20 0.02236

0 in (g)

(B) With consideration of horizontal force and geometric stiffness but without large
deflection—in this case, first find the members' forces due to vertical load, then find buckling
load, PC,-, and finally apply 0.2PCT to the structure along with horizontal load to obtain
displacement. Structural displacements due to vertical load are

= [K\-l{P} = L
~AE

0
0.6667

0
0.6667

crA

AE) (h)
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The members' forces are

{F} = [[K}
e][B]l[K*][B]2]{x}=-[-0.57735 0 0.57735 0 -0.57735 0 0.57735 0]TPcr

(i)

which shows that members 1 and 2 are in compression. Thus F/L in Eq. (e) is -0.57735 PCT/L and
Eq. (f) becomes

-0.57735.PC, , , . „ „ ,P c r T l . 5 0 1

[ o o.sj
Buckling load can be determined as

( AF P \ f AF P \
0.5 —— - 0.86603 -p ( 1.5 —— - 0.28867 -p ) = 0 (k)

L L J \ L L /

from which buckling loads of the first mode are

pcr = Q.57735AE = 284,633.55 k (1)

Displacements and internal forces due to the Q.2PCT are obtained from Eq. (h) and (i) as

M = [0 -21.2157]Tin (m)

and

{F} = [32,866.66 0 -32,866.66 0 32,866.66 0 -32,866.66 0]T (n)

Substituting Q.2Pcr of Eq. (1) into Eq. (j), which is then combined with Eq. (d), yields the dis-
placement due to the horizontal force as

_l~ 894.4,..41219-178.88242 0 T j 20

' 0 2683.23657 - 59.62747 J J O ,
0.02795 }

I "in

Note that the above solution is due to horizontal force with the P-A effect; displacements due
to both Q.2PCT and horizontal force should be the summation of Eqs. (m) and (o).

(C) With consideration of horizontal force, geometric stiffness and large deflection —
displacements obtained in Eq. (m) of (B) are shown in Fig. 9.36 where the change in structural
geometry is also sketched for large deflection formulation. Using Eq. (9.151) gives

0, = - t a n - 1 ( 2 1 7 ' ^ 6 ) = -57.6385° = -1.0059816 rad = a
V 137.8 /

The compatibility matrix of members 1 and 2 may be expressed as

0 0 cos 0i —sin 0i 0 0 cos(re — 0j) —sm(n — 0\)~\
0 0 -sin 0i -COS01 0 0 -sin(re-0i) -cos(re-0i)J

0 0 0.535259 0.8446877 0 0 -0.535259 0.84468771 (q)

0 0 0.8446877 -0.535259 0 0 0.8446877 0.535259 J
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(137.8, 217.4609)

(0, 0)
(275.6, 0)

FIG. 9.36 Large deflection formulation.

Thus the new system matrices are obtained from Eqs. (d) and (f), with current member length
L' = 257.445 in, as

.2865 0 1(2) (17) (29000)
0 0.7135J 257.445

l~ 1097.2790 0 1
[ 0 2732.6652]

(r)

0.7135 0 1(2) (0.57735) (-0.2 Pcr)
0 0.2865 J 257.445

-182.1717 0 1
0 -73.1519

(s)

In Eqs. (r) and (s), [Ke] and [Keg\ have the same form as in in Case (B) except the length is different
and the compatibility matrix, [B], is from Eq. (q).

Incremental displacements due to horizontal force and large deflection are

915.1073 0 1~ T20
0 2659.5133 0

0.02186
0

(t)
in

which means that, with consideration of large deflection, the displacements shown in Fig. 9.36
should be increased by the amount given in Eq. (t).

The above example is intended to illustrate analytical procedures for and effects of large
deflection. For simplicity, a statically loaded truss is used. Comparative studies of various influ-
ential parameters on dynamic response of a frame are presented in the next example.
EXAMPLE 9.7.2 Use the rigid frame given in Example 9.4.1 (see Fig. 9.11) to show various P-A
effects and the influences of material as well as geometric nonlinearities on the frame's response.
Structural properties and dynamic force can be found in the example just cited. This study involves
the following seven cases:

(A) Formulating [K\ and [KB] based on the general nonlinear analysis procedures given in
Section 9.7.

(B) Finding the buckling load of the frame by using the geometric string stiffness matrix
presented in Section 6.6.3 (same model as shown in Fig. 9.35).

(C) Linear analysis (L.A.) without .P-A effect or geometric and material nonlinearities.
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B

(a)

M

(b) (c)

(D

D

£*———1&
Prsl. f\

I = 240"

FIG. 9.37 One-story rigid frame for Example 9.7.2. (a) Given structure, (b) External action {/>}, {X}.
(c) Internal resistance {F}, {D}.

(D) Nonlinear analysis (N.A.) having material nonlinearity of bilinear model with/? =0.05
but no P-A effect or large deflection.

(E) Nonlinear analysis with;? = 0.05 given in (D) combined with 4% of buckling load (N.A.;
0.04 Pcr) but not including large deflection.

(F) Same as (E) except for 20% of buckling load (N.A.; 0.2 Pcr).
(G) Nonlinear analysis with/) = 0.05, 4% of critical load, and large deflection (N.A.; 0.04

Pcr; Lg. D.).
Plot displacement vs time and moment at node 1 (M\) vs time of these seven cases. Note that

Case (D) is identical to the study of p = 0.05 in Example 9.4.1. The response behaviors of that
example are shown in Figs. 9.12-9.14.

Solution: (A) Formulation of[K\ and[Ks]—for convenience, the rigid frame in Example 9.4.1
is shown again in Fig. 9.37.

The angles a for members 1, 2, and 3 are

= —tan"

= — tan"

= — tan~

Bx - Ax

Cy ~ By

Cx - Bx

Dy - Cy

Dx - Cx

= —tan

= — tan"

= — tan~

120-0
-120+120
120- 120
120+120
0-120

120-120

= -tan"1 (+00) = -90° = -n/2 (a)

:-tan-1(0) = 0°=0 (b)

= - tan'1 (-00) = 90° = n/2 (c)

From Eq. (9.157), compatibility matrices, [B], for members 1, 2, and 3 are respectively shown in
Eqs. (d), (f), and (h).

0
A02
0

AF2

0
0

sin «i
0

0
0
0

sin «i

1 0
0 1
0 0
0 0

0
0

COS «i

0

0
0
0

— COS «i

0
Axs
0

Ajffli
0
0

(d)



VARIOUS HYSTERESIS MODELS 587

or

JAF 2

0 1 ~| [ Axs
— sin «i (e)

or

A04
0
0

0
0

sin «2
0

0 1 0 0 0
0 0 1 0 0
0 0 0 cos a2 0

— sin a2 0 0 0 — cos a2

(0

(g)

or

0
0

sin 0:3
0

0
sin 0:3

0
0
0

— sin 0(3

1 1 F A.xs

1 0
0 1
0 0
0 0

— 1 13

0
0

COS «3

0

{ Axs 1
1 Ajc§2 1

0
0
0

— COS C«3

Q S

&.X02
0
0
0

The structural stiffness matrix can be assembled as

\[B\2 + [B$
K2\ K22

'it?,

k\2

symm

—/c24 sm oti
k\3 sin 0:3

sin2 «i + kl3 sin2

which is identical to Eq. (b) in Example 9.4.1.
Similarly, the geometric string stiffness matrix is assembled as

0 0 0
0 0 0
0 0 2

[B],

(h)

(i)

which is obtained by assuming that the axial load on members 1 and 3 is due to externally
load, PCT, only.

(B) Fundamental buckling load — using the determinant of the summation of Eqs. (j)

(k)

applied

and (k)
as

(1)
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40 g

N.A.;0.04Pcr

N.A.; 0.04 Pcr; Lg.D.

FIG. 9.38 Lateral displacement vs. time in Example 9.7.2.

and employing the given member properties gives

P «S = S,J^ = 0.476k

(C) Linear analysis (L.A.) — the motion equation is

KAxs =

(m)

(n)

in which [K\ is condensed as shown in Eqs. (d), (e), and (f) of Example 9.4.1. Numerical integration
is then applied for structural response. The emphasis here and in later cases is on formulating the
structural stiffness matrix.

(D) Nonlinear analysis (N.A.)—the motion equation is similar to Eq. (n). In this case [K\
must be modified in accordance with the plastic deformations of individual members and then
condensed to become K

(E) Nonlinear analysis with 4% ofPCT (N.A., 0.04 PCT)—the motion equation is similar to Eq.
(n); K is condensed from ([K\ + [KB]) in which [Kg] has 0.04 Pcr = 0.01904 k. Note that the axial
forces on members 1 and 3 are solely due to the external loads; the change of internal axial forces
is not considered for various deformation states. Member 2 is not involved in [K^[.

(F) Nonlinear analysis with 20% ofPCI (N.A., 0.2 Pcr)—the analysis is identical to (E) except
that 0.2 />cr=0.0952 k is used in [K^.

(G) Nonlinear analysis with 4% of PCT and large deflection (N.A., 0.04 Pcr, Lg. D.)—the
motion equation, Eq. (n), still applies to this analysis. However, [K\ and [Kg] must be modified
to include geometric changes in the structural nodes according to the state of inelastic deformation
at each time increment.

Using numerical integration yields lateral displacement, xs, vs time, and moment, M\, vs time
shown in Figs. 9.38 and 9.39, respectively. Observation of these figures may be summarized as:
linear analysis yields smaller displacement but larger internal moments than does nonlinear
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""•• ; N.A.; 0.04 PCT; Lg.D.
4: / \

V / N.A.;0.04Pcr \ /

FIG. 9.39 Moment Mt vs. time in Example 9.7,2.

analysis; large deflection gradually increases the permanent set of displacement and moments; the
P-A effect can significantly increase structural response (with 20% of PCT, the structure collapsed
before 1 sec of excitation).

9.8. INTERACTION EFFECT ON BEAM COLUMNS

We have so far discussed several hysteresis models, based on pure bending only, for which normal
stress and strain are shown in Fig. 9.40a. If a member is subjected to a combined bending moment
and axial load, then normal stress and strain of the cross-section will be as shown in Fig. 9.40b.
Thus the moment-curvature relationship is influenced by the magnitude and direction of applied
axial load. This phenomenon is called the interaction effect. A typical moment-curvature-axial
load relationship is shown in Fig. 9.41 in which we may observe that moment capacity decreases
as compressive axial load increases. Since structural columns are mainly subjected to bending
and compression, the compressive force has significant influence on the column's moment resist-
ance capacity. The reduced moment-curvature relationship should be used in the hysteresis
models for nonlinear analysis. For example, the reduced plastic moment capacity, M', for a
wide-flange member with axial load P can be calculated by the following equation [1] P

"*P<MP (9.158)

where Py is axial yield load without bending and Pu is the required axial strength. When a member
in a three-dimensional system has biaxial bending and torsion, moment capacity should be further
reduced due to torsional effect [7]. If axial load is time-dependent, then the moment-
curvature-axial load relationship becomes highly complicated because of independent loading
reversal of moments and axial force [5,6,8]. Research in this area has not reached maturity.
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" — • - — •— N.A.

(b)
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£ > £„

FIG. 9.40 Moment-axial load interaction effect, (a) Pure bending moment, (b) Coupling of bending
moment and axial load.

M/M

P/Py = 0.2

P/Py = 0.4
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1.0 2.0 3.0 4.0 5.0

FIG. 9.41 Moment-curvature-axial load relationship.
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9.9. ELASTO-PLASTIC ANALYSIS OF CONSISTENT MASS SYSTEMS

591

9.9.1. Stiffness Matrix Formulation
As shown by the elasto-plastic branch of II in Fig. 9.4, the moment-curvature relationship changes
linearly from zero to ultimate moment capacity, called plastic moment (due to bending only) or
reduced plastic moment (due to interaction of axial force and moment). A section of the member
has a plastic hinge that behaves like a real hinge with a constant ultimate moment. When the
member's section rotates in reverse, the moment-rotation relationship becomes elastically linear,
and the plastic hinge is removed. This elastic behavior remains unchanged until the moment
reaches ultimate moment capacity. Consequently, a plastic hinge is assumed and a cyclic process
is applied.

Plastic hinge formation in a member of a consistent mass model should be similar to the
behavior described above. Therefore, this formation represents three possibilities, i.e. a hinge
at the /-end, j'-end, or both ends. Presented here is an elasto-plastic analysis of structural systems
composed of Timoshenko beams. This general formulation can be simplified to include the
Bernoulli-Euler theory of bending deformation only. By following Section 6.7.1, we can derive
displacement functions and their associated functions of rotation and slope; results are
summarized in Table 9.3 for the three cases of hinge formation. Note that, for simplicity, dis-
placement functions for the hinge at the y'-end are derived by using the origin of x at j.

Substituting displacement functions and their associated functions in Table 9.3 into Eqs.
(6.155), (6.160), and (6.172), respectively, yields stiffness coefficient [Ke] and mass coefficient
matrices [M^], [M*] as well as geometric coefficient matrix [KeB\. Results are listed as below.

(A) Hinge at i-end

\2EI
0 0 0 0

\/L -\/L2 -1/L2

symm 1/L3 1/L3

1/L3

mL

0 0
32L2/105

symm + 1 32/35

0
-4</>L/15-48L/35

-</>2/6-13</>/10-78/35
</>2/3 - 40/5 + 272/35

(9.160)

[Ml] =

0 0 0 0
(02 + 16/5)L 0-16/5 0-16/5

symm 96/5L 96/5L
96/5L

(9.161)

symm

0
16L/5

0
-16/5

0
-16/5 (9.162)
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When the bending deformation only is considered, the above equations become

593

[Ke] = 3L7

0 0 0 0
l/L -l/L2 -l/L2

symm l/L3 l/L3

l/L3

(9.163)

wL
:420

0 0 0
8L2 33L/2

symm 99

0
36L

-117/2
204

(9.164)

[Me
r]=^

0 0 0 0
L -1 -1

symm 6/L 6/L
6/L

(9.165)

0 0 0 0
L -1 -1

symm 6/L 6/L
6/L

(B) Hinge at j-end

12EI
l/L 0 -l/L2 -l/L2

0 0 0
symm l/L3 l/L3 (9.167)

mL

*+«

r 32z/2
105

0

symm

-4<pL
15

0

T~T

48L
35

272

7<pL 22L
30 ' 35

0

<p2 13 78

(t>2 9 132

(9.168)

[MI] = pi
(4 + <W2

- / , 2 16\ 16

0 0

96
5L

symm

16-

0

96
5L
96
5L -

(9.169)
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16L 16

L
symm

16

L

L

For bending deformation only, Eqs. (9.167)-(9.170) become

= 3£7

1/L 0 -1/L2 -1/L2

0 0 0
symm 1/L3 1/L3

1/L3 J

(9.170)

(9.171)

8L2 0 -36L 33L/2 '
0 0 0

symm 204 -117/2
99

(9.172)

L 0 -1 -1'
0 0 0

symm 6/L 6/L
6/L

(9.173)

L 0 - 1 - 1 '
0 0 0

symm 6/L 6/L
6/L

(9.174)

(C) Hinges at both ends—for this case, shear deformation does not affect the derivation of
stiffness and mass coefficients. Thus the following Eqs. (9.175)-(9.178) apply to cases of (1) bend-
ing and shear deformations, and (2) bending deformation only:

= 0 (9.175)

0 0 0 0
0 0 0

symm 1 —1/2
1

(9.176)

0 0 0 0
0 0 0

1 1
symm 1

(9.177)
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0 0 0 0 '
0 0 0

1 1
symm 1

(9.178)

9.9.2. Moments, Shears and Plastic Hinge Rotations
As introduced in the preceding section, when an internal moment reaches ultimate moment
capacity, a plastic hinge forms at that node and rotates in accordance with the moment-curvature
behavior shown in branch II of Fig. 9.4. A hinge rotation can theoretically increase infinitely until
it decreases. The amount of increase, however, is actually limited by material ductility capacity.
When a hinge rotation decreases during response analysis, this indicates that the member has
started to move in reverse. Consequently, the plastic hinge is removed and the member end
becomes elastic. Internal moments and shears due to member deformation can be calculated
on the basis of the force-deformation relationship established in Eq. (m) of Example 6.3.2,

(9.179)

in which [S] is the stiffness coefficient matrix, which is arranged using the notations in Eq. (6.159):

'\
SMO

symm

\
SMY

SVY
\

(9.180)

where the submatrices are diagonal band matrices with dimensions of 2(NM)x2 (NM) and NM
equals the number of members. [Sg] is also composed of element matrices as given in Eq. (6.177)
as

GMO

symm

\
GMY

GVY
\

(9.181)

Since the coefficients of stiffness and geometric matrices can be modified according to plastic hinge
conditions, Eq. (9.179) is a general equation for both elastic and elasto-plastic analyses.

When the structure is elastic, internal joint rotations must be compatible with external joint
rotations. This compatibility condition requires the following:

{01 - [A0?{Xe} = 0 (9.182)

When the structure is beyond its elastic limit, Eq. (9.182) cannot be satisfied because some
plastic hinges may have developed. Plastic hinge rotations, {//}, can be calculated by evaluating
the difference between external joint rotations and internal rotations at member end

[H] = {0} - (9.183)
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i- T;

/
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FIG. 9.42 Example 9.9.1. (a) Given structure, (b) External actions, (c) Internal resistance.

for which we first calculate moments from Eq. 9.179 as

{Mj = [SMO - GMO] [Aefixe] + [SMY - GMY] [A^{x,]

Then obtain the rotations from the following force-deformation relationship:

{0} = [SMO - GMO]-l({M] - [SMY - GMY] [^s]T{xsl)

(9.184)

(9.185)

EXAMPLE 9.9.1 Using the consistent mass model with bending deformation, tranverse inertia,
and the incremental linear acceleration method, find the joint displacements, velocities,
accelerations, and internal moments of the framework shown in Fig. 9.42a. Assume that
^(0 = 0.025 sin nt k (111.205 sin nt N), P= lk(4.448222 x 103 N), h=lO ft (3.048 m),
£ = 20 ft (6.096 m), £7=1000 k in2 (2.86967168 kN m2), w = 5.555x!0-6 k sec2/in2 (3.905
kg sec2/m2), p = 0.1, p = 1.5 rad/sec, and A? = 0.1 sec.

Solution: Let the diagrams of external action and internal resistance be as shown in Fig. 9.42b
and c, respectively, from which the equilibrium matrices can be formulated as follows:

[^e] =
0 1 1 0 0 0
0 0 0 1 1 0

[.4J = [0 1 0 0 1 0 ]

The stiffness coefficients of the system are

~[SMO}}

symm

(a)

(b)

[SMY]]
[SMY] [SVY}\

0
[SMO]2

0
0

[SMO]3

[SMY]!
0
0

[SVY]:

0
[SMY]2

0
0

[5KF]2

0 "
0

[SMY],
0
0

[SVY],
(c)



VARIOUS HYSTERESIS MODELS 597

in which subscripts refer to the member number. As given in Eqs. (6.158) and (6.159),

21 [33.3333 16.6667]
33.3333J

6.6667

-0.4167 -0.4167

-6
-6

_[
-[

-0.1042 -0.1042]
-0.1042 -0.1042 J

[SVY}{ =
12

0.00694 0.00694]
0-00694 0.00694 J

^=f[i2 U -\Q'-|_o.
.00087 0.00087]
00087 0.00087 J

The mass coefficients can also be expressed as

e [[MM74] [MF7']J

~[MMO\ 0 0 [MMY^
[MMOl]2 0 0

[MMOf]3 0
\MVY\

symm

0
[MMYl]2

0
0

[MVYl}2

0
0

[MMY*]3

0
0

[MVYl]3 _

According to Eqs. (6.168) and (6.170)

-1/140 1/105 J
r o . o
L-o.

(d)

09142 -0.06856]
06856 0.09142 J

,r 1t]2 = ml3\J2 [-
1/105 -1/1401
'I/MO i/ios

1 r 0.7
=J L-o.

73135 -0.54852]
54852 0.73135 J
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[MMY^ = [MMYl]3 =I]3=mh2\'
-11/210 13/420 1 r-0.004190 0.002476 1
13/420 -11/210 J L 0.002476 -0.004190 J

,
[MMYt]2=ml2
L J2

13/420 1 I" -0.016760 0.009904 1I" -0
= [ 0.13/420 -11/210 J L 0.009904 -0.016760 J

13/35 -9/701
[MVYl]]=[MVY\=mh\ \L J l L J3 -9/70 13/35 J

0.000248 -0.0000861
-0.000086 0.000248 J

. f 1
[MVYt]2=ml\

[-
13/35 -9/701

\
9/70 13/35 J

f 0.
\
L -0.

.00495 -0.0001711
000171 0.000495 J

Similarly, the coefficients in the geometric matrix are

L g j~
[GMO] [GMY]]

[GVY}\

'[GM0], 0 0 [GM7], 0 0
[0]2 0 0 [0]2 0

[GMO]3 0 0 [GMY]3
[GVY^ 0 0

[0]2 0
[GVY]3 jsymm

of which the coefficients are shown in Eq. (6.138) or Eqs. (6.173)-(6.177) (let 4> = 0)

-4 16 J

-0.1 -0.1
-0.1 -0.1

-l/30 2/15

[GMY]l=[GMY]3=
r

3=P\L
-i/io -1/10

'-i/io -i/io
1 r

=j L

.011

.OlJ
0.01
O

Consequently, the structural stiffness, geometric and mass matrices become

T " 50 8.3333 -0.4167
50 -0.4167

symm 0.01389

(e)

T\
16 0 -0.10

16 -0.10
symm 0.02

(g)

0 0 0
0 0

symm ml

0.822774 -0.548517 -0.00419
0.822774 -0.00419

symm 0.001829
(h)
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From Section 3.2.2

a = pp = 0.1(1.5) = 0.15; P = P/p = 0.1/1.5 = 0.06667

the damping matrix is

599

2.390076 0.473277 -0.021734
2.390076 -0.021734

symm -0.000134
(i)

By employing incremental techniques of the linear acceleration method, we can perform the
following calculations. At t = 0

[A] = {*„-!} - 3{3cB_i} = 0; [B] = -3{JcB_i} - {*„_!} = 0

= 0; - [M] {A} -{B}=

559.366 -306.580 -3.4826'
559.366 -3.4826

symm 1.0873

'0.0024006 0.0012967 0.011842'
0.0024005 0.011842

symm 0.995610
0)

{Ax} = [K]-l{AF} = 0; {xn} = {XB_I} + {Ax} = 0

{xn} = {*„_!} + — {A?} + {B} = 0; {xn} = {*„_,
(At)2

Att = Q.\ sec, in a manner similar to the preceding calculations, {x}, {x}, and {x} can be found
as follows:

[A] = 0; {B} = 0

0
0

0.025 sin(O.lTi)
0

0.007724
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'At1

{Ax} = [K]-l{AF} = [0.000091488 0.000091488 0.0076915]7

{xn} = {xn_i} + [Ax] = [0.000091488 0.000091488 0.0076915]7

3
fn-i} +~r~ (AiAt

[B]

= {0}+ — [0.000091488 0.000091488 0.0076915]T + {0}

= [0.0027446 0.0027446 0.23075]7

{xn} = {xn-i

= {0} +

(At)2

j [0.00009 1 488 0.00009 1 488 0.00769 1 5]T + {0} 00

= [0.054893 0.054893 4.61490]7

Internal moments and shears of structural members are attributed to three factors: (1) mem-
ber deformation of rotations and deflections; (2) damping force resulting from velocity, and
3) inertia force associated with acceleration. The procedure of finding internal forces for the con-
sistent mass model was illustrated in Example 6.3.2 with distributed time-dependent force but
without damping. This example has damping, ,P-A effect, and a concentrated dynamic force
applied at a structural node for which internal forces are calculated below.

(A) Internal moments and shears due to member deformations at t = 0.1 sec are

{M} = [SMO] [Agf
- [GMO] [A

+ [SMY] [Asf{xs

g} - [GMY] [^s]T

0.0015248
0.0030496
0.0022872
0.0022872
0.0030496
.0.0015248.

+ •

-0.0032043
-0.0032043

0
0

-0.0032043
-0.0032043 .

-0.00036595
0.0014638

0
0

0.0014638
-0.00036595 .

-0.00076915
-0.00076915

0
0

-0.00076915
. -0.00076915 .

(1)

= [-0.0005444 - 0.0008493 0.0022872 0.0022872 - 0.0008493 - 0.0005444]7 k in
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[V] = [SMY] [Agf{xe} + [SVY] [A^
- [GMY] [Aef{xe} - [GVY] [A

-3.81139-
-3.81139
-1.90661
-1.90661
-3.81139
-3.81139,

io-5 + .

5.3379
5.3379
0
0

5.3379
5.3379 .

io-5 - •

-9.1488 '
-9.1488

0
0

-9.1488
-9.1488 ,

1(T6 - •

7.6915
7.6915
0
0

7.6915
7.6915 .

10- (m)

= 10~5[-5.25011 -5.25011 -1.90661 -1.90661 -5.25011 -5.25011]7

(B) Internal moments and shears due to inertia force at t = 0.1 sec

{M} = [MMO1] [Agf {xg} + [MMY1] [Asf{xs

--0.06856 0
0.09142 0
0.73135 -0.54852
-0.54852 0.73135

0 0.09142
0 -0.06856.

| 0.054893 |
1 0.054893 | +

- 0.002476-
-0.004190

0
0

-0.004190
0.002476.

(4.61490) =

7.66302832xlO-3

-0.01431811
0.010036087
0.010036087
-0.01431811

7.66302832xlO-3

(n)

{V} = [MMY1] [Ag? {xg} + [MVY1]
' 0.002476
-0.004190
-0.016760
0.009904

0
0

0
0

0.009904
-0.016760
-0.004190
0.002476 .

f 0.054893 ]
J I _|_

1 0.054893 )

' -0.000086"
0.000248
0
0

0.000248
. -0.000086 _

(4.61490) =

-2.6096633
9.1449353

-3.7634641
-3.7634641

9.1449353
-2.6096633

10-

(o)
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(C) Internal moments and shears due to damping force at t = 0. 1 sec are

(Ml = [CMO] [Agflxe] + [CMY] [A^fa]

- [GMO]} 0 0
[SMO]2 - [GMO]2 0

symm [SMO]3 -

+a

+a

\MMO\ 0 0
[MM 0^2 0

symm [MMO\

'[SMY]l-[GMY]l 0 0
[SMY]2-[GMY]2 0

symm [SMY]3 -

0 0
[MMYl]2 0

symm

1.3675648
1.1693241
1.2208715
0.4733064

0
0

[MMY:
3 _

0
0

0.4733064
1.2208715
1.1693241
1.3675648

0.0027446 |
0.0027446 +

-0.02073632
-0.02173622

0
0

-0.02173622
-0.02073632

(0.23075)

-1.03148749
-1.80630584
4.649840664
4.649840664
-1.80630584
-1.03148749

10-3

(P)
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{V} = [CMY] [Ae]T{xe} + [CVY] [Asf{xs

symm

0 0
[SMY]2-[GMY]2 0

[SM Y]3 - [GM Y]3

+a
'[MMYl}\ 0 0

[MMYl]2 0
symm

\SVY\-iGVY},

symm

+a
'[MVY1]

symm

0
[MVY1]

0 0
[SVY}2 - [GVY]2 0

[SVY], - [GVY}3

0

- -0.0207363
-0.0217362

-9.461014 x 10-3

-5.461414 x 10-3

0
0

0
0

-5.461414 x 10-3

-9.461014 x 10-3

-0.0217362
-0.0207363

f 0.0027446 j
1 0.0027446 | + '

-2.169102 x 10~4

-1.668102 x 10-4

0
0

-1.668102 x 10~4

-2.169102 x 10~4 .

(0.23075)

-10.6964877
-9.81486281
-4.095609589
-4.095609589
-9.81486281
-10.6964877

Total moments are the summation of Eqs. (1), (n), and (p) as

{M} = 1Q-3[6.08714 -16.97372 16.97372 16.97372 -16.97372 6.09714]7 k in

Similarly, the addition of Eqs. (m), (o), and (q) yields the following total shears

{V} = 10-4[-4.20432 7.63844 -4.36369 -4.36369 7.63844 - 4.20432]7 k

(q)

(r)

(s)
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-——— mJx =6.15258468(1(T3)
om,/x =4.6145385(1(T)

7.63844(1 (T)

FIG. 9.43 Equilibrium check for shears.

The equilibrium check for moments can be easily observed from Eq. (r) as ZA/2 = 0 and
= 0; the equilibrium check for shears can be obtained by using the free-body diagram in

Fig. 9.43 as

ZFX = 7.63844(1(T4)(2) + 6.15258468(1(T3) + 4.6145385(1(T5) - 7.72542(1(T3)
= 9.90065(l(r7)«0

Dynamic responses at t = 0.2 sec can be similarly calculated. At the end of each time-step, the
moments must be compared with ultimate moment capacity. If any moment is equal to or greater
than the ultimate moment, then the convergence technique presented in Section 9.4 should be
employed for possible overshooting. The coefficients in [S\ should then be modified according
to the location of plastic hinges as discussed in Section 9.9.1.

9.10. HYSTERESIS MODELS OF STEEL BRACING, RC BEAMS, COLUMNS AND
SHEAR WALLS

Four hysteresis models for nonlinear analysis are included in Appendices J-M. Since these models
are quite sophisticated, computer programs are provided so that readers can find detailed
calculation procedures. Appendix J is for steel bracing (pinned-end truss member) based on Goel's
work [17]. Appendix K, based on the Takeda model, is for slender RC members in bending such as
beams and columns [23]. Appendix L, the Cheng-Mertz model for RC shear walls with consider-
ation of coupling bending, shear, and axial deformations, is for both low- and high-rise shear
walls [11]. Appendix M is the Cheng-Lou model for axial deformation of columns and walls [14].
These models can be used along with those presented in Chapter 8 on system analysis. For
example, a braced steel frame needs a hysteresis model for beams, columns and bracing. Any
model discussed in this chapter can be used for beams and columns, but a bracing member needs
the model in Appendix J because a two-force member is vulnerable to yielding and buckling under
cyclic loading. The latest version of INRESB-3D-II includes the aforementioned models for both
PC and supercomputer [7,12,13]. The program has been used for case studies to verify different
instances of building damage and collapse induced by strong ground motion [15].

9.11. OVERVIEW
This chapter presents the foundation of stiffness formulations for four well-known hysteresis
models, namely, elasto-plastic, bilinear, curvilinear, and Ramberg-Osgood. These models have
a wide range of engineering applications for both reinforced concrete and steel structures.

Relationships among these models are discussed, particularly the analogy between bilinear
and curvilinear. Mathematical aspects are extended from small to large deflection with and
without P-A effect. Eight numerical examples are provided to illustrate detailed calculations
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of system response and member forces as well as equilibrium and compatibility checks. Various
effects of material nonlinearity, .P-A effect, and geometric nonlinearity on structural response
are shown.

The aforementioned work is mainly focused on the lumped mass model. In conjunction with
the consistent mass model introduced in Chapter 6, this chapter extends the elasto-plastic model
to the consistent mass model for both Bernoulli-Euler and Timoshenko theories. Readers should
carefully study Example 9.9.1, which shows extensively how to consider inertia force, member
deformation, damping, and P-A effect to find member forces as well as external forces and
to perform equilibrium checks.
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10
Static and Dynamic Lateral-Force Procedures and

Related Effects in Building Codes of UBC-94,
UBC-97 and IBC-2000

PART A FUNDAMENTALS

10.1. INTRODUCTION

Several seismic building codes such as Uniform Building Code-UBC (1994 and 1997), Standard
Building Code-SBC (1994) and BOCA (1996) have been adopted in various regions in the U.S.
Among these codes, the UBC is widely disseminated and recognized in the international engin-
eering community. The UBC was first enacted by the International Conference of Building
Officials in 1927. Since then, the code has been revised every three years (except during World
War II). International Building Code of the year 2000, IBC-2000, was proposed as a final draft
in 1998. It incorporates the above codes promulgated by representatives of BOCA, SBCCI,
and ICBO. Thus IBC-2000 represents national uniformity in building codes and supersedes other
codes such as UBC-97. Note that UBC-97 and IBC-2000 are closely related to NEHRP of 1991,
which is partly based on ATC-3-06 of 1978. To illuminate later code provisions, a knowledge
of UBC-94 is essential. Note also that UBC-94 remains valid in engineering practice even after
the revisions published in UBC-97.

UBC-94 and UBC-97 stipulate two basic lateral-force procedures for minimum seismic
design: static lateral-force and dynamic-lateral force, which are introduced in this chapter.
The codes also stipulate time-history analysis as discussed earlier, particularly the numerical tech-
niques in Chapter 7 and material and geometric nonlinearity in Chapter 9. For both UBCs, the
average annual risk is 10% probability of being exceeded in any 50-year period. This means that
if minimum design lateral-force requirements in the codes are met, then normal building structures
may be expected to resist an upper-level earthquake with a recurrence interval of 475 years without
collapse and without endangering life. However, structural and nonstructural damages are antici-
pated which may not be acceptable for essential facilities, such as hospitals and communication

607
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centers. A higher-level design force is required to ensure their ability to function during and after
an earthquake. With the same design philosophy as UBC, IBC-2000 has only a 2% probability
of being exceeded in any 50-year period.

Organization of sections, figures, tables and the like in IBC-2000 differs from both UBCs.
Therefore summary comparisons of code specifications and step-by-step numerical procedures
are given in parallel layout (see Sections 10.6 and 10.7 for static lateral-force procedures, and
10.10 and 10.11 for dynamic-lateral procedures). This layout permits the reader to more easily
grasp the specific requirements of various sections of these three codes.

10.2. BACKGROUND OF LATERAL FORCE PROCEDURES IN BUILDING CODES

10.2.1. Effective Earthquake Force and Effective Mass
Recall in Sections 2.5.2, 2.5.3, 3.2.1, and 4.9.2 that the structural response vector, {x}, can be
expressed in terms of (1) a modal matrix [$] or normal modes [X\, and (2) a generalized response
vector {x'} [see Eqs. (2.46), 2.66), (3.7), and 3.8)] or {q} [see Eqs. (4.115) and (4.139b)]. Here
only [X\ and {q} are used. For the sake of code comparison, {q} is written as {q(f)} with time
variable t which was omitted previously. Thus the response vector is now expressed as

n
{x(t)} = [X]{q(t)} = ^{X}iqi(t); n = no. of modes considered (10.1)

1=1

where the generalized response vector can be obtained from Eq. (2.63) [also see Eq. (1.123a) for
Duhamel integrals] as

where ns is the total floor number; {/„} is the influence coefficient matrix for incorporating appro-
priate ground excitations and may be expressed as { 1 } for a multiple story building subjected to
horizontal ground motion (see Fig. 7.44); v,{0 represents integration results and can be expressed
in terms of response spectral value of velocity Sv, acceleration 5a, or displacement S<$ [see Eqs.
(7.1 14)-(7.1 16); and y,- is the participation factor for the rth mode [see Eq. (7.205)]. If all modes
are considered, then the participation factors are in a column matrix or diagonal matrix as

(10.3)

Substituting Eq. (10.2) into Eq. (10.1) and replacing vt(t) by velocity spectral value Sv yields

where [Sv] and [p] are diagonal matrices. Note that no time variable t is associated with {x} above
because the response spectral values are the absolute maximum values resulting from integration
[see Eq. (1.123a) and (7.202)].
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Let the effective acceleration of the rth mode be denned by the product of the natural fre-
quency of the rth mode and the displacement amplitude in the generalized coordinates of that
mode as follows:

fc(0=/»fo(0 (10.5)
Then the acceleration associated with a structure's d.o.f. for the rth mode can be expressed as

{x(t)}l = {X}{qt(t) = m,7rf»,-v/(0 (10.6)

Thus the effective earthquake force at the rth mode for all floors is

{/>£«},-= [M]{x(t)}i= [M}{X}iyiPlVi(t) (10.7)

The effective earthquake force for all modes can be obtained by combining Eqs. (10.5)-(10.7) with
the following result:

,-= M £{*}/— v,<o (io.8)
1=1 Pi

From Eq. (10.7)

ns
PEl(t) = Y,MrX,,yiAl(t) (10.9)

r=l

which may be interpreted as the effective mass of the rth mode, MEi, times acceleration A,{t). Thus,

The moment at the base of the rth mode is due to the effective earthquake force at each floor
times individual story height as

/(OMEl "'" -"" /- \ "'" (10.11)
'

=
E'

in which

wMw
' {X}J[M]{\}

Equation (10.1 1) is interpreted as shown in Fig. 10.1. Note that the effective mass of all modes is
equal to the total mass of the building.
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PEi(t)-

h?

-777-
v^ MTi(t) ^-^ MTi(t)

FIG. 10.1 Effective earthquake force and effective mass.

10.2.2. Base Shear and Overturning Moment
The base shear of the zth mode can be obtained by summing all the effective earthquake forces
distributed at all floors along the building height as

ns

(10.13)

where

WEi= ——P,v,(t)

WEi = (10.14)

in which w/ represents lumped-mass weight at theyth floor; X/i is the normal mode displacement of
they'th floor at the zth mode; and WEi is the effective weight at the rth mode. From Eqs. (10.7) and
(10.13), the effective earthquake force at the ;th mode for all floors can be rewritten as

(10.15)
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P,,(t)=
wrh,V,(t)

ns
£ P,r(t)1=1

FIG. 10.2 Floor force, base shear, and overturning moment for linear first-mode-shape.

from which the effective earthquake force at the rth floor of the rth mode is

(10.16)

Considering the first mode only and assuming its mode shape is a straight line as shown in Fig.
10.2, Eq. (10.15) becomes

(10.17)

where H is building height, and hr is height of the rth floor measured from the base. Base shear is
the summation of earthquake forces distributed at all floors as

(10.18)

The overturning moment at the base due to effective earthquake force at the rth floor of the rth
mode is obtained from Eq. (10.16) as

(10.19)

Equations (10.16)-(10.18) are shown in Fig. 10.2.
UBC-94 static lateral-force procedures are closely related to the equations derived in this

section. These procedures are further discussed in Section 10.3. Sections 10.4 and 10.5 describe
new requirements in UBC-97 and IBC-2000, respectively. Section 10.6 compares static
lateral-force procedures in UBC-94, UBC-97, and IBC-2000 and shows their similarities and
differences. In Section 10.7 a structure is used to illustrate all the numerical procedures in these
three codes. Similarly, dynamic lateral-force procedures for the three codes are discussed in Sec-
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tion 10.9, required procedures are compared in Section 10.10, and numerical examples are pro-
vided in Section 10.11. For the reader's convenience, the UBC-94, UBC-97 and IBC-2000 section,
table, or equation number is cited in parentheses for respective code requirements.

10.3. UBC-94 AND DESIGN PARAMETERS

10.3.1. Criteria for Appropriate Lateral Force Procedure
As noted, UBC-94 stipulates two procedures to determine seismic forces for structural analysis: (1)
static lateral-force procedure; and (2) dynamic lateral-force procedure including time-history
analysis. Requirements for selecting the appropriate procedure depend on structural irregularities,
classified as vertical structural irregularities (UBC-94, Table 16-L) and plan structural irregu-
larities (UBC-94, Table 16-M). Vertical structural irregularities come from an abrupt change
in a structure's geometry, significantly uneven distribution of floor mass, or stiffness of adjacent
stories. Sample configurations are shown in Fig. 10.3. Plan structural irregularities come from
torsional irregularity, irregular geometry of re-entrant corner, diaphragm discontinuity, or
out-of-plane effects. Criteria to satisfy such irregularities are shown in Fig. 10.4. Note that Fig.
10.4 refers to rigid and flexible diaphragms. In accordance with UBC-94, Section 1628.5, a
diaphragm is considered flexible when its maximum lateral deformation exceeds twice the average
story drift of the associated story. This can be determined by calculating the diaphragm's midpoint
displacement under lateral load, including the story drift of adjoining vertical resisting elements.
Flexible ones comprise diagonally sheathed wood, sheathed plywood, and steel deck diaphragms.
When the criterion is not satisfied, the diaphragm is considered rigid. Rigid ones comprise
reinforced concrete, precast concrete, and composite steel deck diaphragms.

The criteria for a flexible diaphragm appear in Fig. 10.5, where (5max represents the
diaphragm's maximum lateral displacement; 5\ and §2 are story drift at the vertical resisting
elements of the diaphragm's end supports; and <5m is midpoint displacement under uniform seismic
force, which can be obtained by modeling the diaphragm as a simple beam shown in the figure.

10.3.2. Base Shear of Static Lateral-Force Procedure and Related Parameters
In the UBC-94 static lateral-force procedure, the total structural base shear is specified by

V = ZICW/RW (10.20)

where Z is the seismic zone factor, /is the importance factor, Cis a numerical coefficient dependent
on soil conditions at the site and on the fundamental period of the structure, f^is the seismic dead
load of the structure, and Rw is the response modification factor. Individual parameters are briefly
depicted as follows.

(A) Seismic zone factor Z—the U.S.A. is divided into five different seismic zones as shown in
UBC-94, Figure 16.22, which is duplicated in Fig. 10.6. Zone factors are given in UBC-94, Table
16-1 and listed in Table 10.1. The zone factor is an estimate of site-dependent effective peak ground
acceleration expressed in terms of g, which reflects ground motion values at a recurrence interval
of 475 years corresponding to a 10% probability of being exceeded in any 50-year period. Relation-
ships among Z, effective peak ground acceleration (EGA), peak ground acceleration (PGA),
maximum magnitude, and MM intensity are given in Table 7.1. The zone factor is used to scale
the normalized design spectra in UBC-94, Figure 16.3, which are duplicated here as Fig. 7.31
in Chapter 7.

(B) Importance factor I—this factor is given in UBC-94, Table 16-K, and summarized in
Table 10.2, where the factors pertain to four occupancy categories. Category 1, essential facilities
such as hospitals, fire and police stations, and government communication centers, has a factor of
1.25. Thus the design of such buildings increases by 25% of the prescribed base shear of standard
occupancy structures classified as category 4. The seismic design level is upgraded to ensure that
essential facilities stay operational after an upper-level earthquake.
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(a)

3K,/(K2+K,+K4)<0.8
3Ki/(Kwl+K,.2+KR,)<0.8
orK,/K,., <0.7

(b)

nij/m^] >1.50
or n^/m ;.!>!.50

(c)

L/L,>1.30 L/L, > 1.30

FIG. 10.3 Vertical structural irregularities, (a) Stiffness irregularity-soft story, (b) Mass irregularity,
(c) Geometric irregularity.

(C) Response modification factor Rw—Rw is the ratio of seismic base shear for a linearly
elastic structural system to prescribed design base shear for an inelastic structural system. Since
designing a structure to remain elastic during a major earthquake is not economical, elastic base
shear is reduced by this factor. The reduced base shear thus allows the designed structure to incur
limited damage without jeopardizing gravity-load carrying capacity and yet provides
energy-absorbing capacity. Inelastic deformation after yielding induces more damping and longer
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(d)

(e)

j is shear strength of story i)

V,<0.8V2

FIG. 10.3 Vertical structural irregularities, (d) In-plane discontinuity, (e) Weak story.

natural period, which in turn reduce seismic excitation developed in the structure. Rw also con-
siders design load factors, structural redundancy, and seismic-resisting performance of materials
and structural systems.

Figure 10.7 depicts Rw and illustrates some of the parameters just mentioned. In the figure
Ve = maximum elastic base shear; Ky = base shear corresponding to structural collapse level
or yield strength; Vs = base shear corresponding to the first hinge formation in the structural
system; Ka = allowable base shear at service load level adopted by UBC-94; and c5a, c5s, <5y,
and <5max are the story drifts associated with the respective base shears. Thus the response modi-
fication factor can be expressed as

vevevvs (10.21)

where Rd = ductility reduction factor, denoted by VJ Vy and is well established for single-d.o.f.
damped systems; DO = Vyl Ks is seismic force amplification (or overstrength factor) due to struc-
tural redundancy (internal force redistribution after first plastic hinge formation); and ,fta = Vsl Fa
signifies the allowable stress factor to account for differences in the format of material codes.
UBC-94 recommends a range of Rw values for various basic structural systems in UBC-4, Table
16-N and 16-P. This range is summarized in Table 10.3.

In general, bearing wall systems, such as shear walls or braced frames, support both gravity
loads and lateral forces. These systems lack redundacy; Rw is therefore low. Building frame sys-
tems have separate structural units to independently support gravity loads by frames and lateral
forces by bearing walls or braced systems; Rw is therefore relatively higher. Moment-resisting
frames support both gravity loads and lateral forces. Such systems are specially detailed to provide
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(a)

Rigid Diaphragm 5, > 0.6(6, + 82)
6 is stoiy drift

(b)

L,/L>0.15 L,/L>0.15

(c)

^^^Sx'®"**

(d) r+r

FIG. 10.4 Plan structural irregularities, (a) Torsional irregularity, (b) Irregular geometry of
re-entrant corners, (c) Diaphragm discontinuity, (d) Out-of-plane offsets, (e) Neonparallel system
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Seismic Force

TttTFTl I KM!
L

(a)

Seianic Force

1 1 1 1 1 1 1 I I J I I I

(b)

FIG. 10.5 Criteria and modeling of flexible diaphragm.

FIG. 10.6 Seismic zone map of U.S.A.

adequate ductility for the applied loads; Rw can therefore be as high as 12. Dual systems comprise
nonbearing walls or braced systems to support lateral forces and moment-resisting frames to
support gravity loads. The moment-resisting frames are also designed as backup systems for lat-
eral forces. Rw values for dual systems can therefore be as high as 12. Four basic structural systems
are illustrated in Fig. 10.8.

(D) Seismic dead load W—as specified in UBC-94, Section 1628.1, load W includes perma-
nent equipment plus 25% of the floor live load (for warehouse or storage occupancy) plus the
weight of snow when the design snow load is greater than 30 lb/ft2 (1.44 kN/m2). The design
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TABLE 10.1 Seismic Zone Factor Z

617

Zone
Z

1
0.075

2A
0.15

2B
0.20

3
0.30

4
0.40

TABLE 10.2 Occupancy Category and Importance Factor

Occupancy category Importance factor /

1. Essential facilities
2. Hazardous facilities
3. Special occupancy structures
4. Standard occupancy structures

1.25
1.25
1.00
1.00

V

v1
V,
v.

r

First Yi

X
i K. f

eld^

;

. cx

' Actual Curve
"^~— ^ " — - -^

"~ V.
Idealized Curve

. A

B
First Yield'

.6
T T" T r T.IT rJ

FIG. 10.7 General story response of a structure.

TABLE 10.3 Range of Rw Values for Various Basic Structural Systems

Basic structural systems Range of Rw

Bearing wall systems
Building frame systems
Moment-resisting frame systems
Dual systems
Nonbuilding structures

4-8
7-10
5-12
6-12
3-5

snow load may be reduced by up to 75% on the basis of siting, configuration, and load duration
warrant when approved by building officials. The partition load should also be included in W.

(E) Seismic coefficient C and site coefficient S—coefficient C, specified in UBC-94, Formula
28-2, is used to modify zone factor Z to produce maximum response acceleration CZ. This
coefficient is dependent on the soil characteristics of the site and the fundamental period of
the structure. The seismic coefficient, C, and design base shear, V, are formulated as

C= 1.25S/T2'3

ZIC
(10.22a)

(10.22b)
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FIG. 10.8 Basic structural systems.

TABLE 10.4 Site Coefficients

Type

Si
S2
S3
S4

Description

Profile with either rock-like material or stiff/dense soil condition
Profile with dense or stiff soil conditions
Profile with soft to medium stiff clay
Profile with very soft clay deposits

S

1.0
1.2
1.5
2.0

where S is a site coefficient and T is the fundamental period of the building. Values of site
coefficient S, specified in UBC-94, Table 16-J, are listed in Table 10.4 with a brief description.
The value of C need not exceed 2.75; the minimum value of the ratio C/RW is governed by

C/RW > 0.075 (10.23)

(F) Fundamental period T—the fundamental period may be determined using an empirical
formula (UBC-94, Method A) or analysis based on mechanics (UBC-94, Method B) as follows.

Method A—UBC-94, Formula 28-3 is an empirical equation:

T = C,(/zn)3/4

where

C,=

0.035 (0.0853) for steel moment-resisting frames;
0.030(0.0731) for reinforced concrete moment-resisting frames

and eccentrically braced frames;
0.020 (0.0488) for all other buildings.

(10.24)

(10.25)

hn = height in feet (or meters, m) above the base to story level n of the building. Values of C, in
parentheses are in SI units.

Without a preliminary structural design, an analysis based on mechanics cannot be used to
calculate the vibration period of a building, but the vibration period can be estimated in order
to calculate an initial base shear for preliminary design. This estimate is based on simple formulas
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FIG. 10.9 Fundamental period of steel frames (ATC 3-06, 1978).

500 600

involving a general description of building type (such as steel moment-resisting frame or concrete
moment-resisting frame) and overall dimensions (such as height). For preliminary member sizing,
it is advisable to make the base shear conservative. Thus the estimated value of T should be smaller
than the true period of the building.

A sample equation, T = 0.035/z^4, for steel frames is shown in Fig. 10.9. This equation is
compared with fundamental vibration periods computed from accelerograph records of the upper
stories of several buildings during the 1971 San Fernando, California earthquake. The con-
servatism is evident from the comparison. The building identification number is presented in Table
10.5.

Method B—UBC-94, Formula 28-5 is based on mechanics analysis of Rayleigh's equation:

= 2n
£'i=i (10.26)

\ '=1

in which n is the same as ns used previously to denote total number of stories; /} represents any
lateral force distributed approximately in accordance with Eqs. (10.28) and (10.29) or any other
rational distribution; and wt is the seismic dead load at level /'. Elastic deflection, 5t, is calculated
using the applied lateral forces /).

The value of T from Method B should not be over 30% of period Tfrom Method A in seismic
zone 4 and 40% in zones 1, 2, and 3 (UBC-94, Section 1628.2.2). This is because the calculated
period increases with an increase in flexibility of the structure; the 5 term in the Rayleigh formula
has the second power in the numerator but only the first power in the denominator. Thus the
calculated deflections 5, without consideration of nonstructural elements in the structural stiffness,
are exaggerated and the calculated period is lengthened. In turn, coefficient C and, consequently,
design force are decreased. Nonstructural elements always affect the behavior of the structure,
even though the designer may not rely on them to contribute any strength or stiffness to the
structure. The limitation on the value of T is imposed as a safeguard.
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TABLE 10.5 Fundamental Period Study of Steel Frame Buildings Based on 1991 San Fernando
Earthquake [3]

ID No. Name and address ID no. Name and address

1 K B Valley Center, 15910 Ventura 10
2 Jet Propulsion Lab,

Administration Building, Bldg 180 11
3 6464 Sunset Boulevard
4 1900 Avenue of the Stars, 12

Century City
5 1901 Avenue of the Stars, 13

Century City 14
6 1880 Century Park East Office Tower,

Century City 15
7 1888 Century Park East Office Tower,

Century City 16
8 Mutual Benefit Life Plaza,

5900 Wilshire Boulevard 17
9 Department of Water and Power,

111 N. Hope Street

Union Bank Building,
445 South Figueroa
Kajima International,
250 East First Street
Bunker Hill Tower,
800 West First Street
3407 West 6th Street
Occidental Building,
1150 South Hill Street
Crocker Citizens Bank Building,
611 West 6th Street
Sears Headquarters.
900 South Fremont, Alhambra
5260 Century Boulevard

10.3.3. Vertical Distribution of Lateral Force
Once the base shear has been determined, base shear V is distributed over the height of the struc-
ture as a force at each level with consideration of a straight-line mode shape (see Fig. 10.2).
An extra force .Ft is considered at the top of the building to account for greater participation
of higher modes in the response of longer-period structures. These requirements are specified
in UBC-94, Formulas 28-6 through 28-8 (UBC-94, Section 1628.4) and summarized as follows:

V = Ft + FI\ n = total number of stories (10.27)

in which

0.07TV < 0.25V;
0;

if T > 0.7 sec
if T < 0.7sec (10.28)

The remaining portion of the total base shear, (V— FI), is distributed over the height, includ-
ing the roof top, by the following formula:

x = (V-Ft) (10.29)

where wx is the weight at a particular level and hx is the height of a particular level above the base.
At each floor the force Fx is located at mass center.

10.3.4. Story Shear and Overturning Moment
Story shear at level x, Vx, is the sum of all the lateral forces at and above that level.

(10.30)
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n-l

n-2

x-1

x-2

FIG. 10.10 Overturning moment.

The overturning moment at a particular level, Mx, is the sum of the moments of the story forces at
and above that level as shown in Fig. 10.10 with the following expression:

Mx = Ft(hn - hx) i - hx) (10.31)

10.3.5. Torsion and P-A Effect
10.3.5.1. Torsion

When the rigidity center and the mass center do not coincide at a given story, where
diaphragms are not flexible, the design story shear, Vx, at that story causes torsion. This is primary
torsion defined as Vx multiplied by the eccentricity between mass center and rigidity center. Vx is
the sum offerees Fl and Fx above that story. Due to uncertainty in mass and stiffness distribution,
we must consider accidental torsion in order to increase the shears of structural elements. Acci-
dental torsion can be obtained as follows. Assume the mass center is placed in each direction
a distance equal to 5% of the building dimension at that level perpendicular to the direction
of the force under consideration (UBC-94, Section 1628.5). This assumed mass center creates
a new eccentricity relative to the rigidity center; thus accidental torsion is obtained from the
multiplication of Vx by the new eccentricity. The mass center is placed in each direction so that
we may obtain larger combined shear which results from primary torsion and accidental torsion
for each individual structural element.

10.3.5.2. P-A Effect
UBC-94, Section 1628.9 stipulates that the P-A effect must be included to determine member

forces and story drift when the ratio of secondary moment to primary moment exceeds 0.1. (A
story drift is the difference in floor deflections between adjacent stories.) This ratio can be cal-
culated for any story as follows: (1) find the sum of the total dead load, floor live load and snow
load above the story as Px, (2) multiply Px by structural drift in that story as secondary moment,
PXAX', and (3) divide PXAX by the primary moment, which is the product of seismic shear, Vx,
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W,

Tl I

FIG. 10.11 P-A effect.

in that story times the height of that story. The ratio assessment becomes

Vxhsx
(10.32)

where Ax is story drift at story level x (displacement of level x relative to displacement below level
x — 1 due to design lateral force); and hsx is the height of story level x. When 0 is less than 0.1 for
every story, then the P-A effect may be ignored. If 0 > 0.1 for any story, then the P-A effect
on story drifts, shears, member forces, etc. for the whole building must be included by a rational
analysis. In seismic zones 3 and 4, P-A. effect need not be considered if

0.02 (10.33)

An example of the P-A effect is given in Fig. 10.11. Primary moment and secondary moment
at the support as denoted by Mp and Ms, respectively, are

Mp = F, /zs, + F2 (hsl + hs2); Ms = 2P2 (A, + A2) + 2P, A,

When

MS/MP > 0.1

then the P-A effect should be considered in structural analysis from which the member forces are
then used for final design. If the structure is in seismic zone 4 and A\/hs\ < 0.021 Rw at the bottom
floor, then Eq. (10.32) need not be checked for that floor.

As noted, the P-A effect for a whole building must be analyzed when 0 > 0.10 at any floor of
the building. Among various analytical approaches, two are recommended as follows:

(A) Approximate analysis [5]
1. Calculate the P-A amplification factor for each story (where 0 > 0.10) as

«d =•
0 (10.34)
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ZCIW

3ZCIW/8

ZCIW/R,

36IV8

FIG. 10.12 Effect of 3Rw/8 on design force and displacement.

2. Multiply story shear, Vx, in each story by the multiplier (1 +a<i) for that story and
recalculate story shears, overturning moments, and other seismic force effects cor-
responding to these augmented story shears. The multiplier may be expressed as

1 - = 1 + 0 + O2 + O3 + ... (10.35)v u/ (1 - 0)

(B) Published computer programs which take the P-A effect into account.

10.3.6. Story Drift Limitations
Story drift limitations are that calculated story drift must be less than allowable story drift. Cal-
culated story drift, A,T, includes deflections due to translation and torsional effects. Allowable
drifts (UBC-94, Section 1628.8.2) are

Aa =
smaller of ——hsx and Q.005hsx; when T < 0.7 sec

smaller of -^—hsx and 0.004/zs.Y; when T > 0.7 sec
Rw

(10.36)

which indicates that a more restrictive requirement should be imposed on flexible buildings
(T > 0.7 sec) to control inelastic deformation and instability. Certain structures such as sin-
gle-story steel-framed structures are an exception to this rule. Allowable drift limits may also
be exceeded for taller structures, but only if it can be proved that greater drift could be tolerated
by both structural elements and nonstructural elements without adversely affecting life safety.
Lateral forces used to obtain calculated story drift may be derived from a value of C based
on the period determined using Eq. (10.24) without the lower bound of 0.075 for C/RW, or using
Eq. (10.25) without the limitation of 30% in seismic zone 4 or 40% in zones 1, 2, and 3 (UBC-94,
Section 1628.8.3). If allowable story drift cannot be satisfied then structural stiffness should
be modified.

10.3.7. 3Rw/8 factor
Base shear in Eq. (10.20) as recommended by UBC-94 is based on allowable stress levels (see Fig.
10.7). However, a structure is designed to be able to resist inelastic deformation for several cycles
without collapse. The 3Rw/8 factor is used to predict maximum inelastic force and maximum
displacement relative to seismic design force as shown in Fig. 10.12. The factor is applied to critical
element design for force determination in various UBC-94 sections such as 1627.9.1, 1628.7.2,
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221 1.5.1, and 221 1.8.3.1, as well as for deformation requirements in sections 1631.2.4, 1631.2.4.2,
1631.2.1 1, and 221 1.10.4. For instance, a column design for seismic zones 3 and 4 should satisfy
the following loading combination in accordance with section 2211.5.1:

1 .0.PDL + 0.7PLL + 3(RH,/%)PE for compression (10.37)
0.85.PDL ± 3(Rn,/%)PE for tension (10.38)

where PDL, PLL, and PE signify dead load, live load, and earthquake force, respectively.
Deformation requirements can be illustrated by using a case where a nonstructural element, such
as masonry wall, should have the following separation from adjacent structural elements of ver-
tical column or horizontal beam in accordance with Section 1631.2.4.2:

<5(required) = W

> 0.5 in

where 6 is the calculated displacement of the structural element due to the required seismic force.

10.4. UBC-97 AND DESIGN PARAMETERS

10.4.1. Criteria for Appropriate Lateral-Force Procedure
UBC-97, like UBC-94, stipulates two procedures to determine seismic force in structural analysis:
static lateral-force and dynamic lateral-force procedure (including time-history analysis). Static
lateral-force procedure has a new feature, i.e., simplified method, which is explained below.
Time-history analysis has two categories: elastic time-history analysis and nonlinear time-history
analysis. Requirements for selecting between the two procedures depend on structural
irregularities.

10.4.2. Base Shear of Static Lateral-Force Procedure and Related Parameters
In UBC-97 static lateral-force procedure (Section 1630.2), total structural base shear is deter-
mined according to seismic zones by using code formulas (30-4)-(30-7). The base shear in seismic
zone 4 should be

min \H£L W- maxfo.HCJ^; § )̂1) (10.40).
R R RT

and for other zones

' 5 a W; maxo.\\CJW; W j (10.41)
\ RT J\

UBC-97 allows a simplified static lateral-force procedure for structures in occupancy category 4 or
5 with the following conditions (Section 1629.8.2): (1) buildings not more than three stories in
height, excluding basements, that use light-frame construction; (2) other buildings not more than
two stories in height, excluding basements. Base shear is determined as

V = W, F x = W i (10.42a,b)

This equation is based on code formulas (30-1 1) and (30-12) and meets the requirements in Section
1630.2.3.2. Note that Z, /, W, and w,- in Eqs. (10.40)-(10.42) are the same in UBC-94; Ca and Cv
are seismic coefficients related to response parameters of acceleration and velocity, respectively;
7VV is the near source factor; and R is a numerical coefficient for inherent overstrength and global
capacity of lateral-force-resisting system. Parameters in UBC-97 differing from UBC-94 are
briefly described as follows.
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10.4.2.1. Seismic Coefficients Ca and Cv

In UBC-97, Ca and Cv determine base shear in static lateral force procedure. As in UBC-94,
five seismic zones divide the U.S.A. (see Fig. 10.6), each with factor Z. UBC-97 classifies soil
profile into six types: SA, 5*B, Sc, 5*0, SE and SF (UBC-97, Section 1636). The use of soil profile
types to determine base shear differs in UBC-94 and UBC-97. In the former, site coefficients,
S, are given, according to the soil profiles, as shown in Table 10.4. In the latter, soil profile types
are classified by determining average shear wave velocity for the top 100 ft of material on site.
Profile types are used along with zone factors to determine seismic coefficients which are then
employed for calculating base shear. Along with the seismic zone factors and soil profile types,
Ca and Cv (UBC-97, Table 16-Q and Table 16-R) are listed in Table 10.6. Note that Ca and
Cv are identical in each zone for soil profiles 5*B corresponding to rock. Coefficients associated
with SB are decreased by 20% for SA of hard rock and are increased by 230% for SE of soft soil.
This indicates that (1) ground vibration induced by an earthquake is greater on soft soil than
on rock or hard rock; (2) Ca and Cv reflect the amplification of ground vibration due to different
soil profiles. Hard rock and rock are mostly found in the eastern and western states, respectively.
When the soil properties are not known, SD can be used to determine the soil profile (UBC-97,
Section 1629.3). By comparison, base shear in UBC-97 is close to that required by UBC-94
for rock and hard rock, but UBC-97 requires more base shear than UBC-94 for other soil profile
types.

10.4.2.2. Near-Source Factors Na, Nv

Table 10.6 shows that, in seismic zone 4, Ca and Cv are determined using Na and Nv, which are
near-source factors based on the proximity of a building or structure to known faults with
magnitudes and slip rates. These factors, in UBC-97 Tables 16-S and 16-U, are summarized here
in Table 10.7. To find N& and Nv, we need three seismic source types of A, B, and C as given
in Table 10.8 (UBC-97, Table 16-U). The rationale for source types is that ground motion is
greater in the vicinity of a fault than some distance away, owing to rapid progression of fault
rupture. This effect depends on moment magnitude, M, and slip rate, SR. Thus type A represents
the most active fault with larger M and SR than the least active fault signified by type C.

TABLE 10.6 Seismic Coefficients Ca and Cv

Seismic Zone Factor Z

Soil profile
type

SA
(hard rock)
SB
(rock)
Sc
(soft rock,
dense soil)
SD
(stiff soil)
SE
(soft soil)

Z = 0.075
(zone 1)

Ca Cv

0.06

0.08

0.09

0.12

0.19

0.06

0.08

0.13

0.18

0.26

Z = 0.15
(zone 2A)
Ca Cv

0.12

0.15

0.18

0.22

0.30

0.12

0.15

0.25

0.32

0.50

Z = 0.2 Z = 0.3
(zone 2B) (zone 3)
C C C C^a *~-v ^a '-'v

0.16

0.20

0.24

0.28

0.34

0.16 0.24

0.20 0.30

0.32 0.33

0.40 0.36

0.64 0.36

0.24

0.30

0.45

0.54

0.84

Z = 0.4
(zone 4)

Ca Cv

0.32
A'a

0.40
A'a

0.40
A'a

0.44
A'a

0.36
A'a

0.32
A'v

0.40
A'v

0.56
A'v

0.64
A'v

0.96
A'v

Site-specific geotechnical investigation and dynamic site response analysis should be
performed to determine seismic coefficients.
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TABLE 10.7 Near-source Factors Na and Nv

CHAPTER 10

Seismic
source
type

A
B
C

Na

1.5
1.3
1.0

<2 km
Nv

2.0
1.6
1.0

Closest distance to

5 km
Na

1.2
1.0
1.0

known

Nv

1.6
1.2
1.0

seismic source

>10 km
Na

1.0
1.0
1.0

Nv

1.2
1.0
1.0

>15 km
Nv

1.0
1.0
1.0

TABLE 10.8 Seismic Source Type

Seismic
source
type

A

B

C

Seismic source definition

Seismic source description

Faults producing large magnitude events
and having high rate of seismic activity
All faults other than Types A and C

Faults producing large magnitude events and
having relatively low rate of seismic activity

Maximum Moment
Magnitude

M>7.0

M>7.0
M <7.0
M > 6 . 5
M <6.5

Slip Rate
(mm/year)

SR> 5

SR<5
SR>2
SR<2
SR<2

10.4.2.3. Numerical Coefficient R and Amplification Factor D.Q
While the physical sense of this coefficient is similar to Rtv in UBC-94, it does not have allow-

able stress factor Ra as shown in Eq. (10.21). This coefficient may be expressed as

R = (10.43)

which represents inherent overstrength and global ductility capacity. A range of R and QO values
for several basic structural systems is listed in Table 10.9 (UBC-97, Table 16-N, 16-P). Force
amplification factors, QQ, for various structural systems are given in UBC-97 but not in UBC-94.

10.4.3. Rw and R Relationship vs Load Combination
From Eq. (10.21), Rw = Rd Q0 R&, R& is the allowable stress factor with a value of 1.4-1.5. This
value can be found in the Manual of Steel Construction Allowable Stress Design published
by the American Institute of Steel Construction (AISC). Average allowable stress is about
60% of nominal yielding stress for which specifications permit an increase of one-third. Consider-
ing a shape factor (i.e. S/ Z = elastic section modulus/plastic section modulus) of 1.14 for a
wide-flange section, we obtain

1
-1.14= 1.4" 0.6(4/3)

Thus the load combination has different modification factors in UBC-94 and UBC-97:

in UBC-94

(10.44)

l.OE forASD; 1.5£ for LRFD (10.45)
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TABLE 10.9 Range of R and Q0 Values for Basic Structural Systems

Basic structural systems Range of R Range of QO

Bearing wall systems
Building frame systems
Moment-resisting frame systems
Dual systems
Nonbuilding structures
Cantilevered column systems — inverted pendulum

2.8-5.5
5.0-7.0
3.5-8.5
4.2-8.5
2.2-3.6

2.2

2.2-2.8
2.2-2.8

2.8
2.8
2.0
2.0

TABLE 10.10 Rw vs R

Rw (UBC-94) 4 5 6 7 8 9 1 0 1 1 1 2

R (UBC-97)
RJIA
1.5R

2.8
2.86
4.20

3.5
3.57
5.25

4.2-4.5
4.29

6.3-6.75

5.0
5.0

7.50

5.5-5.6
5.71

8.25-8.4

6.4-6.5
6.43

9.6-9.75

7.0
7.14
10.5

7.5
7.86
11.25

8.5
8.57
12.75

in UBC-97

-̂ - forASD; 1.0£ for LRFD (10.46)

The difference in modification factors can be further observed from the comparison given in
Table 10.10.

10.4.4. Load Combination for Strength Design and Allowable Stress Design
Two design principles are used in structural engineering practice: (1) strength design (or load and
resistance factor design-LRFD); and (2) allowable stress design (ASD). In the former, the design
strength of elements cannot be less than the required ultimate strength. In the latter, the design
stress of elements cannot exceed the permissible limit as allowable stress. Thus working loads
(or service loads) are factored for various load combinations according to design principles.

10.4.4.1. Load Combination for LRFD and Evaluation of rmax and p
Let D = dead load, L = floor live load, Lr = roof live load, S = snow load, 1¥= wind load, and

E = earthquake load. From UBC-97, Section 1612.2.1, the load combination is summarized in
Table 10.11, in which/] = 1.0 for floors of public assembly, for live loads in excess of 100 psf,
and for garage live load; /j =0.5 for other live loads; /2 = 0.7 for roof configurations that do
not shed snow off the structure;/2 = 0.2 for other roof configurations. Note that dead load is
decreased by 10% when seismic or wind loads are applied with omission of live load. Also note
that seismic and wind loads are not applied simultaneously.

Earthquake load is

E = pE,,+Ev (10.47)

where

Ev=Q.5C.dID (10.48)

Eh = earthquake load due to base shear, and
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TABLE 10.11 Load Combination for Strength Design

Load Combination

D
D + L + L,. (or S)
D + L,. (or S) + L (or W)
D+W + L + L,. (or S)
D + E + (L + S)
D ± E (or W)

D

1.4
1.2
1.2
1.2
1.2
0.9

L

__

1.6
/,
/i
/i

Load Factors
L,. S

___ ___

0.5 (0.5)
1.6 (1.6)
0.5 (0.5)
- h

W

_
—

(0.8)
1.3
—

(±1.3)

E

_
—
—
—
1.0

±1.0

N

M

M-l

2H
3

H

FIG. 10.13 Determination parameter M.

p = redundancy /reliability factor

= 2- -
20 SI: p = 2 -- 6.1

(10.49)

1-0 < p < 1.5; ^B = ground floor area of structure; and rmax = maximum sum of shears in any
adjacent columns divided by total design story shear for a given direction of loading = max (/•/),
/'= 1,2, ..., M, in which M is any story number at or below two-thirds the height level of the
building as shown in Fig. 10.13. See special criteria for braced frames, moment resisting frames,
shear walls, and dual systems. Note that p serves to encourage multiple lateral load path design:
when one element fails, the load can be redistributed to the remaining elements so that collapse
mechanism formation will be delayed. Thus p penalizes less redundant structures by increasing
design lateral force up to 50%.

The determination of rmax and p is illustrated in Fig. 10.14. Assume that the shear of the
system is obtained as shown in Fig. 10.14a. Shear distribution to individual bays is given in
the accompanying figures b-e. rmax and p are calculated as follows.

In the N-S direction—Fig. 10.14b represents the two edge frames as a braced frame. Total
shear is carried by the bracing member. Thus,

= 0.167
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Figure 10.14c represents the two middle frames as a moment-resisting frame; total shear is
carried by all the columns as shown. For the columns common to two bays, 70% of the shear
in the middle column should be combined with the shear of the column on the left side and with
the shear of the column on the right side; whichever amount is larger should then be used. Thus

rc=- max .7 n o=0.2

Therefore in the N-S direction,

rb | f 0.167
>'max=max< =max| \ = 0.2

20
: = 2 -1.67 = 0.33 < 1

0.2^90 (40)

The final result for the N-S direction is

p=\

In the E-W direction — Figure 10.14d represents the two edge frames as a dual system with
moment-resisting frame and braced frame. For the shears shown in the figure, the braced frame
carries more shear and should be used to calculate rmax as

For a dual system, the value of p need not exceed 80% of the result from Eq. (10.49). Thus

2- -
20 = =-0.178 < 1

Therefore

p=l
Figure 10.14e represents the middle frame as a moment-resisting frame. Column shears are as

shown. Code stipulations on columns common to two bays with moment-resisting connections
give three possible combinations as

re = — max {

v
= 0.233

p = 2-
20

:=2- ——
20

: = 0.571 < 1
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V/6 /

(b)

V/6 ——IT— V/6 X

(c)

V/3 __„.,.
—-V/12 V/12

(d)

V/4 —U-^_ V/20 V/20 — 3V/20 J-

(e)

V/2 _^X •V/12 "•—V/6 -V/6 •V/12

FIG. 10.14 Determination of rmax and p. (a) Given shear distribution, (b) Edge frame in N-S
direction, (c) Middle frame in N-S direction, (d) Edge frame in E-W direction, (e) Middle frame
in E-W direction.
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Therefore,

p=l
The final result for the E-W direction is

p=l
(B) Load Combination for ASD—two approaches of load combinations for allowable stress

design are summarized in Table 10.12 as per UBC-97, Sections 1612.3.1 and 1612.3.2. Note that
an increase of allowable stress is optional depending on the approach used, and that E = pEh
(vertical ground motion Ev is not considered).

10.4.5. Story Shear, Overturning Moment and Restoring Moment
Story shear and overturning moment at level x, Vx and Mx, are the same as UBC-94. For restoring
moment, dead load is multiplied by 0.85 in UBC-94 (Section 1631.1) and the moment is thus
reduced, but there is no such reduction in UBC-97 (Section 1630.8). Both codes recognize that,
in seismic zones 3 and 4, elements supporting discontinuous systems (see Fig. 10.4d) should
be designed for maximum force on the system using load combinations. Thus UBC-94 Section
1628.7.2 requires

Q.85D±3(RW/$)E (10.51)

and UBC-97 Sections 1630.8.2 and 1612.4 specify

l.2D+fi L+\.OEm (10.52)
1.2.D+/1 L + l . O Q o Eh (10.53)
0.9 D ±1.0 Em (10.54)

for which all notations are defined in Section 10.4.4 except Em, which is the estimated maximum

TABLE 10.12 Load Combination for ASD

Load Factors
Load
combination

D
D + L
+Lr (or S)
D + E (or W)
D±E
D + [L + LT

(or S) + E (or W)\
D + L + E
(or W)
D+L+ W + S
D+L+ W+S
D+L+S+E

Section 1612.3.1 (no increase in
allowable stress)

D L L , . S W E

1.0 — — — — —

1.0 1.0 1.0 (1.0) — —
1.0 — — — (1.0) 1/1.4
0.9 — — — — 1/1.4

1.0 0.75 0.75 (0.75) (1.0) 1/1.4

N/A
N/A
N/A
N/A

Section

D L

1.0 1.0

1.0 1.0
1.0 1.0
1.0 1.0
1.0 1.0

1612.3.2 (1/3 increase
allowable stress)

L,. S W

N/A

1.0 (1.0) —
N/A
N/A

N/A

- - (i.o)
— 1/2 1.0
— 1.0 1/2
— 1.0 —

in

E

—

1/1.4
—
—

1/1.4
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earthquake force,

Em = n0 Eh (10.55)

10.4.6 Story Drift, P-A Effect and Torsion

10.4.6.1. Story Drift
Drift or horizontal displacement of a structure is classified as As and Am. As is design response

displacement, which is total drift or total story drift. This is computed using the design seismic
forces shown in Eqs. (10.40) and (10.41) without restraints (UBC-97, Section 1630.10.3) imposed
by (a) 0.1 1 C.JW and (b) 30 or 40% limitation of the period obtained by Rayleigh's equation.
AM is the maximum inelastic response displacement, caused by design-basis ground motion
and computed as follows:

AM = 0.7#AS (10.56)

Alternatively, AM may be computed by nonlinear time-history analysis (UBC-97, Section
1630.9.2).

Calculated story drift using AM must be less than allowable story drift and should include
deflection due to translation and torsional effect. Allowable drifts (UBC-97, Section 1630.10.2)
are

0.025 hsx; when T < 0.7 sec
0.02 hsx; when T > 0.7 sec

which indicates that a more stringent requirement is imposed on flexible structures, as in UBC-94.
When computing story drift, As, the mathematical model of a structure should include all elements
of a lateral-force-resisting system and comply with the following: (1) for reinforced concrete and
masonry elements, stiffness properties should consider the effects of cracked sections; (2) for steel
moment frame systems, the contribution of panel zone deformations to overall story drift should
be included (UBC-97, Section 1630.12). Note that no drift limit should be imposed on single-story
steel-framed structures, as per UBC-94, Section 1628.8.2 and UBC-97, Section 1630.10.2 for cer-
tain classifications of occupancy.

10.4.6.2. P-A Effect
UBC-97 repeats UBC-94 (Section 1630.1.3); when the ratio of secondary moment to primary

moment exceeds 0. 1 , the P-A effect must be considered in determining member forces and story
drift. In seismic zones 3 and 4, the P—A effect need not be considered if

*'- (io-58>
10.4.6.3. Torsion

The requirements for torsion in UBC-97 are the same as those in UBC-94.

10.4.7. Relationships among 3Rw/8, i!0 and 0.7RAS

In UBC-97, structures are designed to resist several cycles of inelastic deformation without
collapse. DO is introduced to predict maximum inelastic force and maximum displacement relative
to seismic design force, replacing lRw in UBC-94. Therefore column design for seismic zones 3 and
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4, as per UBC-97 Section 2213.5.1, should be

1.0 PDL + 0.7 PLL + DO PE for compression (10.59)
0.85 PDL + Q0 PE for tension (10.60)

which are analogous to Eqs. (10.37) and (10.38) based on UBC-94.
0.7.RAS replaces 3Rw/8 in building separation as per UBC-97 Section 1633.2.4.2. Thus a

nonstructural-element masonry wall should be separated from an adjacent structural element
as follows:

Wred) = 0.7 R As

> 0.5 in

which is analogous to Eq. (10.39) for UBC-94.

10.5. IBC-2000 AND DESIGN PARAMETERS

10.5.1. Criteria for Appropriate Lateral-Force Procedure
IBC-2000 classifies structures into two categories, seismically isolated and seismically
non-isolated. For seismically non-isolated structures, two procedures apply to finding seismic
forces: (1) equivalent lateral force; and (2) dynamic lateral force (not including time-history
analysis). Likewise, two procedures apply to seismically isolated structures: (1) equivalent lateral
force; and (2) dynamic lateral force (including time-history analysis). Vertical and plan structural
irregularities in IBC-2000 are slightly different from both UBCs in that stiffness irregularity (see
Fig. 10.3c) is categorized as (1) soft story or (2) extreme soft story, and torsional irregularity
as (a) torsional irregularity, or (b) extreme torsional irregularity.

For non isolated structures, selecting the appropriate procedure depends on structural irregu-
larities (see Section 10.3.1) and on structural design categories A-F. These categories are deter-
mined by seismic use groups I, II, and III and design spectral response acceleration
coefficients 5Ds and SDI, at short and 1 sec periods, respectively. Table 10.13 shows the classi-
fication of seismic use groups (IBC-2000, Table 1604.5); Tables 10.14 and 10.15 delineate struc-
tural design categories [IBC-2000, Tables 1616.3(1) and (2)] for which 5DS and 5DI are found
using code Equations 16-16-16-19 [see Eqs. (10.66)-(10.69)] to scale 5*s and S\ (maximum spectral
response acceleration at short period and 1 sec period, respectively) from IBC-2000, Figures
1615(1) and (2) (see Figs. 10.15 and 10.16). When design response acceleration at 1 sec period,
SDI, exceeds Q.15g, structures in groups I and II should be assigned to seismic design category
E, and structures in group III should be assigned to seismic design category F.

IBC-2000 requires that structures assigned to seismic design category A use a simplified analy-
sis defined as minimum lateral force (Section 1616.4.1), structures in categories B and C use equiv-
alent lateral force or a more rigorous analysis, and structures in D, E, and F use the analysis
procedure in Table 10.16 (IBC-2000, Section 1616.6 and Table 1616.6.3).

10.5.2. Base Shear of Equivalent Lateral-Force Procedure and Related
Parameters

In IBC-2000 equivalent lateral-force procedure, the total base shear is specified according to
design categories and can be summarized in (A)-(D) as follows.

(A) For seismic design categories £-/>—(IBC-2000, Sections 1616.6.2 and 1616.6.3,
Equations 16-34-16-37)

V = min • W', max W; 0.0445*08 1E (10.62)
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TABLE 10.13 Seismic Use Group and Occupancy Importance Factor

Seismic use
group

Occupancy
importance
factor / Nature of occupancy

Group I
Group II

1.0
1.25

Group III 1.5

Group IV 1.0

All occupancies except those listed below
Eight occupancies listed in the code include: buildings and
other structures where 300 or more people congregate in one
area; elementary school, secondary school, day-care facilities
with a capacity greater than 250; college or adult education
facilities with a capacity greater than 500; health care
facilities with a capacity of 50 or more resident patients; jail
and detention facilities; any other occupancy with a capacity
greater than 5000; power-generating stations and other public
utility facilities not included in seismic use Group IV; water
treatment facilities required for primary treatment and
disinfection of potable water.

Nine occupancies listed in the code include: fire, rescue, and
police stations; hospitals; designated emergency preparedness
and operation centers as well as emergency shelters;
power-generating stations or other utilities required as
emergency back-up facilities for seismic use Group IV
structures; structures containing highly toxic material;
aviation control towers; designated communication centers;
structures for critical national defense functions; water
treatment facilities required to maintain water pressure for
fire suppression.

Three occupancies listed in the code include: agricultural
facilities; certain temporary facilities; and minor storage
facilities.

TABLE 10.14 Seismic Design Category Based on Short-Period
Response Accelerations

Value of SDS

Seismic use group
I II III

SDS < O.l61g
0. 1 61 g < SDS < Q.33g
0.33g<SDS<0.50g
0.50g < SDS

A
B
C
D

A
B
C
D

A
C
D
D

TABLE 10.15 Seismic Design Category Based on 1 sec Period
Response Accelerations

Value of «SD]
Seismic use group

I II III

SDI < 0.067#
0.061 g<SD] < 0.133#

A
B
C
D

A
B
C
D

A
C
D
D
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FIG. 10.15 Maximum considered earthquake ground motion for 0.2 sec spectral response acceler-
ation (%g) site class B, Ss. *A: City of Memphis; *B: Location for Example 10.7.3.

FIG. 10.16 Maximum considered earthquake ground motion for 1 sec spectral response acceleration
(%g) site class B, S\. *A: City of Memphis; *B: Location for Example 10.7.3.

(B) For seismic design categories E and F and structures for which Sj >0.6g—(IBC-2000,
Section 1616.6.3, Equations 16-34-16-38)

V = min • • W; max 0.0445DS 1E WR\ (P
LW fe

where S\ shall be determined from seismic maps (IBC-2000, Section 1615.1).

(10.63)
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TABLE 10.16 Analysis Procedures for Seismic Design Categories D, E and F

Minimum allowable analysis procedure for
Structure description seismic design

1. Seismic use group I buildings of
light-frame construction three stories or
less in height and of other construction
two stories or less in height with flexible
diaphragms at every level.

2. Regular structures up to 240 ft in height.

3. Structures that have only vertical
irregularities of type la, Ib, 2, or 3 in
Table 1616.5.2, or plan irregularities of
type la, Ib of Table 1616.5.1, and have a
height exceeding five stories or 65 ft, and
all structures exceeding 240 ft in height.

4. All other structures designated as having
plan or vertical irregularities.

5. Structures with all of the following
characteristics:

• located in an area with SDi of 0.2 or
greater;

• located in an area assigned to site
class E or F; and

• with a natural period T of 0.7 sec or
greater.

Simplified procedure (see Section 10.5.2C)

Equivalent lateral force procedure (see Sections
10.5.2 and 10.6).
Modal analysis procedure (see Section 10.9.3
and 10.10).

Equivalent lateral force procedure with
dynamic characteristics included in the
analytical model
Modal analysis procedure: site-specific response
spectrum to be used with design base shear not
less than that determined from Section 1617.4.1.

(C) For seismic design category A—simplified analysis can be used (IBC-2000, Equation
16-27)

= 0.01^; Fx = 0.01 wx (10.64)

(D) For seismic design categories B-F of Seismic Use Group I—simplified analysis can be used
for light-frame construction not exceeding three stories in height, and any construction other than
light frame not exceeding two stories in height with flexible diaphragms at every floor (building is
fixed at the base) (Section 1617.5.1)

vFX= L2 (10.65)

SDS and 5DI are design spectral response acceleration coefficients at short and 1 sec periods,
respectively; S\ is the maximum considered earthquake spectral response acceleration at 1 sec
period (Section 1615.1); /£is the seismic importance factor given in Table 10.13; R is the response
modification factor given in IBC-2000, Table 1617.6 (R values for basic structural systems are
given in Table 10.10); and Wis the seismic dead load. Parameters related to the variables in Eqs.
(10.62)-(10.64) are further described in (E) and (F) as follows.

(E) Design spectral response acceleration coefficients SDS and 5DI—site categorization in
IBC-2000 is the same as UBC-97, where soil profiles SA, SK, Sc, SD, SE, and 5F are respectively
identical to site classes A, B, C, D, E, and F defined in IBC-2000, Table 1615.1.1. Regionalization
of the maximum considered earthquake ground motion for each site class is given in IBC-2000.
From the regionalization maps, 0.2 sec and 1.0 sec spectral response acceleration (5s and S{)
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FIG. 10.17 Lateral forces and overturning moment.

can be obtained in terms of percentage of g. Figures 10.15 and 10.16 show a partial regionalization
map near the New Madrid fault for site class B. These two figures illustrate typical contours of
maximum earthquake spectral response accelerations at short period, Ss, and 1 sec period,
Si. The adjusted maximum considered earthquake spectral response acceleration for short period,
SMs, and 1 sec period, 5*Mi, can then be obtained from the effects of site class (Section 1615.1.2) as

SMS =
= FV Si

(10.66)
(10.67)

where Fa and Fv are site coefficients defined in Tables 1615.1.2(1) and 2(2) (IBC-2000), listed here
in Tables 10.17 and 10.18. In Tables 10.17 and 10.18 "a" signifies that site-specific geotechnical
investigation and dynamic site response analysis should be performed to determine appropriate
values.

In accordance with Section 1615.1.3 (IBC-2000), the design spectral response acceleration at
short period, 5*DS, and 1 sec period, S\, can be obtained as

Sbs =T
2

Sm=-

(10.68)

(10.69)

which are used in Eqs. (10.62) and (10.63) to determine base shear.
(F) Fundamental period T—IBC-2000 specifies three approaches for computing fundamental

period T in the direction under consideration:

1. Find the period from substantiated analysis with proper structural properties and
deformational character of the resisting elements. The calculated period cannot exceed
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TABLE 10.17 Values of Site Coefficient Fa as a Function of Site Class and Mapped Spectral
Response Acceleration at Short Periods (Ss)

Mapped spectral response acceleration at short periods
Site class Ss<0.25 Ss = 0.50 Ss = 0.75 Ss = 1.00 Ss>1.25

A
B
C
D
E
F

0.8
1.0
1.2
1.6
2.5
a

0.8
1.0
1.2
1.4
1.7
a

0.8
1.0
1.1
1.2
1.2
a

0.8
1.0
1.0
1.1
0.9
a

0.8
1.0
1.0
1.0
a
a

TABLE 10.18 Values of Site Coefficient Fv as a Function of Site Class and Mapped Spectral
Response Acceleration at 1 sec Period (S\)

Mapped spectral response acceleration at 1 sec periods
Site Class S, <0.1 S,=0.2 Si=0.3 S,=0.4 5, >0.5

A
B
C
D
E
F

0.8
1.0
1.7
2.4
3.5
a

0.8
1.0
1.6
2.0
3.2
a

0.8
1.0
1.5
1.8
2.8
a

0.8
1.0
1.4
1.6
2.4
a

0.8
1.0
1.3
1.5
a
a

the product of the coefficient for the upper limit on calculated period, Cu, and approxi-
mate fundamental period, T.d. Table 10.19 here gives Cu as does Table 1617.4.2 in
IBC-2000.

2. Find the approximate fundamental period Ta (IBC-2000, Equation 16-39) based on an
empirical equation identical to Eq. (10.24) used in UBC-94 and UBC-97. IBC-2000 gives
more detailed information for using this approach than UBC.

3. Find the approximate fundamental period T,d (IBC-2000, Equation 16-40) for concrete
and steel moment-resistant frame buildings not exceeding 12 stories and having a mini-
mum story height of 10 ft from

ra = 0 . l 7V (10.70)

where N is the number of stories.

10.5.3. Vertical Distribution of Lateral Forces
After base shear, K, is determined, use Eqs. (10.71) and (10.72) (IBC-2000, Section 1617.4.3) to
obtain vertical distribution of the shear over the height of a structure as lateral forces at each
floor level

Fx = Cvx K (10.71)

C^=^- (10.72)

£***?
;=1

where wv, w,-, hx and /z,- are defined in Eq. (10.29). Note howEq. (10.72) differs from Eq. (10.29): (1)
no extra force, F(t), is considered at the top floor of the building; (2) the k factor takes into account
a flexible structure's higher mode shapes.
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TABLE 10.19 Coefficient for Upper Limit on Calculated Period

Design spectral response acceleration at
1 sec period, SD] Coefficient Cu

639

>0.4
0.3
0.2
0.15
50.1

1.2
1.3
1.4
1.5
1.7

If the period of a structure is not more than 0.5 sec, then its shear distribution is based on a
straight-line mode shape as shown in Fig. 10.2. If the period of a structure is more than 0.5 sec,
then a nonlinear mode shape is used with distribution exponent k, which has the following range
of variation:

k =

1 if T < 0.5 sec
2.5 if T > 2.5 sec
2 or linear interpolation

between 1 and 2 if 0.5 < T < 2.5 sec

(10.73)

10.5.4. Horizontal Shear Distribution and Overturning Moment
Seismic design story shear at any floor level x is derived by summation of the lateral forces dis-
tributed above that level as

Vx = X, Fi (10-74)
1=1

The overturning moment at x level, Mx, is the sum of the moments caused by lateral forces above
that level. At lower levels, Mx needs to be reduced through multiplying the overturning moment by
a reduction factor i as (IBC-2000, Section 1617.4.5):

M,= (10.75)

Lateral forces, overturning moment, and the variation range of overturning moment reduction
factor are shown in Fig. 10.17.

10.5.5. Deflection and Story Drift
IBC-2000 (Section 1617.4.6.1) requires that design story drift, A, be computed as the difference
between the deflections of the mass center at the top and at the bottom of the story under con-
sideration. For structures assigned to seismic design category C, D, E or F having a plan with
torsional irregularities (IBC-2000, Table 1616.5.1), design story drift A is computed as the largest
difference between deflections along any edge of the structure at the top and bottom of the story
under consideration.

At level x, deflection 5X is determined according to code Equation 16-46 as

(10.76)
IE

where bxe is deflection found by elastic analysis of the seismic force-resisting system. Hence bxe
multiplied by deflection amplification factor, C&, gives inelastic deflection within the code's
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TABLE 10.20 Allowable Story Drift, Aa (in.)

Building

Buildings, other than masonry shear wall
or masonry wall frame buildings, four stories
or less in height with interior walls, partitions,
ceilings, and exterior wall systems that have
been designed to accommodate story drifts

Masonry cantilever shear wall buildings

Other masonry shear wall buildings

Masonry wall frame buildings

All other buildings

Seismic use Group
I II

0.025 hsx

0.010 hsx

0.007 hsx

0.013 hsx

0.020 hsx

0.020 hsx

0.010 hsx

0.007 hsx

0.013 hsx

0.015 hsx

III

0.015 hsx

0.010 hsx

0.007 hsx

0.010 hsx

0.010 hsx

Note: no drift limit should be considered for single-story buildings with interior walls, partitions, ceilings,
and exterior wall systems that have been designed to accommodate the story drifts; and hsx is the story
height below level x.

ductility range. Designed story drift should not exceed allowable story drift Aa (i.e. A < Aa). Aa is
given in Table 10.20 (IBC-2000, Table 1617.3) and is mainly based on construction material,
characteristics of a structural system, and seismic use group. Note that design drift resulting from
the simplified analysis procedure in Eq. (10.65) should be A < 0.01 of story height (IBC-2000,
Section 1617.5.3).

10.5.6. P-A Effect
The P-A effect on story shears and moments, the resulting member forces and moments, and story
drifts thus induced need not be considered when the stability coefficient, 0, is equal to or less than
0.1 (Section 1617.4.6.2).

0 = J^^ (10.77)

where 0 cannot exceed Omax, which is calculated as follows:

Omax = ̂  < 0.25 (10.78)
p(-d

jS is the ratio of shear demand to shear capacity for the story between level x and x-l. When this
ratio is not calculated, a value of 1.0 is used. If 0 is greater than Omax, then a structure is potentially
unstable and must be redesigned. To include the P-A effect in story drift, multiply design story
drift by ad= l/(l-0) [see Eq. (10.35)], where 0.1 < 0 < Omax. Note that Eqs. (10.77) and (10.32)
are actually the same. This is because the drift A in Eq. (10.77) is obtained from 5X in Eq. (10.76)
with multiplication factor C^, which is the denominator in Eq. (10.77). Substituting Eq. (10.76)
into Eq. (10.77) thus eliminates Cd. While the criterion for 0 < 0.1 is the same in UBC-94, UBC-97
and IBC-2000, the upper bound of stability coefficient, Omax, is not part of either UBC. Using the
structural optimization approach [8] shows the influence of effective peak acceleration and effec-
tive peak velocity on 0 in various seismic zones specified in ATC-3. A rational analysis to include
the P-A effect in building design is recommended, as discussed in Section 10.3.5.2.
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V) Q Î T ~3 <L> IT) fe

(D - °̂  ^1 wf "S CS JS

. , 1 « 2 ° i .s 1 if |
! f-% S ' U! i
+ g 00 ̂  Q. <N '" >0 ̂  «=

Q |2 II II | j£ o »

^ ^ g E : ^ ^ u Y |
& 53 — ^ !<

£

g
J^

>>

0

c_&p
u•o
"rt
o

, ——— *—
GO O
ro —
v~> o

' ——— *—
X
<s

, ——— A—
Q

ca o

^- r-
^ 0? t.fe

ô
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10.8. TECHNIQUES FOR CALCULATING THE RIGIDITY CENTER

Two techniques are presented for determining the rigidity center (RC) of a floor: method A finds
RC using stiffness of individual members (i.e. columns, walls, etc.) supporting a rigid floor as
a shear building model; method B finds the relative rigidity of individual bays from which
the RC is calculated (the structure is general with or without rigid floors). Both methods are
approximate and both are acceptable in engineering practice.

10.8.1. Method A—Using Individual Member Stiffness for Rigid-floor Shear
Buildings

Consider the rigid floor slab shown in Fig. 10.25 of a shear building whose supporting members such
as columns may deform due to sidesway without end rotations. Let rx and ry be distances in the X
and Y directions, respectively, from RC to a supporting member (i.e. rAX and rA Y for column
A as shown); let Kx and KY be the stiffness of the member when bent in the X and Y directions,
respectively; let XR and YR be the distance from RC to the origin of X and Y coordinates, res-
pectively; let / be the total polar moment of inertia of all supporting members on this floor;
let Ix and IY be the sectional moment of inertia of individual members about the X and Y axes,
respectively; and let 7"be the torsional moment. For member A shown in the figure, the approximate
equations to determine RC and torsional shear distribution may now be expressed as

VXe =
T rAY Kx

J
T :

J

where torsional stiffness or polar moment of inertia is

XR=- I. KY

YR=-
KY

in which

\2EIY

KY =

(10.79a)

(10.79b)

(10.80)

(10.81a)

(10.81b)

(10.82a)

(10.82b)

FIG. 10.25 Rigidity center and torsional shear distribution.
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where VXe and VYe are shears in the X and Y directions, respectively, due to torsional moment T;
and L is the clear distance of a column between upper and lower floors. Eqs. 10.79a and 10.79b
are applied separately for actual torsion and accidental torsion; the combination of shears is then
determined according to building code specifications.

10.8.2. Method B — Using Relative Rigidity of Individual Bays for General
Buildings

This technique is to apply a unit load at an individual floor i of a bay in one direction (say the
Jf-direction) and to calculate the lateral displacement at that floor, A/^-. The rigidity corresponding
to the displacement is R-lx= 1 /A / iX. If a building has N bays in X- and 7-directions, let bay 7 have
distances Xj and Yj from a reference point in the X- and ^-directions, respectively; then RC
measured from the reference point is

R\Yr\x + R2Y>'2XR = —— —
Y _ R\x?\ Y + R2xr2Y + • • • + _ HO 841

R ~ RIX + RIX + - . . + RNX ZRX

The polar moment of inertia may be expressed as

J = S Rr2 = Rirrfy + R2Y>iY + ••• + RNY'^Y + Rixr2
lx + R2x>ix + ••• + RNX^X (10.85)

A simple floor plan is shown in Fig. 10.26 for which the distribution of shear and torsion to
bays A and B is calculated as follows:

(A) rigidity center and polar moment of inertia

(10.»6a)
KA + KB

J = RA,-2
AX + RBr2

BX + Rir
2
lY + R2r2

2Y + R3rlY (10.86b)

Note that R\ and ̂ 3 include walls Ws and W-u, respectively; RA comprises the rigidity of W^. Note
also that wall W\M should not be considered in calculating R\ , R2, and ^3 nor should W-^ and W $ be
considered in RA and RB. This is because the wall's out-of-plane stiffness is neglected.

(B) Torsion, T, and accidental torsion, Ta

T=Vex (10.87a)
T&=V e&x (10.87b)
ea;r=0.05L (10.87c)

(C) Distribution of shear V

(D) Distribution of torsion, 71, and accidental torsion, Ta

(10-88b)

(io.89a)

(10.89b)
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FIG. 10.26 Distribution of shear and torsion.
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VU
IC/LC
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FIG. 10.27 /?,7/?3 for unit load applied at various floors.

(E) Final distribution

VA = VB = (10.90)

Detailed calculation of the above equations is demonstrated in Example 10.7.1.
If the stiffness of beams is much greater than that of columns as in a shear building, only

one-step analysis is needed to find all floor rigidities: apply a unit load on the top floor to find
displacement, A, first and then rigidity (i.e. /?= I /A) at that floor. Because the beam stiffness
dominates the floor rigidity, the ratio of the z'th floor rigidity, Rh to top floor rigidity, RIOP,
is approximately constant; this ratio varies almost linearly from the first floor to the top. Thus
XR or YR has a common factor in numerator and denominator, so the factor is cancelled [see
Eqs. (10.83) and (10.84)]. The influence of relative stiffness of columns and girders on rigidity
ratio is illustrated in Fig. 10.27 for two rigid frames: a one-bay three-story frame and a two-bay
three-story frame. When the value of (I^,/Lb)/(Ic/Lc) is between 4 and 10, R\/Rj, and R2/R?,
are about 1.5 and 3, respectively. By applying a unit load at the top floor, an approximate deter-
mination of RJ is made in one-step analysis with negligible errors.

PART B ADVANCED TOPICS

10.9. DYNAMIC ANALYSIS PROCEDURES OF UBC-94, UBC-97 AND IBC-2000

10.9.1. UBC-94 Dynamic Analysis Procedure
Recall that previous sections discussed the static lateral-force analysis procedure. Not all building
structures can be designed with this method because it may not adequately estimate the response of
some structures. Dynamic analysis is thus required for the following structures (UBC-94, Section
1627.8.3).
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(A) All structures, regular or irregular, more than 240 ft in height except those in seismic
zone 1, and of occupancy category 4 (UBC-94, Table 16-K) in seismic zone 2.

(B) Structures with stiffness, mass, or geometric vertical irregularities as defined in UBC-94,
Table 16-L or 16-M (see Figs. 10.3 and 10.4).

(C) Structures exceeding five stories or 65 ft in height in seismic zones 3 and 4, not having the
same structural system throughout their height except as permitted by Section 1628.3.2
in the code.

(D) Regular or irregular structures located on soil profile type S4 with period greater than
0.7 sec.

Dynamic analysis of building structures can be performed by response spectrum analysis
(UBC-94, Section 1629.4.1) or time-history analysis (UBC-94, Section 1629.4.2). Both
methods were extensively presented in previous chapters for lumped and distributed mass
systems.

Some UBC requirements for dynamic and static lateral-force procedure are similar. Only the
major design criteria of the dynamic analysis procedure are summarized here. Numerical examples
are then to illustrate details such as checking certain criteria in static lateral-force level required for
dynamic analysis procedure. Major criteria are explained as follows.

Since higher modes do not play a significant role in structural response, UBC provides an
approximate method to simplify the determination of response parameters. Among them, one
important parameter is the sufficient number of modes to be used so that 90% of structural mass
contributes to system response (UBC-94, Section 1629.5.1).

Dynamic analysis of building structures, as discussed in previous chapters, indicates that
maximum displacments and forces at each d.o.f. do not occur at the same time (Section 2.5.7)
or in the same direction (Section 7.2.4 and 7.6). The square root of the sum of the squares (SRSS),
a simple method with satisfactory accuracy, can be used for modal, force, and displacement com-
bination. The adequacy of the SRSS method depends on the ratio of modal periods and the modal
damping factors. The method is acceptable when the ratio of the period of any higher mode to its
next lower mode is 0.75 or less and the damping factor does not exceed 5%. This is recommended
in SEAOC Section c!06.4.1.2 [26,27].

For regular buildings the base shear obtained by dynamic analysis should be increased to 90%
of that obtained by static lateral-force procedure for which the period is based on Method B [see
Eq. (10.26)]. Base shear should not be less than 80% of that result when the period is based
on Method A [see Eq. (10.24)] (UBC-94, Section 1629.5.3). Either way, the dynamic base shear
should not be more than the values obtained above.

When UBC-94 Figure 16.3 (see Figs. 7.31 and 10.28) is used to obtain spectral acceleration,
soil type and seismic zone must first be designated. Soil type identifies which curve (see Fig. 10.28)
to select. Seismic zone determines effective peak ground acceleration (EGA). The EGA is equal to
zone factor times gravity g, as noted in Section 10.3.2.

Base shear, lateral shear at each floor level, structural displacement, and story drift are scaled
by response modification factor Rlv to obtain the corresponding design values.

Modal analysis should account for torsional effect, including accidental torsion. When 3-D
models are used for analysis, the effects of accidential torsion should be taken into account
by appropriate adjustments of mass location, or by equivalent static procedure.

10.9.2. UBC-97 Dynamic Analysis Procedure
Dyanmic analysis procedures specified by UBC-97 are similar to those for dynamic lateral force in
UBC-94. Identical requirements are not detailed here but new criteria in UBC-97 are discussed.

Structures requiring dynamic analysis are specified by UBC-97, Section 1629.8.4, and differ
from UBC-94 as follows:

(A) All structures in seismic zone 2 for occupancy categories 4 and 5 (only category 4 in
UBC-94) are excluded.

(B) All structures on soil profile type SF (S4 in UBC-94), having a period greater than 0.7 sec,
require dynamic analysis.



STATIC AND DYNAMIC LATERAL-FORCE PROCEDURES 677

Soft to Medium Clays and Sands (Soil Type 3)

Deep Cohesionless or Stiff Clay Soils (Soil Type 2)

Rock and Stiff Soils (Soil Type 1)

1.0 1.5

Period, T (sec)

FIG. 10.28 UBC-94 normalized response spectra.

2.5C. Control Periods

Period (sec)

FIG. 10.29 UBC-97 design response spectra.

Dynamic analysis procedures comprise response spectrum analysis (UBC-97, Sections
1631.4.1 and 1631.5) and time-history analysis (UBC-97, Sections 1631.4.2 and 1631.6). UBC-97
design response spectra are defined in Figure 16-3 of the code and shown here in Fig. 10.29.
The spectrum curve can be expressed as

S
g

1.57y7b)Ca
2.5Ca
CV/T

0 < T < T0

To < T < Ts (10.91)

where S is spectral acceleration, g is acceleration due to gravity, and control periods
rs = Cv/(2.5Ca), T0 = 0.2rs. The procedure to determine S is: (1) find Ca and Cv from code Tables
16-Q and 16-R (see Table 10.6) based on the seismic zone factor and soil profile type; (2) calculate
Ts and T0; and (3) use structural T to locate 5" from the figure. This analysis should account for
torsional effects (UBC-97, Section 1631.5.6) similar to UBC-94 discussed in Section 10.9.1 of this
chapter.

UBC-97 defines elastic response parameters (ERP) as forces and deformations obtained from
elastic dynamic analysis using an unreduced ground motion representation. Elastic response par-
ameters must be reduced for purposes of design (UBC-97, Section 1631.5.4). For regular
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structures, ERP may be reduced such that corresponding design base shear is not less than 90%
(for elastic design response spectrum as defined by UBC-97, Figure 16-3) or 80% (for site-specific
elastic design response spectrum) of base shear obtained by static force procedure (UBC-97, Sec-
tion 1630.2). For irregular structures, ERP may be reduced such that corresponding design base
shear is not less than 100% of base shear obtained by static force procedure. Note that any
reduction of ERP is limited in that the corresponding design base shear cannot be less than
the elastic response base shear divided by the value R. Thus the ERP reduction factor cannot
be greater than R. Finding the number of significant modes and the combination of structural
response for each mode is the same as UBC-94.

Time-history analysis involves time-dependent seismic input requiring the use of appropriate
ground motions for elastic as well as nonlinear structures as specified in UBC-97, Section 1631.6.
A time-dependent response is obtained through numerical integration for which various numerical
techniques are presented in Chapter 7. Capacities and characteristics of nonlinear elements should
be consistent with test data for which various hysteresis models are discussed in Chapter 9. Pairs of
horizontal ground motion components should be selected and scaled from not less than three
recorded events with consideration of magnitude, fault distance and source mechanism. When
three appropriate records are not available, simulated ground-motion pairs may be used to make
up the total number required. For each pair, the SRSS method with 5% damping is used to con-
struct a site-specific spectrum, which should be scaled such that it does not fall below 1.4 times
the design spectra (see UBC-97, Figure 16-3 or Fig. 10.29) for periods 0.27M.57"sec. Each pair
of time histories should be applied simultaneously to a structural model considering torsional
effects. If three time-history analyses are performed, then the maximum response of the parameter
of interest should be used for design. If seven or more time-history analyses are performed, then
the average value of the parameter of interest may be used for design.

Response parameters from elastic time-history analysis (UBC-97, Section 1631.6.2) are
denoted as elastic response parameters (ERP). ERP may be scaled by the reduction factor
employed for response spectrum analysis as discussed earlier in this section. The maximum
inelastic response displacement is not to be reduced (UBC-97, Section 1631.6.3). Story drift
limitation, specified in Section 10.4.4 for static lateral-force procedure, must be met. A design
review of the lateral-force-resisting system should be performed by a team of independent
engineers when this method is used to justify structural design.

10.9.3. IBC-2000 Dynamic Analysis Procedure
For dynamic analysis of non-isolated building structures in IBC-2000, a modal analysis procedure
is provided in detail; time-history analysis is permitted but only general guidelines are given. While
modal analysis procedure is applicable to all kinds of building structures, the structures in seismic
design categories D, E, and F (see IBC-2000, Tables 1616.3 (1), (2) and Table 1616.6.3; or Tables
10.13-10.16) must be designed by using the procedure. General guidelines for using modal analysis
can be abstracted from Table 10.16 as follows:

(A) All structures, regular or irregular, over 240 ft in height.
(B) Structures with all of the following characteristics:

1. located in an area where 5*Di > 0.2 [SD\ is specified in Section 10.5.2(A) based on
IBC-2000, Section 1615.1.3];

2. located in an area assigned to site class E or F as specified in Table 10.15 based on
IBC-2000, Section 1615.1.1; and

3. having natural period T > 0.7 sec, as determined by the approximate method speci-
fied in Section 10.5.1(8) based on IBC-2000, Section 1617.4.2.

For structures described in (B), a site-specific response spectrum must be used but design base
shear cannot be less than that determined by eequivalent lateral-force procedure as expressed in
Eqs. (10.62) and (10.63) (IBC-2000, Section 1617.4.1).
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Some IBC requirements for dynamic lateral-force procedure are similar to those for static
lateral-force procedure. Only the design criteria related to spectrum analysis are summarized
below. Step-by-step dynamic analysis must be interwoven with certain criteria required in equiv-
alent lateral-force procedure. Details are numerically illustrated by Example 10.11.3.

(A) Similar to UBC, IBC-2000 requires a sufficient number of modes to be used so that 90%
of structural mass contributes to system response (IBC-2000, Section 1618.2).

(B) Also similar to UBC, SRSS and CQC can both be used for modal, force, and
displacment combination (IBC-2000, Section 1618.7). For the SRSS method, SEAOC
recommendations in Section c!06.4.1.2 should be maintained (Section 10.9.2).

(C) When design base shear V calculated by equivalent lateral-force procedure (IBC-2000,
Section 1617.4.1) is larger than modal base shear Vt, the design story shears, moments,
drifts and floor deflections are multiplied by modification factor Cm (IBC-2000, Section
1618.7) defined as

C m = K / K , (10.92)

(D) Modeling of buildings in IBC-2000 (Section 1618.1) is similar to UBC-97. Both are more
comprehensive than UBC-94. A mathematical model should be constructed to represent
spatial distribution of mass and stiffness throughout the structure. For regular structures
with independent orthogonal seismic-force resisting systems, independent two-
dimensional models may be constructed to represent each system. For irregular struc-
tures without independent orthogonal systems, a three-dimensional model must be con-
structed. At minimum, three dynamic d.o.f. consisting of translation in two orthogonal
plan directions and torsional rotation about the vertical axis must be included at each
level of the building. Additional dynamic d.o.f. are required to represent diaphragm
flexibility where the diaphragm is not rigid relative to the rigidity of the vertical elements
of the lateral force resisting system. This model must include the effect of cracked sec-
tions on stiffness properties of concrete and masonry elements, and the contribution
of panel zone deformations to overall story drift for steel moment frame systems.

(E) The distribution of horizontal shear is the same as for the equivalent lateral force
method except that explicit amplification due to torsion is not required because torsional
d.o.f. are included in the modal analysis model (IBC-2000, Section 1618.8).

(F) The P-A effect on story drifts and shears is determined in the same way as equivalent
lateral force procedure (IBC-2000, Section 1618.9).

(G) Soil-structure interaction effects, although not required, can be considered on the basis
of ASCE 7-98, Section 9.5.5 [2].

Computing procedures for modal analysis outlined above are detailed in the following work-
ing steps.

(A) Constructing design response spectrum - Unless a site-specific spectrum is required, a
general design response spectrum must be developed as follows:

1. find maximum considered earthquake spectral response accelerations at short period Ss,
at 1 sec period S, from IBC-2000, Figure 1615 (see Figs. 10.15 and 10.16);

2. find site coefficients F.d and Fv from IBC-2000, Tables 1615.1.2 (1) and (2) (see Tables
10.17 and 10.18);

3. calculate adjusted maximum considered earthquake spectral respnse accelerations for
short period as SMS = Fa Ss, and for 1 sec period as SM] = FV S\ [IBC-2000, Section
1615.1.2; or Eqs. (10.66) and (10.67);

4. determine design spectral response accelerations [IBC-2000, Section 1615.1.3; or Eqs.
(10.68) and (10.69) as

at short period,

SDS = -
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at 1 sec period,

SDI = ̂

5. formulate general design response spectrum as in Eq. (10.93a) where Ts = SDi/S0s and
TO = 0.27;.

0.6SDS ,

SDS

0.4 SDS T< T0

T0 < T < Ts

T> T,

(10.93a)

T\ 0.6SDS,

S =

«^al i T i.J _, 1 —
\ yo/

2 c/~< o
•-)(-a — <~>DS

CM SDI

T ~ T

T0
T<T0=0.2TS

TO<T<TS

T>TS

(10.93b)

Note that Eq. (10.93a) is analogous to Eq. (10.91), design response spectra in UBC-97. The
analogy is shown in Eq. (10.93b). Let Ca = 0.4SDS and CV = SDI; then
rs = Cv/(2.5Ca) = SD1/[2.5(0.4 SDS)] = SDI/SDS and Cv/T=SDl/T. Eqs. (10.93a) and (10.93b)
are shown in Figs. 10.30a and b, respectively. The background of and relationship between
Ca and SDS as well as SDI/T and CV/T are discussed in Section 10.9.4(C).

(B) Modal base shear Km for the wth mode is calculated in accordance with IBC-2000, Sec-
tion 1618.4 as

= csm w (10.94)

in which

(10.95)

S = Sn = 0.2TS

Period (sec)

= 0.2TS
Ts =Cy(2.5Ca)

Period (sec)

FIG. 10.30 Analogy between design response spectra in IBC-2000 and UBC-97. (a) IBC-2000 design
response spectra, (b) UBC-97 design response spectra.
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(10.96)

E
Modal seismic response coefficient, Csm, should be determined by the following criteria:

(1) for second or higher modes that have periods less than 0.3 second for buildings on site
classes D, E, and F

(1.0 + 5.07™) (10.97a)

(2) for modes with Tm > 4.0 sec

Csm=^- (10.97b)
-T2

IE m

(C) Modal forces are obtained as (IBC-2000, Section 1618.5)

Fxm = CmVm (10.98)
in which

Cnm= 7 (10.99)
\—^
/ j jm
1=1

(D) Modal deflections are calculated in accordance with IBC-2000, Section 1618.5 as

in which dxem is the deflection of level x in the wth mode at mass center determined by elastic
analysis as

^,,n=~^^ (10.101)
z

where Fxm is the portion of the seismic base shear in the wth mode, induced at level x; wx is the
portion of the total gravity load of the building at level x. Modal drift in a story, Am, should
be computed as the difference between deflections 5xm at the top and bottom of the story.

(E) Effective mass and number of modes are specified in IBC-2000, Section 1618.2 which
requires a sufficient number of modes be used to obtain a combined modal mass participation
of at least 90% of the actual building mass in each of two orthogonal directions.

(F) Determine design modal base shear, Ft, by SRSS or CQC method.
(G) Calculate base shear V by equivalent lateral-force method using a fundamental period of

the building as T=l.2CuTa [Section 10.5.2(8)].
(H) Check Ft; if V > Kt, then scaling is required. In this case, the design story shears,

moments, drifts and floor deflections (a combination of corresponding modal values using SRSS
or CQC method) are multiplied by modification factor Cm [Eq. (10.92)]. Design base shear
Kt need not exceed V. But Kt should not be less than V when the design spectral response
acceleration, SD\ is 0.2 or greater [Eq. (10.69)] with period, T, being 0.7 sec or greater (Section
10.5.2) for site class E or F.

(I) Horizontal shear distribution and P—A effect are calculated as for equivalent lateral-force
procedure except that amplification of torsion is not required for that portion of torsion that is
already included in modal analysis.
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(J) Find the load combination for structural member design in accordance with load and
resistance factor design, LRFD (IBC-2000, Section 1605.2.1) and allowable stress design,
ASD (IBC-2000, Section 1605.3.1).

10.9.4. Regionalized Seismic Zone Maps and Design Response Spectra in
UBC-97 and IBC-2000

This section focuses on: (A) general criteria for seismic zone maps; (B) importance of effective
peak acceleration and effective peak velocity as parameters for these maps, and (C) relationship
between seismic zone maps and design response spectra. Note that seismic zone maps are the
same in UBC-94 and UBC-97, but design response spectra differ in these two codes. Note also
that seismic zone maps in IBC-2000 are regionalized, making them entirely different from those
in UBCs, while design response spectra in IBC-2000 are similar to those in UBC-97. Differences
and similarities are discussed below.

10.9.4.1. General Criteria for Seismic Zone Maps
These criteria are summarized as follows:

1. Distance from anticipated earthquake sources. Field observation indicates that higher
frequencies in ground motion attenuate more rapidly with distance than do lower
frequencies; flexible structures may be more seriously affected than stiff structures at
a distance of 60 miles or more from a major earthquake.

2. Nationwide standards for probability of exceeding design ground-shaking. The so-called
design ground-shaking at a location is the ground motion that designers for a building
project should have in mind to provide protection for life. This standard should be
approximately the same throughout the U.S.A. A representation of design
ground-shaking can be a smoothed elastic response spectra (see Fig. 7.26). In general,
design ground-shaking should encompasses a family of motion having the same overall
intensity and frequency content, but differing in time sequence of motion. The elastic
response spectrum, however, is not an ideal representation because it does not by itself
give the duration of ground-shaking.

3. Regionalization maps of seismic zones. These maps should not attempt to microzone, i.e.
delineate the location of actual faults or the variation of ground-shaking over short dis-
tances within 10 miles or less. Any such microzoning should be done under local
jurisdictions.

10.9.4.2. Importance of EPA and EPV as Parameters for Seismic Zone Maps
Design ground-shaking should have an intensity which can be characterized by two

parameters: effective peak acceleration (EPA) and effective peak velocity (EPV). The relationship
between EPA and Sa (smoothed spectrum of peak ground acceleration) and between EPV and Sv
(smoothed spectrum of peak ground velocity) with a proportional value of 2.5 is shown in Fig.
10.31. This figure shows that EPA is proportional to Sa for periods between 0.1 and 0.5 sec, while
EPV is proportional to Sv at a period of about 1 sec. EPA is related to but not necessarily
proportional to peak ground acceleration (5a) as is EPV to peak ground velocity (5V). In fact,
with ground motion at very high frequencies, EPA may be significantly less than peak acceleration
(see Fig. 10.31 for period <0.1). On the other hand, EPV is generally greater than peak velocity at
long distances from a major earthquake. Ground motions, then, increase in duration and become
more periodic with distance, which tends to increase EPV. Post-earthquake studies reveal that
two motions of different duration but similar response spectrum cause different degrees of
damage. This damage is usually less with motion of shorter duration. Thus EPV is an important
parameter in developing a seismic zone map.

In ATC-3 a seismic zone map has two parts: one, based on EPA, is a "Map for Coefficient
A."; the other, based on EPV, is a "Map for coefficient Av". Using both maps together, an index
is obtained to evaluate the required design seismic force. Note that ^4a = EPA/^, and
,4V = EPV/30; a proportion value of 30 between EPV and Av is used to establish three criteria:
(1) a spectrum with Aa = Q.4 (i.e. EPA = 0.4^), necessitating EPV = 12 in/sec; (2) a dimensionless
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10

'i
I i

0.1

0.1 0.5 50 Period (sec)

FIG. 10.31 Schematic representation of relationships among EPA, EPV, and response spectrum with
5% damping.

parameter Av, called the velocity-related acceleration coefficient, which should never be greater
than AI, (3) a factor of 2 to decrease EPV, requiring a distance of about 80 miles. Thus
Av= 12/30 = 0.4 is also a value of Aa. If Aa = Q.2, then EPV = 6 in/sec, which is the next contour
for AV = QA, at a distance of 80 miles from the contour of AV = QA. No contour of EPV should
fall inside the corresponding contour of EPA. For example, the location of the contour for
EPV = 3 in/sec in south-central Illinois was determined by the contour for EPA = 0.1^ rather
than by distance from the contour for EPV = 6 in/sec.

UBC-97 uses only one map, similar to the coefficient A& map; parameter Av is used in the code
pertaining to the tabulated value of Cv. IBC-2000, however, uses two maps associated with Ss and
S] (see Figs. 10.15 and 10.16), which are related to Aa and Av, respectively.

10.9.4.3. Relationship between Seismic Zone Maps and Design Response Spectra
Seismic zone maps in UBC-97 and IBC-2000 result from continued efforts to improve

seismic-resistant structural design. Early work by Algermissen and Perkins [1] covers peak ground
accelerations on rock with a 10% probability of being exceeded in 50 years. ATC-3 modified that
work with several features, such as transforming peak acceleration to EPA, smoothing EPA con-
tours, and lowering the highest seismicity to EPA = 0.4g (i.e. in zone 4, the original
Algermissen-Perkins had contours of Q.6g). With these modifications, the probability that the
recommended EPA at a given location will not be exceeded during any 50-year period is estimated
at 80-90%. UBC-97 modifies the ATC-3 map with seismic zone contours having a 10% probability
of being exceeded in 50 years. Note that the probability of not being exceeded can be translated
into other quantities such as mean recurrence interval or return period. Average annual risk
for a 90% probability of not being exceeded in a 50-year interval is equivalent to a mean recurrence
interval of 475 years or an average annual risk of 0.002 events per year.

Design response spectra in UBC-97 Figure 16-3 (Fig. 10.28) are based on ATC-3 in that
Ca = EPA; Cv related to EPV is determined from tabulated values (Table 10.6), not directly from
a map as in ATC-3. Cv is taken at 1 sec because it is about the average value at that period (see
Fig. 10.31). Thus CV/T yields response acceleration.

In IBC-2000, design spectral accelerations, SDS and SDI, are control parameters of design
response spectra (Fig. 10.30a). SDS and SDi are based on mapped spectral accelerations, Ss,
and Si, respectively, for which Ss is at 0.2 sec and Si is at 1 sec periods. The value of 0.2
sec is about the average period for EPA, and the value of 1.0 sec is about the average period
for EPV (Fig. 10.31). Both Ss and Si, are determined by the code's maps (see Fig. 10.15 and
10.16). While SDI is defined as design spectral response acceleration at 1 sec period, Sa = SDi/r
for T > rs also represents design spectral acceleration. Thus 1 / T should be interpreted as a scaling
variable. Recall that IBC-2000 is more restrictive than both UBCs in that it has only a 2% prob-
ability of exceedance within a 50-year period (IBC-2000, Section 1615.2.1).
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î
s;

bo
•S
a

CO

**}

1
•S%
<>as;
Q
u
î
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10.12. OVERVIEW

This chapter synthesizes the dynamic analysis principles established in Chapters 1,2,3 and Part A
of Chapter 7 in connection with analysis procedures from building codes UBC-94, UBC-97, and
IBC-2000. Similarities and differences among these three codes are discussed. Numerical examples
for all three are presented step by step to illustrate static equivalent lateral-force procedure and
dynamic analysis procedure.

Major differences among UBC-94, UBC-97, and IBC-2000 are summarized as follows:

(A) In UBC-94 response modification, Rw, involves factors of ductility reduction, seismic
force amplification, and allowable stress. In UBC-97 and IBC-2000, the allowable stress
factor is not included in R but is considered in load combinations. Certain recommen-
dations in ATC-3-06 and 1994 NEHRP are included in UBC-97 and IBC-2000, but
not much in UBC-94.

(B) UBC-97 and IBC-2000 adopt new response spectra. Fault location and characteristics of
strong ground motion associated with a fault are roughly estimated in tabulated form
for UBC-97, but comprehensively considered in regionalization maps in IBC-2000.
UBC-94 lacks these features.

(C) UBC-97 seismic zone maps are the same as UBC-94 with accelerations in five zones.
IBC-2000 seismic zone maps contain greater detail than those in UBCs, featuring accel-
eration and velocity-related acceleration as well as highly defined regions. Regionalized
seismic zones are more comprehensive and display more contours between zones.

(D) In both UBC-97 and IBC-2000 the redundancy factor p accounts for multiple loading
paths during inelastic response to delay collapse mechanism formation. Consequently,
p requires a greater level of design force for a structure with less redundancy.

(E) New soil factors and more comprehensive structural classifications are given in UBC-97
and IBC-2000.

(F) IBC-2000 considers higher modes with distribution exponent, k, related to a range of
building periods; UBC-94 and UBC-97 use a force, F^, applied to the top of any building
with a period greater than 0.7 sec.

It should again be noted that the organization of sections, figures, tables and the like in
IBC-2000 differs from both UBCs. Therefore, comparisons and step-by-step numerical pro-
cedures are given in parallel layout with the hope that the reader can easily grasp the specific
requirements of various sections of these three codes.
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Chapter 1 Problems

FREE UNDAMPED VIBRATION

1.1. Find the natural frequency of the mass system shown in Fig. P. 1.1.

, , frictionless
t ̂  pulley

FIG. P.I.I

1.2. Find the period of free flexural vibrations for the pair of intersecting beams of a plane grid
shown in the Fig. P. 1.2. The beams are rigidly attached at their points of junction.
Supporting conditions are as shown. For each beam, let 7=1000 in4, £=30,000 ksi,
and one-half of the total mass of the structure (a weight of 50 Ib/ft for each beam) be
lumped at the point of junction.

10' 10'

FIG. P.1.2

707
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1.3. Find the natural frequency and period of the following beam (see Fig. P. 1.3). Let
£ = 29,000 ksi, /= 1728 in4, and W=l2k.

El El -•W
24'-0"

FIG. P.1.3

1.4. Derive the differential equation of motion of the system (see Fig. P. 1.4) and find the natural
frequency. Assume that the deflection is small and that sin 0 may be approximated as 0.

FIG. P.1.4

1.5. For the spring-mass system of K = 100 Ib / in and W = 200 Ib given in Fig. P. 1.5: (a) find the
motion equations of displacement x and velocity x with the initial conditions of XQ = 1 in
and XQ = 0 at t = 0; (b) find the velocity and its corresponding time when the mass
approaches the neutral position or equilibrium position; (c) use x, x, and t from (b) as
initial conditions and then find the motion equations of displacement and velocity.

FIG. P.1.5

1.6. Rework Example 1.2.1 by changing the moment of inertia for the girder, 7g, to 7g = /, 47, 87,
and oo. Find the angular frequency, natural frequency, period and then solve for the
response of displacement and velocity based on the initial conditions given in the example.

1.7. Find the angular frequency, natural frequency, and natural period of the frame in Fig.
P. 1.7. Vary the moment of inertia of the girder by 7g = 7, 47, 87, and oo. Observe the dif-
ferences between the solutions obtained in Problem 1.6 due to the change of the hinged
support. Let w = 25.0 Ib/ft, 7= 166.67 in4, and £=30,000 ksi.

_T_L_L_L

FIG. P.1.7

1.8. Derive Eqs. (b) and (c) in Example 1.5.1.
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1.9. The simply supported beam in Fig. P. 1.9 is subjected to initial conditions of XQ = 0, and
x0 = 1 i/2 in at t = 0 applied at the center of the span. Find the bending stress at the center.
For the given beam /= 1340 in4, E= 30,000 ksi, S= 114 in3, and ^=2.055 k/ft . Assume
half the total weight is lumped at the beam center; the other half, lumped at the supports,
should not be considered in the analysis.

w
i * * * * 4 * t NOTE: W includes beam

• * • 2 0 ' - 0 " ** we'Sht 551bs/ft

FIG. P.1.9

1.10. Find the angular frequency, natural frequency, and natural period of longitudinal and
torsional (rocking) motions of the frame shown in Problem 1.7. Let /g = oo, £=30,000
ksi, w = 25.0 Ib/ft, and the cross-sectional area, A, and moment of inertia, /, of the columns
be 6 in2 and 166.67 in4, respectively, (a) Assume that both columns have the same height of
12 ft. (b) Column lengths are not the same; they are given in Problem 1.7.

FREE DAMPED VIBRATION
1.11. The cantilever in Fig. P. 1.11 is subjected to initial conditions of XQ = 0, and XQ = 8 ft / sec.

Find the response of x and x at t = 0.5 and 1 sec for (a) no damping and (b) 10% of critical
damping; £7=864xl05 k in2 and W=*< k.

El
W

FIG. P.l.ll

1.12. The amplitude of a single mass system decreases 12% in 40 cycles. Calculate the logar-
ithmic decrement and the damping factor.

1.13. A control tab on an airplane elevator is pivoted about an axis in the elevator and activated
by a linkage system of which the torsional stiffness is K; the torsional coefficient of viscous
damping is C, as shown in part (a) of Fig. P. 1.13. Since it is not possible to calculate K and
C of the linkage system, two tests are conducted. The first one is shown in part (b) of the
figure in which a spring of stiffness K is attached at a distance 'a' from the hinge, (a)
Derive the equation of motion for the modified system, (b) If the amplitude of free
vibration for the modified system is reduced to 1/10 after 10 cycles, find the logarithmatic
decrement, (c) Find the viscous damping factor.

Elevator

Tab
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1.14. Establish the motion equation for the system shown in Fig. P. 1.14 and then find the
equation of p and p. (Hint: let x = x\ — x2.}

——— ""2

M,
rWWWr-

k
—— KN^N— M,

J^J^H

FIG. P.1.14

1.15. Find the expression of motion for the following system (see Fig. P. 1.15). Let M = 1 Ib
sec2/in, 7^ = 2000 Ib/in, A:, =2000 Ib/in, and c = 2Q Ib sec/in.

K

— ̂ ^ r*.
K ,, M

y y
FIG. P.1.15

FORCED UNDAMPED VIBRATION

1.16. For a single spring-mass system subjected to the forcing function shown in Fig. P. 1.16, find
the amplification factor corresponding to three sets of natural frequency: 15, 30, and 40
cycles/sec.

C=0.015sec t

FIG. P.1.16

1.17. For a spring-mass model of mass, M, and stiffness, K, subjected to a force of F sin mt, find
the steady-state response (without considering initial conditions).

1.18. A rectangular frame, shown in Fig. P. 1.18, with period equal to 0.7 sec is subjected to
ground acceleration of 3cg = 10 sin nt in/sec2. Find (a) the equation of the relative dis-
placement of the girder, and (b) the maximum absolute acceleration of the girder if
the acceleration lasts for 1 sec. (Hint: Mx + K(x - xg) = 0; let the relative displacement
be z = x - xg, ZO = ZQ = Q at t = 0, and M = 1 in sec2/in.)

FIG. P.1.18
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1.19. For the single mass-spring system subjected to a foundation acceleration shown in Fig.
P. 1.19, find the maximum absolute acceleration of the mass.

T
xg = a(t) = X sin nt in/sec

FIG. P.1.19

1.20. Find the dynamic load factor (amplificator factor) Am of the forcing functions given in Fig.
P. 1.20.

F(t)
F

F(t)
F

c

(a)

FIG. P.I.20

-F

F(t)
F

2C 3C

(b) (c)

1.21. As a piece of heavy machinery is being readied for positioning on its supporting beam
(7 = 248.6 in4, 5 = 49.1 in3), it is suddenly dropped by the crane on the beam. Let the force
of the machine on the beam be its weight of 12 k. Because the distance dropped is small,
no increase in force due to acceleration from gravity should be considered. What is
the maximum stress it causes? Neglect the beam mass. See Fig. P. 1.21.

12' 12'

FIG. P.1.21

1.22. It is desired to design a spring bumper able to stop a 60,000 Ib freight car moving at 4 ft/sec
with a maximum negative acceleration not more than twice the acceleration of gravity (see
Fig. P. 1.22). Calculate: (a) the required spring constant; (b) the required travel distance of
the spring; and (c) the maximum force applied through the spring to the block.

Freight Car K Bumper
I HWsN-i————I
>!m^̂ Jv;̂ J

FIG. P.1.22
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1.23. Find the displacement responses at t = (, 2£ and 3£ for a single-d.o.f system having a mass,
M, and a spring constant, TsT. The applied force is shown in Fig. P. 1.23.

F(t)

-F

C /2C 3C

FIG. P.1.23

FORCED DAMPED VIBRATION

1.24. Solve Example 1.4.1 with consideration of damping as p = 0.1 and 0.05. (Hint: use

1.25. For Example 1.4.1, let co=120 rad/sec and p = 0.1. Find the amplitude of the
dynamic displacement and then the bending stress due to the static and dynamic
displacement.

1.26. Find the motion equation and the steady-state motion of the system (see Fig.
P. 1.26).

*• F cos cat

FIG. P.1.26

1.27. The base of a vibration-measuring instrument is shown to receive a harmonic motion,
x\ =X\ cos cot. Find the displacement, x, for the mass, M. (See Fig. P. 1.27).

Base

FIG. P.1.27

1.28. A 3860 Ib machine rests on a spring and dashpot mounting which gives k= 12,250 Ib/in
and p = 0.1. A piston weighing 77.2 Ib moves up and down with a speed of 467 cpm
and a stroke of 10 in. The motion may be considered harmonic. Find (a) the amplitude
of force transmitted to the foundation, and (b) the phase angle of the transmitted force.
(See Fig. P. 1.28).



CHAPTER 1 PROBLEMS 713

3LJ

Foundation

FIG. P.1.28

I
1.29. From a vibration test, the amplification factor is 1.5. Find the damping ratio based on the

resonance method.
1.30. From a vibration test, the peak amplitude is 0.2 in and the frequencies corresponding to

0.2/V2 are />j = 100 rad/sec and p2=\1\ rad/sec. Find the damping ratio based on
the band-width method.

1.31. The mass M of a system is subjected to a force as shown in Fig. P. 1.31, starting from rest at
t = 0. Find the motion.

4——WV———
A——D———

(a)

FIG. P.1.31

F(t) zrt
(b)

PRINCIPLES OF DYNAMIC ANALYSIS

1.32. Calculate the frequency of the small vibration of the pendulum (see Fig. P. 1.32).

'w

FIG. P.1.32

1.33. Calculate the frequency of the small vibration of the pendulum (see Fig. P. 1.33).

, w

FIG. P.1.33
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1.34. Calculate the frequency of the small vibration of the system shown in Fig. P. 1.34.

•I

FIG. P.1.34

1.35. Considering small swings about the vertical static-equilibrium position, write the
differential equation of motion for the system in Fig. P.I.35. If M2£2 = 2M1£1, what value
of k\ and k^ will make the natural frequency zero?

M,

M,

FIG. P.1.35

1.36. Add the two motion equations of x\ =35 cos (pt + 45°) andx2 = 40 sm(/7? + 30°) and then
express the resultant motion in two solution forms of (a) sine function and (b) cosine
function.



Chapter 2 Problems

SECTIONS 2.1 AND 2.2

2.1. Model the structures in Fig. P.2.1 a spring-mass system. Assume that the girders are
infmitively rigid for cases (a) and (b), but flexible for case (c). For simplicity, let k represent
a spring stiffness for each d.o.f. of these three cases. Write out the governing differential
equations (motion equations) of the spring-mass models.

2.2.

c. ^

M,

M,

L *

^ 4

4- J

M,

M,

M,
t 4

(a) (b)

IG. P.2.1

M,

(c)

Set the mass matrix [M] and the stiffness matrix [K] for the equation [M] {x} + [K\ {x} = 0 of
the system shown in Fig. P.2.2.

M,

FIG. P.2.2
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2.3. Establish [A/], [K], and {.F}t for the flexural vibration of the structure in Fig. P.2.3 in which
ka represents a spring constant of axial deformation.

FIG. P.2.3

2.4. A symmetrically built machine of mass M and inertia / about a lateral gravity axis is
mounted as shown in Fig. P.2.4. Considering only small vibrations in the plane of
symmetry, find the differential equation of motion.

a,_L m—
I

M.J

^'

c. g 1

fk '

FIG. P.2.4

2.5. Establish a motion equation, [M] [x] + [K\{x} = 0, for the unsymmetric structure in Fig.
P.2.5, in which M and / represent transverse and rotational masses, respectively, k\
and ki the flexural spring constants, k3 and k4 the longitudinal spring constants, and e.g.
the center of gravity of the mass.

k,,k3

M, I

FIG. P.2.5

2.6. Find the motion equation for the displacement response of Example 2.2.1 with initial con-
ditions of x\ = 0, x= 1 ft/sec, Jt2 =0, and x = Q at t = Q.
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2.7. Set the dynamic matrix equation of the structure shown in Fig. P.2.7. Let LI = 16 ft,
L2=12 ft, 7=144 in4, £=30,000 ksi, W\=2A k, W2 =
frequencies, natural periods, natural modes, and normal modes.

and 7g = oo. Find natural

L,

w.

W,

FIG. P.2.7

2.8. Using the structure given in Problem 2.7, find the motion equations of displacement for the
following cases: (1) the initial conditions are x\ = 0, x2 = 0.6 in, x\ = x2 = 0; (2) the initial
displacements are the same as the first mode, i.e. x\ = \ in and x2 = 1.2071 in, and the
initial velocities are zero; and (3) the initial conditions are Jt i=0, x2 = Q, x\ =0, and
x2 = 12 in/sec.

2.9. Find the displacements of Problem 2.8 at t=l, 2, 3, and 4 sec.

SECTIONS 2.3-2.5
2.10. For a structure whose first modal matrix {</>}[ = [0.302 0.649 1] and whose second

modal matrix {</>}J = [0.80 0.90 — 1.0], prove whether or not the solutions of the normal
modes are correct and which mode is correct. Assume the diagonal mass matrix has
elements m\\=2, m22 = 1 -50, and m^ = 1.

2.11. Assume that a two-d.o.f. vibrating system has a diagonal mass matrix of m\\ = m22 = 2 k
sec2/in, and that the first natural frequency isp\ = 1.854 rad/sec and the first normal mode
{X}T = [0.618 1.000]. Find the second frequency and its normal mode. Let one of the
stiffness coefficients k22 be 18 k/in; the other coefficients are not given.

2.12. Rework Problem 2.8 using modal matrix formulation.
2.13. Rework Problem 2.9 using modal matrix formulation.
2.14. Find the displacements and accelerations at f = 0.1, 0.2, 0.3, and 0.4 sec of a two-d.o.f.

vibrating system, and then make statics checks. Let the coefficients of the diagonal mass
matrix be m\\ =m22 = 4.9692 k sec2/ft, the stiffness coefficients be &n = 195.319 k/ft ,
k,2 = k 2 I = -210.193 k/ft, and &22 = 296.937 k/ft , and the applied forces be F,(t) = 20
[1-0/0.4)] k and F2(t) = 3Q [1-0/0.4)] k. Show the influence of the two modes on the dis-
placement response.

2.15. For the structural properties and the forcing function given in Problem 2.14, find the
displacements based on (a) superposition and (b) root-mean-square technique. Use the
response spectra given in Fig. 1.17.

2.16. Assume that the structure given in Problem 2.14 is subjected to earthquake ground motion.
Find the displacement response by employing (a) superposition and (b) root-mean-square
technique. Use the response spectra given in Fig. 1.30.

2.17. Find the displacements of the super-structure and the reaction of the foundation at t = n/4
sec of the structure subjected to a foundation movement of Xf = 0.1 sin It ft. Let M = 60 k
sec2/ft, £7=50,000 k/ft2, Afr=80 k sec2/ft, and kf = 1200 k/ft . (See Fig. P.2.17).
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M

EI
M

EI EI

Xsl

Xs2

x,

Fig. P.2.17

2.18. Let the structural properties of Fig. P.2.1a be given as moment of inertia of all columns
/= 1728 in4, mass of the girders M= 15 k sec2/in, column length L= 12 ft, and modulus
of elasticity £ = 29,000 ksi. Find the natural frequencies and normal modes using the
iteration method.

2.19. Rework Problem 2.18 using Choleski's decomposition method.
2.20. Rework Problem 2.18 using the generalized Jacobi method.
2.21. Rework Problem 2.18 using the Sturm sequences method.
2.22. Prove that applying the iteration method to [K\ {X} =p2[M] {X} yields the highest mode

first.
2.23. Find the natural frequency, period, and mode shape of Fig. P.2.23. Let £=29,000 ksi

7=1728 in2, and W=\1 k.

w _ EI EI El

12' 24'-0" 24--0"

FIG. P.2.23

SECTIONS 2.7 AND 2.8
2.24.

2.25.

For the structure shown in Fig. 2.15, the mass and stiffness matrices are given in Eq.
(2.172). Let M,=M2 = 60 k sec2/ft, p,=p2 = 40 k sec2-ft, £,=A:2=1200 k/ft, £e = 800
k ft, and 1 = 10 ft. Find the eigensolutions.
Find the motion equations which are then expressed in dynamic matrix form for Fig
P.2.25.

u

—— W^y-

- <

L

» M ,

£'
' _ v/ '

u,
f^S/HJSlSS

FIG. P.2.25

2.26. For the structure shown in Fig. 2.18a, let M\ =M2 = M3= 12.318 kN sec2/m, A;, =9.329
MN/m, £2 = 6.340 MN/m. Find the natural frequencies and normal modes.
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2.27. Find the displacements and accelerations at t = 1 /4 s of Problem 2.26. Let initial conditions
be {jt0}T = [l 0 1] m, and {jc0}T = [1.5 1.0 1.0] m/s. Make statics checks.

2.28. Find the displacements and acceleration at t = 1 /4 s of Problem 2.26. Let the applied force
be P3(0 = 20 t/QA kN, P}(t) = P2(t) = Q, and {XQ} = {x0} = {0}.

2.29. (a) The structure shown in Fig. P.2.29 is supported by a mat foundation and subjected to a
horizontal ground acceleration 3cg. The system can be modeled as shown in the
accompanying figure (a) in which k\ and k2 represent flexural stiffnesses, kg torsional
stiffness, and x2 and XT, assigned d.o.f. Establish [M] [x] + [K\ {x} = {F}t. (b) Let the struc-
ture have sidesway at M2 and a rotational motion at the bottom for which the model is
shown in part (b) of the figure. Establish [M] {x} + [K\{x} = {F}1 (see details in Section
2.7.1).

M,

M,

M2,I2

FIG. P.2.29

2.30. For Example 2.6.2, let/>0 = 37 rad/sec be extracted; find frequency pv andp =p0 +pv. Show
that the normal mode {Xv} corresponding topv is the same as the normal mode {X} associ-
ated with the eigenvalue pv.

2.31. Use the Jacobi method to find the zero and repeating eigensolutions of Fig. 2.18e. Let
ki=k2 = kj,= 10, MI = M2 = M^ = 2, and the convergence tolerance criterion s be 4.

2.32. Use the Choleski's technique to decompose [K\ = [L] [S] and then apply the Strum sequence
method to find the eigensolution of Example 2.6.4.





Chapter 3 Problems

SECTIONS 3.2
3.1. Derive Eqs. (3.13a) and (3.13b) by using normal modes.
3.2. Find the free vibration response of Eqs. (3.14) and (3.15) with initial displacement XQ and

initial velocity XQ.
3.3. Find the horizontal, vertical, and rotational motion equations at the center of gravity of the

machine given in Fig. P.3.3. Let k\ = 100 Ibs/in, &2 = 80 Ibs/in, A:3 = 20 Ib/in, a = 10 Ib
sec / in, c2 = 2 Ib sec / in, M = 4 Ibs sec2 / in, J = 5,000 Ib in sec2, d\ = 40 in, a?2 = 60 in, a?3 = 20
in, and d4= 10 in.

FIG. P.3.3

SECTIONS 3.3 AND 3.4
3.4. For a two-d.o.f. structure, the frequencies are;?! =0.61803, and^2= 1.61802. Let a = 0.05

and /J = 0.05; find the damping factors p\ and p2.
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3.5. For a two-d.o.f. system, let pi = p2 = 0.1118, M, =M2= 1.38197, pi =0.61803, and
p2 = 1.61802. Find the damping coefficients [C\ by using the method of all modes required.

3.6. Rework Example 3.4.1 for detailed calculations.
3.7. Rework Example 3.4.2 for detailed calculations.
3.8. For the structure given in Example 3.4.1, the damping factors are pn= p2}= p3} =0.0107,

Pi2 = P22 = P32 = 0.1, and Pi3 = p23 = p33 = 0.5001. Find the damping matrix [C\ and its
orthogonality matrix [C\.

3.9. For the structure given in Example 3.4.1, let C, = 0.05 Ccr, C2 = 0.1 Ccr, and C3 = 0.12 Ccr.
Find the damping matrix [C].

SECTION 3.5

3.10. Normalize x\ = 2 + 2i and x2 = 3 — 2i.
3.11. For a two-d.o.f. vibrating system, let k\=k2 = k = 3 and Mi=M2 = M = 6. Using the

state-vector formulation and determinant approach, find the eigenvalues and eigenvectors.
3.12. For Problem 3.11, let k\=k2 = k=l, M\ = M2 = M=\, and damping coefficients

d i = 0.4, C\ 2 = C21 = 0.1, and C22 = 0.3. Using the state-vector formulation and the deter-
minant approach, find the eigenvalues and eigenvectors.

SECTION 3.6

3.13. Derive Eqs. (3.75) and (3.76) in detail.
3.14. Derive Eq. (3.82) in detail.
3.15. Rework Problem 3.11 using the state-vector formulation and the iteration method.

SECTION 3.7

3.16. Find the solution to the following integrals:

/ =
t
/Va('-A) sm\p(t - A) + c] (a - M) dA

3.17. Find the displacement response of x\(f) and x2(f) of Example 3.7.1 for the damping
coefficients of Cn=0.3, C\2 = C2\ = — 0.1, and C22 = 0.2. Eet the displacements be
expressed in terms of first mode, second mode, and both modes at a time interval of
A? = 0.02 for t<0.2 sec.
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SECTION 4.2

4.1. (a) Find the first and the second frequencies, p\ and p2, of a cantilever beam with member
properties L, El, and m; then determine the ratio of p2/p\. (b) Find the equivalent mass
at the end of the beam for the same giving fundamental frequency.

4.2. Derive the dynamic stiffness coefficients of a prismatic member with (A) both ends hinged
and (B) /-end hinged and y'-end restrained.

4.3. Carry out the L'Hospital operations between Eqs. (b) and (c) of Example 4.4.1.
4.4. Carry out the numerical procedures in Eq. (i) of Example 4.4.2.

SECTIONS 4.5-4.8
4.5. Use the dynamic stiffness method to find the first three frequencies of a simply supported

beam of which £ = 29,000 ksi, /= 1340 in4, w = 55 Ib/ft, and L = 24 ft.
4.6. Formulate the structural system matrix for the frame shown in Fig. P.4.6a using the dia-

grams of external action and internal resistance given in the accompanying figure. Plot
the determinant function and find the first three natural frequencies. Assume:
Eli =EI2 = EI3 = EI5 = EI6 = 82,640 kN m2 (200,000 k ft2), EI4 = 66,ll2 kN m2 (160,000
k ft2), L\=L2 = L5 = L6 = 3.048 m (10 ft), L3 = L4 = 2.438 m (8 ft), w, = w3 = 9.584 kg/m
(6.44 Ib/ft), y/2 = w5 = w6 = 5.750 kg/m, (3.864 Ib/ft), and w4 = 7.667 kg/m (5.152 Ib/ft).

723



724 CHAPTER 4 PROBLEMS
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FIG. P.4.6 (a) Given structure, (b) External action, (c) Internal resistance.

4.7. For Example 4.7.1, find the eigenvalue and eigenvector of the second mode.
4.8. Use the eigenvector obtained in Example 4.7.1 as boundary conditions of members 1, 2,

and 3. Divide each member into ten equal segments and plot mode shapes.
4.9. Find the moments and shears of the beam (see Fig. P.4.9) using (A) the conventional

method based on differential equation, and (B) the dynamic stiffness matrix method. Uni-
form load is w cos wt and member properties are El, m, and L.

FIG. P.4.9

4.10. For Example 4.8.1 with loading condition number 1, find the steady-state response at
0,=2.8.

4.11. Find the deformations of members AB and BC, shown in Fig. P.4.11, due to steady-state
vibration at the forcing frequency corresponding to $\=ir, <p\ is the stiffness parameter
of member AB.

L/2
Fcosox

£. El, m ^
t ——— L —————

Q, El, m
I L

4
—— -I

FIG. P.4.11

4.12. Find the internal deformations, moments, and shears of the steady-state vibration of the
frame shown in Fig. P.4.12. Eet £7, = EI2 = EI3 = 1000 ksi, m, =w2 = m3 = 5.555xlO~6

k sec2/in2, and F(t) = 25 sin nt Ib.
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FIG. P.4.12

SECTION 4.9
4.13. U sing the Lagrangian function L = T — V, derive the differential equation of motion of the

pendulum shown in Fig. A-4. [see Ref. 7 of this chapter for Legrangian function.]
4.14. Prove that the orthogonality condition shown in Eqs. (4.131) and (4.132) is also true for the

general case of elastic support.
4.15. For the beam in Fig. P.4.15, use the first three modes to (A) find the equations for moment

and shear, (B) find the shears at the member ends at £ = 0.05 sec., and (C) make an equi-
librium check of Z/^ = 0. Let F(t) = Ff(t), F=3k,f(t)=l-t/£, £ = 0.1 sec. £7=6.1 xlO6

k in2, and m = 0.2 Ib sec2/in2.

JF(t)

6-0" 9MT

FIG. P.4.15

4.16. Find the displacement equation, y(x,t), which may be used to determine the moments and
shears in Fig. P.4.16. Let the forcing function be f(t) and member properties be El,
m, and L. (Note: use the Fourier Series method in Ref. 7 of this chapter.)

ft- Ff(t)

U2 ,|. U2

Ff(t)

L-aL ~$ (b)

Ff(t)
(c)

U2 .|.L/4 _ j

-n
H

wf(t)

wf(t)
LLJL-L

L/4 3/4L

(d)

(e)

(0

FIG. P.4.16

4.17. For loading case (a) given in Problem 4.16, consider the first three modes and find the
absolute maximum [i.e. determine the time, t, from Eq. (1.83) for the maximum dynamic
load factor of each mode, DLFn max] displacement, moment, and shear under the loading
point. Let F(t) = 4(\ -t/OA) k, '/i/=7xl09 psi, m = 0.2 Ib sec2/m2, and L=15 ft. Use
the formulas obtained in the previous problem.
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4.18. In Example 4.9.1, consider 5% damping for the first four modes: (A) find the moments and
shears at t = 0.0379 sec; and (B) make an equilibrium check of 1.Fy = Q.

4.19. Find the shears at the ends of member AB at ^ = 0.05 sec, and then make an equilibrium
check with consideration of the first five modes (see Fig. P.4.19). Let F(t) = 3(\ —t/O.l)
k, E/=6xl06 ksi, m = 0.2 Ib sec2/in2, and L= 150.3434 in.

}F(t)

•£-
1 172 1 U2 , 1 , L

JL
Tff

FIG. P.4.19

4.20. Show that, for the following two motion equations,

[M] {x(t)} + [C] (x(t)} + [K] MO) = F(t)}

when {F(f)} = {P}elmt and (F(f)} = {P} cos cat, the undamped dynamic response can be
treated the same (or equivalent) for these two functions, but the damped response should
be treated differently for e'a" and cos ml.



Chapter 5 Problems

SECTIONS 5.2 AND 5.3
5.1. Formulate the structural longitudinal stiffness matrix of the beam shown in Fig. P.5.1. Let

member properties be A\ = 2A2 = 232.26 cm2, L,=L2 = 6.10 m, £=206.84 GN/m2,
7 = 76.973 kN/m3, and /=(0.10144)l(r3 m4.

FIG. P.5.1

5.2. Find the natural frequencies and period of Problem 5.1.
5.3. Find the natural frequencies of the beam shown in Fig. P.5.3. Let A = 232.26 cm2, L = 6.1

m, y = 76.973 kN/m3, £=206.84 GN/m2, /t' = EA/2L.

H k'

Fig. P.5.3
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5.4. Find the displacement at A and reaction at B of the beam given in Fig. P.5.4 where
A =232.26 cm2, L= 12.2 m, £=206.84 GN/m2, y = 76.973 kN/m3, co = 330.822 rad/sec,
q = m(o2/2, k' = EA/2L, and F(f)= 177.93 sin cot kN. Consider steady state vibration.

F(t)

FIG. P.5.4

SECTIONS 5.4-5.7
5.5. Formulate the structural stiffness matrix using (A) fundamental structural mechanics

based on equilibrium matrix, (B) physical interpretation, and (C) the direct stiffness
method. (See Fig. P.5.5).

FIG. P.5.5

5.6. Find the frequencies of the truss given in Problem 5.5 for three groups of slenderness ratios:
LIR = 20, 60 and 100. Consider (A) coupling longitudinal and flexural frequencies, and (B)
longitudinal frequencies only. Assume that all the members have the same cross section of
square shape, ^ = 10xlO'4 m2, £ = 206.8xl06 kN/m2 , and y = 76.973 kN/m3 .

5.7. A shaft shown in Fig. P.5.7 of diameter d and length L supports a disk of thickness h and
diameter D. Find the angular frequency without considering the mass of the shaft.
The weight per unit volume of the disk is y.

FIG. P.5.7

Find the frequency of a two-disk system given in Fig. P.5.8 as a propeller shaft carrying a
propeller at one end and an engine at the other. Let I\ and /2 be the polar mass moments
of inertia of the two disks and K^ be the torsional constant of the shaft. Neglect the mass
of the shaft.
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FIG. P.5.8

5.9. Formulate the structural stiffness matrix of the grid system shown in Fig. P.5.9 with con-
sideration of (A) coupling dynamic torsional and flexural stiffness, (B) dynamic flexural
stiffness and static torsional stiffness, and (C) dynamic flexural stiffness only.

(down)

FIG. P.5.9

5.10. Find the first three frequencies for Problem 5.9. Let 4= 14.9843 /an4, Iy= 1.66493 /an4,
Ip = J = Ix + Iy, 7 = 76.9206 kN/m3, ^ = 7.742xlO~6 m2, /z = 3.048 m, £ = 206.843 GPa,
and G = 82.737 GPa.

5.11. The uniform grillage shown in Fig. P.5.11 is made of steel pipe of which the outside diam-
eter is 27.305 cm and the inside diameter 25.451 cm. £=206.843 (106) kN/m2, m = 0.241
kN sec2/m2, and G = 3 £78. Vary the length, L, without changing other member
parameters; then find the circular frequencies by considering (A) coupling bending and
torsion, and (B) bending only. Compare the results for LIR varying as 10, 20, 30, 40,
and 60.

FIG. P.5.11

SECTIONS 5.8-5.11
5.12. Derive the dynamic stiffness coefficients for flexural vibration of a prismatic member

subjected to axial compression P.
5.13. Derive the dynamic flexibility coefficients for flexural vibration of a prismatic member

subjected to axial compression P.
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5.14 Derive fixed-end forces of the beam shown in Fig. P. 5.14 by application of the Timoshenko
theory.

w(x,t) = We*1

FIG. P.5.14

5.15. Derive fixed-end forces of the beam shown in Fig. P.5.15 with compression P and elastic
media q.

5.16. Find the response of deflection and moment at A and moment and shear at B shown in Fig.
P.5.16 using Bernoulli-Euler theory. Let A = 1.871 in2, E= 30,000 ksi, 7 = 200 in4, L= 150
in, and m = 0.2 Ib sec2/in2, 7^(0 = 3000 (1 -f/0.1) Ib/in. Consider the first three modes,
four modes, and five modes. Make statics checks.

F(x, t)

* i r

FIG. P.5.16

5.17. Analyze the beam given in Problem 5.16 with Timoshenko theory. Let G=1.12xl07

Ib/in2, K = 0.833, other data are the same as given in that problem. Consider the first three
modes.

ADDITIONAL PROBLEMS

5.18. Find the first three circular frequencies of the truss shown in Fig. 5.6 with the following
member properties:

Members 1 and 3—El =752.205 MN m2, L = 6.096 m, EA = 366.978 MN, m= 13.857 Pa
sec2.

Member 2—£7=413.729 MN m2, L = 4.572 m, £,4 = 300.254 MN, m=\ 1.338 Pa sec2.
Member 4—£7= 196.213 MN m2, L = 7.620 m, EA =233.531 MN, w = 8.818 Pa sec2.

5.19. Find the first five frequencies of the truss shown in Fig. P.5.19 with various slenderness
ratios of 20, 60, and 100 of each member for the following cases. (A) a = /? = 45° for three
groups of analysis considering (1) longitudinal dynamic stiffness, (2) longitudinal and
flexural dynamic stiffness, and (3) static longitudinal stiffness and dynamic flexural
stiffness. (B) Same as (A) except a = 30° and /?=60°. Let the member properties be
the same for all the analyses: A = 0.023226 m2, E = 206.84x 106 kN/m2, y = 76.973 kN/m3 ,
m = 0.182426 kN sec2/m2, and 7 = 0.10144 (10~3) m4. Let the length of members be the
same, and change the length according to the value of LIR.
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Fig. P.5.19

5.20. Find the first three frequencies and mode shapes of the plane grid system shown in Fig.
P. 5.20 considering: (A) coupling effect of flexural and torsional vibration by using dynamic
bending and torsional stiffness; and (B) flexural vibration only. Assume that the cross
sections of all the members are identical as /v = 36 in4 (1.49843 x 10 ~5 m4), Iy = 4 in4

(1.6649257xlO~6 m4), Ip = Ix + Iy, y = 490 lb/ft3 (7849 kg/m3), and A = \2 in2

(7.742xlO~3 m2); let L,=25 ft (7.620 m), L2=10 ft (3.048 m), L3=15 ft (4.572 m),
L4 = 20 ft (6.096 m), £=30,000 ksi (206.895xl06 kN/m2), and G= 12,000 ksi (82.740
kN/m2).

(a)

QD

(b)

(down)

(c)

2»

(d)

1M4 4M4

FIG. P.5.20 (a) Plane grid, (b) External action, (c) Internal resistance for bending and
torsion, (d) Internal resistance for bending only.





Chapter 6 Problems

SECTIONS 6.2 AND 6.3

6.1. Find the natural frequencies of the double pendulum shown in Fig. P.6.1 using Lagrange's
equation for small amplitudes of motion.

6.2.

FIG. P.6.1

Using Lagrange's equation, find the motion equation of the damped-spring-mass system
shown in Fig. P.6.2

•*sr
———^r-

FIG. P.6.2
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6.3. Using the consistent mass method, find the natural frequencies and normal modes of the
truss shown in Fig. P.6.3 by considering (A) inertia force in both longitudinal and
transverse direction [use MVY1 in Eq. (6.63)]; (B) inertia force in longitudinal direction
only. Member properties are A i = 2 in2, A2 = 2 in2, A3 = 3 in2, E = 29,000 ksi, and y = 490
lb/ft3. Assume a superimposed mass, Mt =M2 = (1.0402) Ib sec2/in, acting in jc, and
x2 directions, respectively, for both cases.

£f^^ -^^^ S-*^*

FIG. P.6.3

6.4. Formulate the structural stiffness matrix and mass matrix of the rigid frame shown in Fig.
P.6.4 using (A) the lumped mass method and (B) the consistent mass method. Assume all
the members have the same EL Use the global d.o.f. given in the figure.

Fig. P.6.4

6.5. Rework Problem 6.4. Let members BE and CD be infinitely rigid; other structural proper-
ties are not changed. Note that the rotational d.o.f. should not be considered in this prob-
lem.

6.6. Find the natural frequencies and normal modes of the virendeel truss shown in Fig. P.6.6.
Let 7=1728 in4 and £=29,000 ksi. Use the global d.o.f. diagram shown in the
accompanying figure and the lumped mass method for the superimposed weight W= 1 5
k/ft .

WJ 1
21

I

21

I I
21

1.51

21

I I
21

1.51 I

21
3@18' = 54'-0"

•Of
10 11

Fig. P.6.6
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6.7. Find the natural frequencies and normal modes of the tower shown in Fig. P.6.7. Let
/= 1728 in4 and £=29,000 ksi. The superimposed weight, W, is 1.2 k/ft. Use the lumped
mass method.

26'-0"

FIG. P.6.7

Formulate the structural stiffness matrix and mass matrix of the structure shown in Fig.
P.6.8. Members AB and BC are beam elements without axial deformation; members
AE, BE, and CE are truss elements. Use the global d.o.f. given in the accompanying figure.
Structural ^properties are: /,=/2 = 5832 in4, £, =E2 = 29,000 ksi, Al=A2 = 2l6 in2,
^3 = 24 in , E3 = Ei/4, A4 = A5 = 2 in2, and E4 = E5 = 3El/4. The given weight, W\
and W2, includes structural mass and superimposed mass. Use the lumped mass technique.

12'-0"

FIG. P.6.8

Using the consistent mass method and modal matrix technique, find the displacements and
internal forces of the beam shown in Fig. P.6.9. Check the equilibrium conditions by con-
sidering the internal forces due to deformation, inertia force, and external load including
fixed-end forces. The beam is divided into two segments as shown in the accompanying
figure. Let £=30,000 ksi, /= 13,824 in4, m = 0.0304 k sec2/ft2 and F(x t)=\44 (l-t/Cl
k/ft, C = 0.038 sec.

F(x, t)

24'-0" 12'-0- U'-O"

FIG. P.6.9.

.10. Rework Problem 6.9 using the lumped mass model. The lumped mass is 0.27026 k sec2/ft at
node B.
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6.11.

CHAPTER 6 PROBLEMS

Find the nodal displacements and internal forces of the beam shown in Fig. P.6.11 based on
steady-state vibration analysis. Use both the consistent mass method and the dynamic
stiffness method and compare the results from these two methods. Let A = 0 1858 m2 (288
in ),/ = 5.7539(10 -3) m4 (13,824 in4), y = 7849.045 kg/m3 (490 lb/ft3), W= 222.41 (104) N
(500 k), <a= 150 rad/sec, and £=20,684.47 kN/cm2 (30,000 k).

<-
u —

Wcosut

El 4)

L

El I
\

L ,|

FIG. P.6.11

6.12. Using the lumped mass method and modal matrix technique, find the displacements and
internal forces at t = 0.0419 sec at which time maximum displacement occurs (cos a>t=\)
Let L=12 ft, 7=13,824 in4, £=30,000 ksi, y = 490 lb/ft3, ,4=288 in2, ^=500 k/fi,
and ra = 150 rad/sec. Assume that the lumped mass has two components: mass associated
with rotational inertia, M, = 0.54053 k sec2; mass associated with transverse inertia,
M2 = 0.27025 k sec2/ft. Check the equilibrium conditions of internal forces due to
deformation, inertia force, and applied load including fixed-end forces (see Fig. P.6.12).

fe

Wcosott —•>

FIG. P.6.12

B'l

6.13. (A) Using Eq. (2.45) and the consistent mass method, find the displacement and
accelerations, at f = 0.1 sec, of the structure shown in Fig. P.6.13. Use the given global
d.o.f. diagram and consider structural mass only for the modal matrix formulation.
Let all three members be identical for which m = 6.88 (10~5) Ib sec2/in2, 7=6.886 (10~5)
in4, 7i = 30xl06 psi, and L = 9.5 in. Note that the structural properties are the same
as given for Fig. 6.13. The external load is F(x,f)=W f ( t ) , where W =1.667 Ib/in,
/(0=1 -f/C, C = 0.3 sec. (B) Find eigenvalues and eigenvectors with consideration of
structural mass and of superimposed mass due to the applied load.

Wf(t)

If-

FIG. P.6.13
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SECTION 6.5
6.14. Formulate the structural stiffness matrix [K\ of the plane stress problem shown in Fig.

P.6.14 using the generalized coordinate approach and the given global d.o.f. diagram.
Let £=30 (106) psi, /j. = 1 /4, and t = 0.l in. Assume a uniform load;? = 100 Ib/in is applied
along the edge BD; find the displacements of the structure and stresses of element 1. Lump
half of the static load acting along d.o.f. 1 and 3, respectively.

2'-0"

FIG. P.6.14

6.15. Use the generalized coordinates and formulate [K\ of the structure shown in Fig. P.6.15.
Elements 1 and 2 are triangular plane stress plates; elements 3, 4, and 5 are truss members.
Let n= 1/4, t =0.2 in, E=30xl06psi, and A3 = A4 = A5 = 2 in2. Find the mass matrix by
assuming one-third of the triangle's mass and one-half of the bar's mass lumped at
the node; the mass density is p.

2'-0"

FIG. P.6.15

6.16. Use the generalized coordinates and formulate [K\ and [M] for longitudinal vibration of the
nonuniform bars shown in Fig. P.6.16. Let £=30,000 ksi and 7 = 490 lb/ft3.

A=9in!. A=9in!. 1 I——u, 2 I—Uj 3

S'-O" 1 5'-0" I S'-O"

FIG. P.6.16
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6.17. Use the isoparametric quadrilateral element to find the stiffness matrix of the structure
shown (see Fig. P.6.17). Let E = 30 (106) psi, /.i = 0.25, and t = 0.1 in. (A) Find the principal
stress in these two elements by lumping the static load at d.o.f. 1 and 3; (B) find the
mass matrix of element 1; and (C) find the load matrix due to body force b(x,y) = w for
element 1.

FIG. P.6.17

6.18. Find the stiffness coefficient kl4, mass coefficient M14, and the generalized force P41 of the
quadrilateral element shown in Fig. P.6.18. Let the plate thickness be t, Poisson's ratio p,
and body force w.

(8,8)

(2,6),

(6,4)

FIG. P.6.18

SECTIONS 6.6 AND 6.7
6.19. Find the structural stiffness matrix, [K\, geometric matrix, [K&], and lumped mass matrix,

[A/], of the truss shown in Fig. P.6.19. Let ,4, = 1.44 in2, A2 = 2 in2, ^3=1.8 in2, A4 = 2
in , £=30,000 ksi, and 7 = 490 lb/ft3. Use the given global d.o.f. diagram and form
the geometric matrix in terms of P based on the internal forces from the first-order analysis.

FIG. P.6.19
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6.20. Using the string stiffness matrix, formulate [Kg\ of the beam shown in Fig. P.6.20. Establish
the motion equation of the system.

J:————,————L————,

EI ^M

Center Hinge

FIG. P.6.20

6.21. Using the string stiffness matrix, formulate [Kg\ of the structure shown in Fig. P.6.21 of
which the member properties are IAB = IBC = IDli = It:F=402Q in4, /C£) = 6740 in4,
I BE = 9030 in4, £ = 29,000 ksi, and P = 2248 k. The mass on CD and BE is due to the
load 1.2 k/ft. Establish the motion equation of the structure.

F2(t)

FIG. P.6.21

SUPPLEMENTARY PROBLEMS

6.22. Derive the Lagrange's interpolation formula in Eq. (6.99) with detailed interpretation.
6.23. Find the internal stresses of the following beam subjected to a uniform load using (A)

conventional matrix formulation and (B) finite element technique. Show that the finite
element solution must include the fixed-end moment (also called initial stress) for the cor-
rect solution. Otherwise, lump the uniform load at the nodal points (see Fig. P.6.23).

\ J4 i
V

L

w=1.0Wft
1 t *

EI

8'

* t t

—— L

\ \
EI

4'

C/

_J

FIG. P.6.23

6.24. Derive m// in Eq. (6.13) using Lagrange's equation.
6.25. Considering the P-A effect, derive the Lagrange's equation in Eq. (6.135).
6.26. Considering the P-A effect, derive the motion equation in Eq. (6.136).





Chapter 7 Problems

SECTION 7.2
7.1. An earthquake occurred, felt by most people living in the vicinity. Many were frightened.

Some heavy furniture moved; some dishes and windows broke. Only a few instances
of fallen plaster in structures were reported afterwards, and no other damage was observed.
What is the intensity of this earthquake using the Modified Mercalli scale?

7.2. A station located in a city has a seismometer which traced an earthquake. It showed that
the maximum amplitude on the seismograph was 10 mm, and the time between the arrival
of P- and S-waves was 8 sec. Determine the Richter magnitude of the earthquake and
estimate the distance between the epicenter and station.

SECTION 7.3
7.3. Assume that over an interval of time h, acceleration of the system is a constant, i.e. x = xn

as shown in Fig. P.7.3. Derive the numerical integration formulas for xn+\, xn+\, andxn+\.

nh
h h

FIG. P.7.3
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7.4. Assume that the velocity and displacement expressions of a system are

xn+\ = aixn + a2 xn + RI ; Xn+i = b\xn + b2xn + b]'xn + R2

where R\ and R2 are the error terms. Use expressions of the general numerical integration
method to find the integration formulas for xn+\, xn+\, and xn+\. Compare the results
with those in Problem 7.3.

7.5. Using the Newmark method with a =1/6 and < 5 = l / 2 , find the structural response at
f = 0.01 sec in Example 7.3.3.

SECTION 7.4

7.6. A structure modeled as a single d.o.f. system has a natural period T=Q.5 sec. Use the
Newmark elastic design spectra to determine maximum acceleration S,d, maximum relative
displacement Sa, and maximum velocity Sv for the earthquake with a peak ground accel-
eration equal to 0.2g. Assume 5% of the critical damping.

7.7. Draw the Newmark inelastic design spectra for damping ratio of 5%. Also calculate S&, Sv,
and Sa from the inelastic spectra for a single d.o.f. system with T=0.5 sec. Assume the
design ductility is 4.

7.8. Use UBC normalized design spectra to find the maximum acceleration 5a of a structure
with period T= 1.0 sec. The structure is located in an area with medium clay soil, and
is designed to resist an earthquake with effective peak ground acceleration of 0.2g.

SECTION 7.5

7.9. A seismometer shows that earthquake acceleration records at a certain time instant t are
«E-w(0 = 6 ft/sec2 and «N_s(t) = 3 ft/sec2. The earthquake has wave velocity of 10,000
ft/sec. Find the ground rotational velocity at time t.

SECTION 7.6

7.10. Using SRSS modal combination method, find the structural response for the three-story
building shown in Fig. P.7.10. Structural mass matrix and normal modes are

'0.07399 0 0
0 0.07301 0
0 0 0.07138

ks2/hi;
' 0.2571 0.94263 1
0.67747 1 -0.7314

1 -0.94372 0.24080

Velocity response spectral values corresponding to the three modes are Sv(pi) = 2 ft/sec; Sv
(p2) = 1.15 ft/sec; and Sv (p^) = 0.6 ft/sec. Three fundamental frequencies are/>i =7.3068;
^2 = 23.6255; and p3 = 44.4920 in rad/sec.



CHAPTER 7 PROBLEMS
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FIG. P.7.10

SECTION 7.7
7.11. Find the worst-case response of d.o.f. D\ in the one-story shear building in Example 7.6.2,

and find the corresponding critical seismic input angle for D\ by the CQC method. Use Eqs.
(7.226) and (7.227) to determine the worst-case response and critical seismic input angle.

ADDITIONAL PROBLEMS
7.12. A cantilever beam shown in Fig. P.7.11 is subjected to a concentrated load for which the

relationship of stress and strain is given in the accompanying figure. Determine the
ductility based on the moment curvature.

stress(tension)

.J.. b J

o

e, ey

compression j i /A I strain
ey ta tension

n
stress(compression)

FIG. P.7.12

7.13. The following data are part of earthquake records:

t
0.02
0.04

WE w

-2.103
-2.001

MN s

-0.914
-0.801

Mv

-0.848
-0.619

WE w

6.631
3.507

UN s

6.113
5.105

iiv
7.069
15.72

in which the units of velocity and acceleration are cm/sec and cm/sec2, respectively. The
wave velocity of the earthquake is 1000 cm/sec. Determine rotational deformations,
velocities and accelerations at 0.04 sec.
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7.14. Based on the data in Problem 7.10, find the structural response using the CQC modal
combination method. Assume the damping ratio is 0.07.

7.15. Prove a/^o,/ in Eq. (7.209).



Chapter 8 Problems

.1. Find [Cj] of joint a for the structure shown in Fig. P.8.1 using Method 1 and Method 2.
GCS, JCS and structural dimensions are as shown.

8.2. Find [Cj] of joints a and b of the structure shown in Fig. P.8.2 by using Method 1 and
Method 2 based on the given information of the GCS and JCS.

745
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FIG. P.8.2

.3. Find the transformation matrices [Cj] and [7"ms] of joints 8 and 12 for the structure shown in
Fig. P.8.3. The JCS of master joint (15) at the first floor is parallel to the GCS. On the top
floor, axes of JCS of the master joint (16) are defined as follows: Xj axis is parallel to
Xg; Yj axis is parallel to the roof and has a 15° angle to the Ys-Xg plane. Coordinates
(GCS) of points 8, 12, 15 and 16 are />8(0,20,18), P12(0,20,32), P15(-15,8,18), and
PI6(- 15,10,34).

FIG. P.8.3

.4. Rework Problem 8.6.1 assuming that JCS of joint 6 (see Fig. 8.9) is not parallel to the GCS,
but that the Aj axis is parallel to the axis of bracing shown in Fig. P.8.4.
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3.5.

1.6.

FIG. P.8.4

Find the individual matrices of [Af, [A2]T [A3f [A4]T and [A5]T directly on the basis of
physical interpretation. These matrices are used to find [K*] = [A] [K&] [A]T in Eq (8 84)
where [A]T = [[A5] [A4] [A3] [A2] [^,]]T.
In Fig. P.8.6 a shear wall is connected to joints 9, 2, 102, and 109. The wall's dimension and
material properties are the same as those of the wall in Example 8.7.1. Let L= 1,000 mm,
h = 500 mm, and mass center (MC) of nodes 11 and 111 be the centroid of its individual
slab. Determine the wall's stiffness in GCS using Method 1.

\——*
FIG. P.8.6

8.7.
8.8.

8.9.
8.10.
8.11.

Rework Problem 8.6 using Method 2.
Find the stiffness matrix in the GCS of the beam connecting at nodes 101 and 1 10 of Fig.
P.8.6 using Method 1. The beam's cross section and material properties are given in
Example 8.6.1.
Rework Problem 8.8 using Method 2.
Rework Example 8.6.1 using Method 2.
Rework Example 8.8.1 using Method 2.
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8.12. Determine the stiffness matrix in GCS of bracing member ab shown in Fig. P.8.12 using
Method 1. Let the slave and master joints be at the same joint identified as A and a,
respectively, on the lower floor. Let the master and slave joints on the upper floor be
at different joints designated as B and b, respectively. Member cross section and material
properties are the same as those given in Example 8.8.1.

M

FIG. P.8.12

.13. Rework Problem 8.12 using Method 2.

.14. For the structure shown in Fig. P.8.14a, find the system stiffness in GCS using Method 1.
The columns (members 1,2,3) are identical, having ,4 = 12,710 mm2, £=210,000 MPa,
Iz = Iy = 60,000 mm4, Jx = 40,000 mm4, and G= 150,000 MPa. The bracing (member
4) has the same cross-sectional area and modulus of elasticity as those of the columns.
Use the global d.o.f. given in Fig. P.8.14b for which d.o.f. 1-12 are assigned first (i.e.
starting from 1) for convenience of matrix condensation; d.o.f. 13-18 remain for analysis
as a six-d.o.f. system.

Master Joii

FIG. P.8.14
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8.15. Rework Problem 8.14 using Method 2.
8.16. Find the global d.o.f. of the two-story building shown in Fig. P.8.16 using the FFA method.

Formulate the global stiffness matrix of beam-column 1 and beam b\ of the first floor and
beam-column 1 of the second floor.

Second Floor

First Floor

.17. Find the structural stiffness matrix of the building structure shown in Fig. P.8.17a. Mem-
bers have the same box-shape cross section with the following properties: A = 20 in2,
7^ = 500 in4, /z = 500 in4, JX=IQ in4, £=30,000 ksi, and G=13,000 ksi. Global d.o.f.
are given in Fig. P.8.17b where MC is the middle of the floor.

Slab

10

(a) (b)

FIG. P.8.17
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3.18. Assume that the structure given in Problem 8.17 is subjected to the loading shown in Fig.
P.8.18 where the fixed-end forces of beam AB are given. Find the loading matrix.

5k

15k

10k

MA=2422.8 k-in . — — . — — . ^ B - .

_—T r ^

45k

Beam

Fixed-end Forces

45k

FIG. P.8.18

8.19. Using the forces of 5 k, 5 k, and 60 k applied at nodes A, B, and C, respectively, as well as
the fixed-end shears at A and B shown in Fig. P.8.18, find the geometric matrix [Ks]. (Note:
after combining the beam's fixed-end shears with the applied forces given, P\ = 50 k,
P2 = 60 k, and P3 = 50 k.)

8.20. Using the solution of[K\, {R}, and [KG] from Problems 8.17, 8.18, and 8.19, find the struc-
tural displacements.

8.21. The structure in Problem 8.17 has five lumped masses as shown in Fig. P.8.21. Mass m4 is at
node 4, which is assumed to be the mass center of the floor. Masses 1,2,3, and 5 are due to
machinery weight at the given points. The masses are m\ =w3 = 0.018 k sec2/in,
m2 = m4 = 0.015 k sec2/in, ws = 0.1 k sec2/in. Using Eq. (8.179), find the natural fre-
quencies and normal modes.

m, -4-

(0,0)

m,(-7.5',-l(X) m, (7.5',-10)
i 15' I

15'

FIG. P.8.21
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.22. The 10-story shear building shown in Fig. P.8.22 has three d.o.f. at the mass center (MC) of
each floor. All the columns have a rectangular cross section of 6 x 6 in. Let E = 4.32( 10)6 ksf
and G= 1.66(10)6 ksf. The mass per square foot on each floor is 10 k sec2 ft. MC is at
Jfc=10.833 ft and Yc= 14.167 ft as shown in the figure. Consequently, the mass matrix
for each story is obtained as

'259,374.98

symm

0
2250

0
0

2250

(A) Find the ground main and intermediate principal components shown in Fig. 8.22 for 18
May, 1940 El Centro earthquake. (B) Obtain the response spectral values by applying main
and intermediate components in structural reference axes X\ and X2, respectively. (C)
Apply the main and intermediate components in X\ and X2, respectively; then find seismic
critical input angle Ocr. (D) Apply the main and intermediate components in x and y axes,
respectively; then find the response using critical input angle Ocr obtained in (D) (one
response analysis for each 0cr), and compare the result with that when the components
are applied in the X\ and X2 axes (i.e. Ocr = 0).

• MC

w -*

Intermediate

Main Component

FIG. P.8.22
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SECTIONS 9.2-9.4

9.1. Using the incremental linear acceleration method with unbalanced force technique, find the
dynamic response of the following shear building from t = 0-0.95 sec with A; = 0.05 sec
The elasto-plastic hysteresis model is assumed for all members. Assume £7, =3 kN
m , EI2 = 5 kN m , 1 = 6 m, h ,=3 m, h2 = 5 m, F(t) = 90 sm(nt) N, M = 35 N sec2/m,
and ultimate moment capacity Mp = 23 N m. (See Fig. P.9.1.)

El, El.

F(t)

FIG. P.9.1

9.2. Rework Problem 9.1 by using bilinear hystersis model for all members with p = 0.05.

753
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SECTION 9.5
9.3. If a bilinear curve is used in the curvilinear model (Fig. 9.23), compare stiffness coefficients

of the curvilinear model with those of the bilinear model for inelastic systems; if there is any
difference, explain why.

9.4. Find the stiffness matrix of the curvilinear beam shown in Fig. 9.22. The moment-plastic
angle relationship of the beam is shown in Fig. P.9.4. Assume 5,-= 0.05, 5} = 0.03, El =5
kN m2, L = 4 m, and a = 4EI/L = 5 kN m.

MP

2.5

2.0

1.5

1.0

FIG. P.9.4

SECTION 9.6

9.5. Find the stiffness matrix of a Ramberg-Osgood beam with a = 1, r = 20, and Mp = 23 N m.
Assume M,- = 15 N m in the skeleton curve and Mj = 22 N m at the reversal point, ready to
unload to the branch curve.

SECTION 9.7
9.6. The following structure (Fig. P.9.6) is subjected to a vertical load, P, and a horizontal

force, F, at C. Find the buckling load, PCT, of the structure. Find the horizontal displace-
ment of the structure at joint C corresponding to F= 10 N: (A) without consideration
of geometric stiffness and large deflection; (B) with consideration of geometric stiffness
(with P = Pcr/2), but without large deflection; and (C) with consideration of geometric
stiffness (with P = Pcr/2) and large deflection. Assume that £ = 3 m, El =3 kN m2,
and that member geometric stiffness formulation is based on stringer model (see Fig. 9.35).
Material nonlinearity is not considered. Note: for case (C), large deflection formulation is
based on previous deflection when F = 5N.

F=10N

El

El

(a) (b) (c)

FIG. P.9.6 (a) Structure, (b) External actions, (c) Internal resistance.
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9.7. Change the general expression of Ramberg-Osgood's stress-strain relationship to the
following parabolic relationship:

Derive the moment-stress equation of a rectangular beam with width b and depth h.

SECTION 9.8
9.8. Using the reduced plastic moment equation [Eq. (9.158)], calculate the reduced plastic

moment of the frame shown in Fig. P.9.8. Then use the incremental linear acceleration
method with unbalanced force technique to find the dynamic response of the structure
from £ = 0-1.4 sec. Assume an elasto-plastic hysteresis model for all members, and that
£7 = 2.86967168 kN m2, M = 35.023622 N sec2/m, h = 3.048 m, £ = 6.096 m, F(t) = 88.96
sm(nt) N, A? = 0.1 sec, Mp = 22. 59584 N m, and P/Py = OA.

P = 0.4P.

-n-HH-
EI

El

F^

* *

EI

i

FIG. P.9.8

SECTION 9.9
9.9. Using the consistent mass method, find displacements, accelerations, and internal forces at

t = 0.05 sec of the structure shown in Fig. P. 9.1 by the incremental linear acceleration
method.





Chapter 10 Problems

10.1. Determine the design-forces, based on UBC-94, UBC-97 and IBC-2000, for a three-story
symmetric steel office building shown in Fig. P. 10.1. The building, located in St Louis,
MO, has an ordinary moment-resisting frame. Soil type is determined as S3 (UBC-94),
Sc (UBC-97), and site class B (IBC-2000). The dead load at each story is 609.4 k, 590.9
k, and 217.2 k at levels 1, 2, 3, respectively. Use the importance factor /= 1.0.

10.2. For the building in Problem 10.1, find accidental torsion and torsional shear distribution.
Assume that moments of inertia for each column are Ix = 249.3 in4 and 7^ = 66.8 in4.
Let £ = 29000 ksi. Use the formulas presented in Eqs. (10.79)-(10.82) of Method A
and analyze the individual bent as a planar frame.

10.3. Based on lateral force distribution obtained from Problem 10.1 and illustrated in Fig.
P. 10.3, displacements at each floor level are shown as follows by using analysis of the
rigid frame. <5, =3422.392/£7;e; <52 = 5637.492/£/x; <53 = 6682.332/£1/,. Find period T
based on the rational analysis of Rayleigh's equation [see Eq. (10.26)] for UBC-94,
UBC-97, and IBC-2000.

10.4. Determine the design forces, based on UBC-94, UBC-97 and IBC-2000, for a nine-story
ductile moment-resisting steel frame office building located in Los Angeles, CA, with con-
sideration of soil profile type 2 (UBC-94,) SB (UBC-97), and site class B (IBC-2000). Build-
ing height is 135 ft; the plan area is 100 by 170 ft as shown in Fig. P. 10.4. Total dead load is
120 lb/ft2 at each floor. Plot the story force distribution of the building. Use the importance
factor 7=1.0.

10.5. The moment diagram of a structural frame is shown in Fig. P.10.5. Using force distribution
from Problem P. 10.1, determine the shear effects due to torsion and lateral force at each
floor. Shear due to accidental torsion was presented in Problem 10.2.
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20' i 20' , 20' , 20' , 20' , 20'

30' 30' 30'

Level 3

Level 2

Level 1

FIG. P.10.1 (a) Plan view, (b) Side view.

F,=5.933k

F,=3.496k

Level 3

Level 2

Level 1

FIG. P.10.3
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100 ft 100 ft

— V

(a) (b)

FIG. P.10.4 (a) Elevation, (b) Floor plan.

6.693
6.693

36.054 39.983'

FIG. P.10.5

10.6.

10.7.

For the shear combination of accidental torsional moment and lateral force obtained from
Problem 10.5, displacements at each level are 5\ = 3635.041 /EIX; 62 = 5987.401 IEIX;
<53 = 7096.814/.E14 for which £4 = 50206.25 k/ft2. Check allowable drift and P-A effect
for UBC-94, UBC-97 and IBC-2000.
A rigid floor plan in Fig. P. 10.7 is subjected to a lateral force applied at the mass center of
the floor. Column properties in the X direction are EIX, EIX, 2EIX, 2EIX and 3EIX for
columns 1, 2, 3, 4 and 5. Column properties in the Y direction are EIy for all columns.
Find the shear force of the column 3 due to plane irregularities. All columns have a length
of L, and EIy = 0.5 EIX.
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[J-

240" 120

2

-5]

F=100k

RC

MC * T

180" ,1 3

B- -G]

X

360 "

FIG. P.10.7

For the four-story shear building shown in Fig. P. 10.8 with the masses, material properties,
natural frequencies (periods), and response spectral values given below, find M/M (for
each mode) as well as displacements, member forces, and inertia forces. E=3.6(\0)3 ksi;
7 = 9677.7 in4, (a) Natural frequency and period: pt =8.6933 rad/sec;/72 = 25.78 rad/sec;
^3=40.599 rad/sec; ^4 = 50.469 rad/sec; T, =0.723 sec; r2 = 0.244 sec; 7^ = 0.154 sec;
r4 = 0.124 sec. (b) Eigenvectors:

0.462 1 1 -0.536
0.723 0.748 -0.617 1
0.909 -0.189 -0.832 -0.973

1 -0.953 0.843 0.470

(c) Response spectrum values: Sd(p{)=l.l9 in; 5d(^2) = 0.155 in; Sd(p3) = 0.0622 in;
Sd(/?4) = 0.039 in; Sa(p})= \.\9Pl

2;

0.252 k-sec2/in

0.288 k-sec2/in

0.288 k-sec2/in

0.29 k-sec2/in

®

FIG. P.10.8
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10.9. A two-story building with plane irregularities is shown in Fig. P.10.9. The column
cross-section is 15x 15 in. The story height is 12 ft. Diaphragms are rigid in their planes.
Using Method B in this chapter's Section 10.8, determine the eccentricities between mass
and rigidity centers. The floor supports a uniform load. Let £ = 29,000 ksi.

©-T"

-J- B

240"

?O
column

C 3 - - •-£ Q ——

a——Q
360"

FIG. P.10.9

10.10. A two-story moment-resisting steel frame building is shown in Fig. P.lO.lOa. This
structure, located in seismic zone 4 at Oakland, CA, is a storage facility for explosive
chemicals. Use dynamic lateral-force analysis procedure (UBC-94 and UBC-97) and
the given average spectra recorded at the site (see Fig. P. 10.1 Ob) to determine:

1. Significant modes for inclusion according to UBC.
2. Base shear and required scaling factor.
3. Distribution of lateral force at each floor.
4. Design displacement and drift.

Structural properties are k:= k2 = k = 2260k /ft, and WV=W2= W = 450 k. For UBC-94,
the soil profile is type S3. For UBC-97, the soil profile is Sc and the seismic source is 20 km
from this building.

W,

W,

16'

0.8

Damping = 0.05

Soft, Oakland

0.0 1.0 2.0
Period, sec

3.0

FIG. P.lO.lOa FIG. P.lO.lOb
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10.11. A three-story moment-resisting steel frame building is located in Oakland, CA. This struc-
ture (see Fig. P. 10.1 la) has an importance factor of/= 1.0. Evaluation of the building site
shows dense soil depth to be about 250 ft with soil shear-wave velocity Vs= 1500 ft/sec.
The closest known seismic fault is 20 km away. Dimensions are shown in the figure. Struc-
tural properties are: (1) mass coefficients m^=m2 = m3= 1132.2141 (Ib sec2/ft)- (2) natural
frequencies/?, =7.30916,^2 = 23.58844,^3 = 40.04150 (rad/sec); (3) normal mode shapes
{*}, =[0.2555, 0.6752, 1.0]T, (jf}2 = [0.9413, 1.0, -0.9421]T, {X}3 = [-0.4655, 1.0,
-0.6895] . For the site-specific response spectra shown in Fig. P 10 l ib use UBC-94
UBC-97 and IBC 2000 to determine:

1. Significant modes to be used.
2. Base shear by dynamic lateral force procedure.
3. Base shear by static lateral force procedure.
4. Design story shear distribution using site-specific response spectrum.
5. Design displacement and story drift ratios.

m.

22'-0"

FIG. P.lO.lla

0.05 0.1 0.2 2 5
Frequency, cps

FIG. P.lO.llb
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1.1

1.2. r=0.0141 sec.
1.3. /=1.6 cps; T= 0.624 sec.
1.4.

1.5. (a) jc = cos 13. 9 1; x = -13.9 sin 13.9?; (b) x = -13.9 in./sec; f = 0.113 sec; (c) jc = cos
13.9?; x= -13.9 sin 13.9?

1.6. (Ie = I), p= 129.20 rad/sec; (7g = 41), p= 154.94 rad/sec; (7g = 87), p= 163.33; (7g = oo),
p= 175.4 rad/sec

1.7. (7g = 7), /7=157.10 rad/sec; (7g = 47), p = 186.29 rad/sec; (7g = 87), /?= 195.04 rad/sec;
(7g = oo), /> = 206.15 rad/sec.

1.9. 110.20 ksi (due to initial conditions); 10.82 ksi (due to beam weight).
1.10. (a) Uncoupling case (single-d.o.f. system); p (longitudinal) = 1 392 rad/sec; p

(torsional) = 2524 rad/sec, (b) Coupling case (two-d.o.f. system); pi = l45\ rad/sec;
/>2 = 2530 rad/sec.

1.11. (a) At t=0.5 sec, x= 1.023 in; x = -21.14 in/sec. At t=l sec, x= -0.45 in; i = 86.73
in/sec, (b) At t = 0.5 sec, x = 0.01084 in; x= -0.09175 in/ sec. At t= 1 sec, x= 1.68110~6

in; x= -0.01016 in/sec.
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1.12. 0 = 0.00322; p = 0.051%.
1.13. (a) JO + cO + (K+Ka2)0 = 0; (b) j3 = 0.2303; (c) p = 0.0366.
1.14.

1.15.

Me c M Me

1.16. 0.6685; 1.1294; 1.304.
1.17.

F sm tatK-Mw2

1.18. (a) z = A cos pt + B sin pt-———^-; /> = 8.976;
(b) xmax = 15.35 in/sec2. p ~ n

1.19. (a)

(b)

\a>X MXco3 . Xco2

x = -\ —— + ———— sm pt + —-—————r- sm wt + X sm ml
p p(K-M(o2)] F p*l 2

1.20. (a)

C X / C X

(b) y4m = 1 — cos pt; 0 < f < C, y4m = 2 cos p(t - Q - cos /?? - 1 ; C < f < 2(.
^m = 2(1 - cos X) cos X' - 0; ^> 2£.

(c)

mC X / L X
^m = 3 -- + — [sinX^ — 2Q + sinX' - Q - sin pt]; 2C < t < 3£

-4m = -p [- sin ^? + sin p(t - Q + sin X^ - 2Q - sin X' - 3Q]; t <
X

1.21. 35.19 ksi.
1.22. (a) 40.3 k/in; (b) 0.249 ft; (c) 121.0 k.
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1.23.

F
p

sin 2p(

F I sin 2X\ r F ., . . . . . . . . . .x = — I 2 cos pC, — ———— I cos pi, + ——-(1 — cos /X — 2p( sin X) sin pi,
K\ X / ^X

1.24. No frequency causes bending stress greater than ,Fb. Maximum displacements are
Xp = 005 = 0.132 in; xp = Q,I=0.07 in.

1.25. jc = 0.066 in; d = 4.832 ksi.
1.26.

ki ki +k k\k ki wx + —x + ———x + ——x = ——F cos wt — —r sin wt
c M cM Me M

Hint: use x = A cos cot + B sin cot to find the following solution:

<k}k ,\ (k2 k. ,f , u, ,0} cos wt+ ' sin
c^ / \c2 M /________M2c

' 1 1 i 2\2 r/7 7 \ i2

We ~ c ) +[ M ~ W J

1.27.

c M cM Af cM
. X ..

. /7sin cot + —-(k\ + k) cos

\kk{ ki 7~\ \ \ „ , ,—7-—co2 +\—(k + kl)a,-a,
[cM c \ \_M

1.28.

2
3

- = 5.004*; /J = tan'1 — — — = — — — , = 0.558 rad
2 2 2V [1 - (co//?)2]2 + (2pco/pY 1 - (co//?)2 + (2pco//?>

where F=mtaj2 (stroke) = 4.78 k.
1.29. p = 0.333.
1.30. p = 0.095.
1.31.

x s tr /2p 2p2-l . \ 2pl
x = — e"w' I — cos /? * f + ———— smp*t]+t- — \;

til \P P* ) P\
x = e~p('~'l)(A sin p * (t - t\) + (i cos p * (t - t\))\ t > t\

A =-^{e~w''r(l +2p2) cosp* t i -2p* $mp*ti] + ppti -2p2

p * t\

til \ P*

1.32. p = *ffll.
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1.33.

2ka2

1.34.

1.35.

P=I

then ^+^2

1.36. (a) .x = 45.829 sin(pi+1.353); (b) jc = 45.829 cos(>;-0.2176).
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2.1. (a)

k,

FIG. SOL. 2. la

] f j c i l \k,+k2

J 1*2 ) L -*2

-k2 I f x , = 0

(b)

FIG. SOL. 2.1b

" M I o o
M2 0

symm MT,

-A:2 0

symm
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2.2.

(c)

\—m\ 5

-Wr-

FIG. SOL 2.1c

MI
symm

o
M2

x\
X2

X] symm

-k2
+ ks

-k,

K6

x,
X2 =0

M,

M,
k>

M,
'////////////////////s//////////////ssrs/s/

FIG. SOL. 2.2

2.3.

0
MI

symm
X2

XT, symm

-k2 -
= 0

6EI,

symm

-k.,
6Eh

2.4.

2.5.

M 0 0 '
M 0

symm /

x\
X2

0
k\

symm
k2a2 -k\a\

k\a\
= 0

M 0 0
M 0

symm /

x\
X2

X3

'ki+k2 0 0
k-t, + £4 ak3 — bka,

symm a2k3 + b^kt,
= 0
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0.276 . 0.724 .
x\ = ——— sin pit + ——— sin p2t

Pi P2
0.447 0.447

X2 = ——— sin p\t — ——— sin P2t
Pi P2

2.7. pi =30.279 rad/sec; p2= 107.256 rad/sec; /, =4.819 cycle/sec; /2= 17.070 cycle/sec;
r,= 0.207 sec/cycle; T2 = 0.0586 sec/cycle.

First natural mode

X[l) = 0.795^°

Second natural mode

Xf = -0.636JSr|2)

First normal mode

0.795

2.9.

{X]l ~ ' 1.000

Second normal mode

12 - ( -0.636 }

2.8. Case 1:

xi = 0.317 cos pit — 0.317 cos p2t
x2 = 0.399 cos pi t + 0.202 cos p2t
pi = 30.2788 rad/sec; p2 = 107.256 rad/sec

Case 2:

*i = 0.973 cos pi t + 0.027 cos p2t
x2 = 1.244 cos pit- 0.017 cos p2t

Case 3:

xi = 0.209 sin p\ t - 0.059 sin p2t
x2 = 0.263 sin pit + 0.038 sin p2t

Case x (in)

1 X,

X2

1 Xi

X2

3 x,
X2

\ sec

-0.1534
0.3503
0.4333
0.4989

-0.2149
-0.2225

Time
2 sec

-0.4062
-0.130
-0.6123
-0.8026
-0.2050
-0.1711

3 sec

-0.3825
-0.3356
-0.9312
-1.1838
-0.0015

0.1070

4 sec

0.0102
-0.1046
-0.1640
-0.1962

0.1483
0.2968
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2.10. Both solutions are incorrect because

{<D}|[Af] {®}2 7^ 0

{O}J[A/] {®}2 7^ [/]

2.11. p2 = 4.854 rad/sec

[X}l = [l -0.618]

2.12. Same as given in Problem 2.8.
2.13. Same as given in Problem 2.9.
2.14. x\ and x2 are influenced by individual modes:

CHAPTER 2 SOLUTIONS

xi (in)

x2 (in)

t (sec)

First mode, (0)n jc.

Second mode (0)j2 *2

First mode, (0)2I x\
Second mode (4>}22 *2

0.1

0.29652

-0.07068

0.23328
0.08988

0.2

1.06044

-0.19668

0.83448
0.24984

0.3

2.08452

-0.23076

1.6404
0.29316

0.4

3.14544

-0.1050

2.47536
0.13333

2.15. (a) Superposition:

Displacement (ft)

X2

First mode

0.4326
0.3405

First and second mode

0.4128
0.3656

(b) Root-mean-square:

jcj = 0.4330 ft
x2= 0.3414 ft

2.16. (a) Superposition:

Displacement (in)

x\
X2

First mode

13.5049
10.6297

First and second mode

12.8621
11.4477

(b) Root-mean-square:

xi = 13.5202 in
X2 = 10.6611 in

2.17. xst =0.0512 ft; jcs2 = 0.0720 ft; Pf= 107.43 k.
2.22. Hint: use [M]~\K\ {X}=p2{X}; assume \p\ >\p2

2...> \p2
n\. The
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final result is

2.30.

P2r
-t-S-1 F/"1 i

y[GK]
f \ * 1 f2

Therefore p\ is the largest that is the highest frequency.
2.23. /?, = 10.018 rad/sec; /?2 = 34.517 rad/sec; /, = 1.594 cycles/sec; /2 = 5.493 cycles/sec;

TI= 0.627 sec; r2 = 0.182 sec; \X}{ = [0.136 1]; {J^}J = [1 -0.068].
2.29. (a)

'Mi 0
0 M2
0 0

0
0
+ 72

(b)

0

= 31.804 rad/sec;
[1 -0.782 -0.220].

2.31. ^,=0; {X}7= 0.4082 [1 1 1]; p2= 15 rad/sec;
Wj = 0.5774 [-0.5 -0.5 1].

2.32. Same as given in Example 2.6.4.

M2g + hk2 -M2g - hk2 kO

T=[l -0.782 -0.220]; p = 48.79 rad/sec; {̂ }T =

•J = 0.5[l -1 0]; p3 =15 rad/sec;





Chapter 3 Solutions

3.2.

3.3.

k\ + k2 k\d\ - k2d
symm

c2 0 0

c\ -
symm

3.4.
3.5.

,=p 2 = 0.0559.

0.41457 -0.13820]
-0.13820 0.27638 J
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3.8.

3.9.

3.10.

3.11.

0.76601 -0.72288 0.24304
[C]= 1.00905 -0.47984

symm 0.28617

0.2913 -0.11945 -0.01404'
0.27726 -0.13349

symm 0.15781

JC! 7^2=0.1 5385 + 0.76923;
X2/X2 = 1

or = V87T3e'(L3734)

P\ = \P\,i

Pi = \Pi,4\ =

'•I, 2

1

'•3,4

CHAPTER 3 SOLUTIONS

3.12.

0.270; -0.270; -0.707; 0.707; '
0.437; -0.437; 1.144; -1.144;
0.618 0.618 1.0 1.0

1.0 1.0 -0.618 -0.618

;.[/] - [D\\ = ;.4 +i.2/.3 + 3.11;.2 + 0.7;. +1. = o
i

_ [0-618 1 1
~ [ 1.0 -0.618J

PI =
'•1,2

J_

'•3,4

= 0.619 rad/sec

= 1.615 rad/sec

' -0.1134 + 0.3738;"
-0.2093 + 0.5826;

0.6301+0.317;
1-0

'-0.1406+1.6090;"
-0.0530+1.0275;

1.0
.-0.6309 + 0.0881;

T 0.6301 1.0 1
L 1.0 -0.6039J



CHAPTER 3 SOLUTIONS 775

3.16.

/ = -2——2 (sin c[a(a ~ bt) + *(a2 -P2)} + cos c\-P(a ~ bt) + 2apb]

where SD = sin(pt + c), and CD = cos(pt + c).





Chapter 4 Solutions

4.1.

p\ =
PI =

3.51604 El
L2 V m

22.03448 /£/
I m

4.2.

L2

P2/PI = 6.26685
M = 0.2426 mL

Let s = sin 4>',s' = sinh <p',c = cos 0; c' = cosh 0; and <
hinged

SVY( SVY2~\ \cs'-c's s'-s 1 tf El
; J ~ L s'

= L \l(p2m/EI). (A) For both ends

'-s cs' - c's 2s'

(B) For /-end hinged and y'-end restrained

M:

SVY2 SVOl

SVY'"i SVO"2

symm SMO'2-1

777
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4.4.

SVY =1 (c'c- \) (s'c-c's) L3
El

o *• s*f — V C
SVY =2 (c'c-l)(s'c-c's) L3

El

SVO, = s' + s tfEI
s'c - c's L2

—2c'c d> El
SVYl ~ s'c-c's L3

X<;_|_ ?'(• (h2FI

«%=^^

SMf^^L^2 s'c - c's L

L

I
J

xmy(x, i)dx = g(f)^- (-4.0646 + 2.4298 - 34.17697 + 32.541 1) = -3.2707^g(0
L, L,

4.5.

d = 1.57(27i)
c2 =

£7=lb in2; m = lb sec/in2; and L = in.
4.6. The solutions are expressed in terms of member 1:

pi = 13.486

P2= 18.179

= 23.532

<miL\

I Eli
m\L\

Eli

4.7. 02 = 3.24398; p2 = 47.4898 rad/sec. [X6\
4.8. p = 3\ rad/sec;

= [- 0.4536 -0.3156]T.

= 0.1747

Let /.x = Xi=0.l747x, x is from joint A to joint B for member 1; the displacement is
expressed as

YI(X) = -0.5450 sin x} - 4.3727 cos jq - 4.9342 sinh x: + 4.3727 cosh x:

Find the displacements of Y\(x) by substituting the x's at the 10 segments' nodes of the
member from joints A to B. The results are:
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Segments (ft) 1.5 3.0 4.5 6.0 7.5 9.0 10.5 12.0 13.5 15.0

y, -1.149 -1.777 -1.971 -1.824 -1.439 -0.925 -0.402 0.01 0.189 0.0

Using the same procedure yields the mode shapes of members 2 and 3.
4.9. (A)

At x = 0; KI = 0; MI = ̂ - (s - i)/(cs' + sc')

wLr wL
Atx = L; V2 = --— (2ss')/(csr + sc'); M2 = —y- (sc' - s'c)/(s'c + c's)

4.10.
/here </> = \J [(w2m)/EI]L; i

M:

M2

M3

M4

Vi '
V2

V3

V4

——— .

19.316
25.773

-25,773
0

-6.3296
-1.889
17.7987

-13.1202

f t k

*,=2.

k

<*,=2.

4.11. When $\=TI, member 1

Fl} nY(x) = -1463.361 —— sin-*; x is from A to B
El L

member 2

FL3 nY(x) = 1463.361 —— sin-jc; x is from B to C
El L

4.12.

[Xi X2 Jr3]T = [-0.018197 -0.018197 - 2.697368]T

[Mi M2 M3 M4 M5 M6} = [0.8757 0.4207 -0.4207
- 0.4207 0.4207 0.8757]

[V} V2 K3 V4 V5 V6} = [-0.01616 -0.005245 0.002511
0.00251 1 - 0.005245 - 0.01616]

4.13.
4.14.

qi) sin qi = 0.
For the general case of elastic support, k& and kg are linear and rotational springs, res-
pectively; then d/dx(EIY") = ^ks Y, EIX" = ±ke Y' from the first term of the right-hand
side of Eqs. (4.128),

[Ym(EIY'k)'- Y'm(EIYk)}l=ks Yk(L)Ym(L)+ke Y'm(L)Y'm(L) + ks Fk(0)Fm(0) + kg ̂ (0)^

which leads to the conclusion resulting from Eqs. (4.131) and (4.132).
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4.15.

CHAPTER 4 SOLUTIONS

V(x, t) = Q.Q5628/.3lEIAi(t) cos ).\x + 0.002 1897^£TL42(0 cos /.2x

i , x ,Ak(t) = 1 - cos pkt +

cos /.3x
sin »k? t
—— y- - -

^kC C
\Pi P2 Pi] = [53 212 477]
X*, 0 = 0.056280,4 1(0 sin /.lX + 0.002 1897^2(0 sin /.2x - 0.00043^3(0 sin

1500

t ;
3071.0267 3750.7960

FIG. SOL. 4.15

2149.9062

I.Fy = 5250.7960 - 5220.9329 = 29.8631 Ib

4.16. The solutions are based on Fourier series technique:
(a)

nx cos(4« - l)7t/4 „
Dn(x) = cos(4« - I)—-——-—,——-—— cosh(4« - 1) —;

R L+ L
Bn = 2+W^

cosh(4« - \)n/4

-2tanh(4«- 1)^ L

\ (amplication factor) = 1 — cos pnt +

2 cosh2(4« -

sinpnt t
~p2 C

sin(4«-l)- j

(4«-l)7i +2

for / (0= l -^

(b)

(c)

Xx, 0 = -V[m^^L= -Vcos(4« - 1)71/16 - cos(4« - 1)371/16 - COS(" ~.cosh(4«- l)7i/

+[cosh(4« - cosh(4« -

(d)

y(X, 0 = ̂  > !| sm(4« - 1) J - ̂ ^smh(4« - 1W4J g^(g
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1 279450

B

' cy = 14892.4007 |

my = 170340.48 I
18695'8726 216866.093

FIG. SOL. 4.18

1500

R

458.1290 my= 1034.0398 112.1343

FIG. SOL. 4.19

(e)

v . ,„ „ 7t cos(4«-, . ,„ „ . , ,_ , xx, t) = —— > sm(4« - 1)— - —— p- —— f-— -smh(4« - \)n \6' ' v ''r o iAAll tTV* J. f / u / l \J I ,-.16 cosh(4n-l)7i/4 v '' ]p2Bn(4n-\)

4.17. X7-5 ft) = 0.0978 (first mode) + 0.0125 (second mode)+3.212410-4 (third mode) = 0.1106 in

M(7.5 ft) = 2.31 (first mode) + 6.318 (second mode) + 0.4535 (third mode)
= 8.9015 ft k

K(7.5 ft)= -2788.70 (first mode)+ 874.13 (second mode)-609.79 (third mode)
= -2524.36 Ibs

4.18. (A) M2 = -M3= -2998.3523 ft k
(B) (see Fig. Sol. 4.18)

I.Fy = 279,450 +171,124.77 +14,892.4007 -185,695.8726 -216,866.093
= 465, 467.1707-402, 581.9656 = 62,885.205

Note: 62,885.205/465,467.1707 = 0.135 (this error is due to neglecting the modes
higher than the fourth)

4.19. The first five modes yield the following equilibrium check (see Fig. Sol. 4.19):

ZFy = 1604.3031 - 1500 = 104.3031 Ib

Considering the first four modes, we have

ZFy = 1500-895.1914-478.2249-549.1967= -422.6130

Note: the third mode does not affect the response results.
4.20. {P} cos tat and {P}el'°l can be treated as equivalent to undamped vibration and

{x} = (—w 2 [M] + [K])~] {P}. These two functions are not equivalent to damped vibration;
for {P}eimt, {x} = [K((o)r] {P} in which K(<o)] = -<O2[M} + i<o[C\ + [K] is frequency
domain.





Chapter 5 Solutions

5.1.

5.2.

5.3.

5.4.
5.5.

[" SNU: i + SNUU SNU221
[ SNU22 SNUi2 \

{p}= [660.7256 1982.1768 3303.6281 4625.0793 5946.5306]7

{p}= [1545.0594 4051.3851 6660.3155 9288.2305 11922.7282]7

~4 m; NB = -134.39578 kN

symm
(SVY'n+SVY'l3}+SVY{2

+c2(SNUn + SNUn)
s = sin 0\ = sin $3; c = cos 0\ = cos #3; Oj = ^3

783
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5.6. When flexural frequency is not considered, then

m =L J
o

0

Let/)' represent coupling longitudinal and flexural frequencies of (A) andp represent longi-
tudinal frequencies of (B); the numerical results are tabulated as

Mode

1
2
3
4

L/R

P

44151.2
132453.0
220754.0
309058.0

= 20

/

13676.1
40765.5
57816.3
124092.0

L/R

P

14717.1
44151.2
73585.1
103019.0

= 60

P'

1539.10
6123.9
13084.9
15169.4

L/R

P

8830.2
26490.7
44151.1
61811.6

= 100

P'

554.5
2214.4
4962.4
9276.9

5.7. The stiffness of the shaft Kt = (nd4G)/32L. The polar mass moment of inertia of the disk
/ = (yh7iD4)/32g

5.8.
5.9. (A)

_

K\

K33

K24

_symm
^n = c2(SM0n
Kn = sc(SMOn + SMYi3) - sc(STyu

Ki3 = c(SMYn - SMYi3)
K14 = cSM23

K22 = s2(SMOn -i
K23=s(SMYu -

= SVY

c2(STyn + STyu) + SM012

SMYU

+ SVYU;n

KAA = SMOi3

s = sin a; c = cos a

(B) Use

L\
f-r f-r, STyu=——, STyn=

= -SMY23;

L3

in (A); then [K\ is composed of dynamic flexural stiffness and static torsional stiffness.
(C) Let STfu =STy12 = STyI3 = 0 in (A); then [K\ becomes dynamic flexural stiffness
matrix.

5.10. Let/) be the frequency due to bending only, />' be the frequency due to coupling dynamic
torsional and flexural stiffness, andp" due to dynamic flexural and static torsional stiffness;
the solutions are tabulated as:
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Mode

1
2
3

P

54.43
150.24
290.56

Frequency
/

58.11
159.74
293.94

/'

58.11
159.77
293.99

5.11. Let/) be the frequency due to bending only;/)' be the frequency due to coupling bending and
torsion; the solutions are tabulated as:

L/R = \Q

Mode p

1 1877.96
2 3481.55
3 4570.44
4 5083.78
5 6951.60

P'

1844
3203
4371
4742
5146

.76

.54

.91

.41

.66

P'/P

0.98
0.92
0.96
0.93
0.78

P

571.47
870.39
1182.03
1270.95
2227.11

L/R = 2Q L/R = 3Q

P'

565
870
1201
1284
2300

.67

.92

.63

.27

.56

P'/P

0.99
1.00
1.02
1.01
1.03

P

269
386
534
564
1061

L/R = 40 L/R = 50

P

1 156.16
2 217.60
3 304.00
4 317.74
5 617.72

P'

155.
221.
310.
322.
618.

29
12
33
97
22

P'/P

0.99
1.02
1.02
1.02
1.00

P

101.68
139.26
195.97
203.35
403.21

/

101.
141.
200.
206.
403.

21
76
04
82
29

P'/P

0.99
1.02
1.02
1.02
1.00

P

.67

.84

.68

.87

.88

/

267.73
391.64
545.51
573.37
1064.98

P'/P

0.99
1.01
1.02
1.02
1.00

L/R = 60

71.41
96.71
136.
141.
283.

80
22
66

/

71.14
98.54
139.62
143.68
283.65

P'/P

0.99
1.02
1.01
1.02
1.00

5.12. The stiffness coefficients are the same as given in Eq. (5.84) with /,4 = mp2/EI because

5.14. For62rV<l
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WL2b
D2

~-b(a2 + s2)(ft2-s2)(a2 +
aft

(H2-S
2)(a2+H2)(\-c')n]

ft2)(c'-c) (a2+s2)(o2 + f t 2 ) ( \
' <x(l - b2,-2s2)

— c)«'

ft(\ - b2r2s2)

WL2b \b(a2 + s2) (ft2 - s2) (r2 - s2) (1 - cc')
D7 | aft

b(a2 + s2) (ft2 - s2) (2 - 6W + b2s4)nri

(a2+s2)(v2 + P'2)(\-c)ri _ (ft2-s2)(v2+ft2)(\-c')n
) ft(l - b2r2s2)

WL
\ 7 7/rt2 ?\ / ? , o2\ / /^ 7 ? ? ? , ; ? 4\ ? /)K bs (p — s ) (a + p )« (2 — b s r + b s )s nn

(1 - 62r252)2

a(02 - s2) (c' - 1) (c + 1) 2(a2 + s2) (ft2 - s2) (cc' - 1) 0(a_2 + 52) (c' + 1) (c - 1)
a(l - b2i-2s2)

WLr2

222 222

- b2r2s2

»T -fe2(a2 + s2) (a2 + ft2)nc' bs2(ft2 - s2) (a2 + ft2)cn'
v?ft a.ft2

(2 - b2s2r2 + b2s4)nn' v.(ft2 - s2)(c' - l)(c + 1) ft(v2 + s2)(c' + l)(c - 1)

2(a2 - 52) (cc' -
aft(\-b2r2s2)

WLr2

- b2r2s2

in which

D2 =

5.16. Three modes:

MA = 16,074,249.62 in Ib;
MB= -29,154,267.98 in Ib;
VB= -490,048.238 Ib;

Four modes:

MA = 15,938,417.05 in Ib;
71 ,̂8= -29,346,361.65 in Ib;
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VB= -505,135.307 Ib;

5.17.

5.19.

= o
= -351,527.638 Ib

P = F(x,t)L= 169,366.5 Ib
•£Fy=VB-P-F = 15,758.831 Ib

Five modes:

MA = 15,902,849.86 in Ib
MB= -29,296,060.03 in Ib
VB= -500,131.453 Ib

'-if dx

= -343, 480.576 Ib
P = F(x,t)L= 169,366.5 Ib

I.Fy=VB-P-F = 12, 751.62 Ib

YA = 15.7387 in
MA = 15,771,439.5 in Ib
MB = -24, 689, 524.24 in Ib
VB = -374, 006.56 Ib

nn = n n n +sfSNUi2 -scSVY'u + s'c'SVY{2 n -
|_ symm s2SVY[l + s2SVY{2 + c2SNUn + c'2SNU

where s = sin a; c = cosa; / = sin/J; d = cos/J. Letp be the frequencies based on SNU only, p'
be the frequencies based on SVY' and SNU, and/)" be the frequencies based on SVY' and
AE/L (to replace SNU); the solutions are tabulated as:
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5.20.

789

01
3.422349

4.893443

5.665379

Case A

p' Normal modes
(rad/sec) Xm, Xe2, Xsl 0,

45.574 -0.117 3.378601
0.032
1.000

93.196 0.097 4.874966
0.150
1.000

124.890 -0.011 5.609432
-0.350

1.000

Case B

P
(rad/sec)

44.4165

92.4718

122.4356

Normal modes
Xg], Xg2, Xs]

-0.127
0.036
1.000
0.106
0.187
1.000

-0.007
-0.360

1.000





6.1.

Chapter 6 Solution

6.2.

6.3.

6.6.

T = -2 I x2

X2

0 M2

0 c2 x2

(A)^, =5 12.9 rad/sec; ̂ 2 = 694.6 rad/sec; [X}1 =[0.1069 1]T; {X}2 = [1. -0.1057]T. (B)
Pi =557.0 rad/sec; p2 = 743.0 rad/sec; {JT}, =[0.0703 1.0]T; {JT}2 = [1.0 -0.0447]T.
M, =2.5155 k sec2/ft; M2 = M3 = 0.8385 k sec2/ft; p, =40.625 rad/sec; p2 = 45.042
rad/sec; p3 =97.616 rad/sec.

X =
0 1 0.0199
1 -0.0298 1.0
1 0.0298 -1.0

791



792 CHAPTER 6 SOLUTIONS

6.7. MI =0.9689 k sec2/ft; M2 =1.2052 k sec2/ft; M3= 1.4415 k sec2/ft;/?, = 10.148 rad/sec;
^2 = 24.0709 rad/sec; p3 = 42.4281 rad/sec.

1.00 -1.00 0.4851 '
0.8045 0.4698 -1.000
0.4143 0.8595 0.8364

6.8. The motion equation in matrix form is

-o
0

_

.

-

_
M3

M4

M5_

Xl

X2

X3

X4

+

~4EI 2EI 6EI . 1
— \ ,-, 0 0

¥ ¥ ' ° ° °_ _
6EI
L2

0 0

0 0

_ _
24EI A3E34-1 L3 L3

' - L3

0
-^3

IT- 1 *T^> ^ 77-j43_C,3 ioz^4_c,4

L3 225L4

1 0 288^4^4
225L4 ]

xi' 0
jc2 0

• x3 - • 0
x4 0
x5 0

symm

28654.77 -19333.33 0
21421.33 0

symm 3712.00
X4

X5

=0

in which [K\ is obtained by matrix condensation as

" 28654.7689 19333.3333 0
-19333.3333 21421.3333 0

0 0 3712.00

Mass matrix for structural mass is
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16.911663

793

16.911663
6'

130.6681
A

29.031175

12.1 19202k
72.606371

12.119202k I

72.606371r * •* >B f , » f •> *PIH i n w^
130.6681

7-0

5.096X10-4 5.096xlQ-< * 0 29.031175

FIG. SOL. 6.9

16.911663

121.69245

18.018554

87.86985

(t f ^
25.919357 9.0076935

87.86985

' f\
9.0076935

16.911663

121.69245

25.919357

FIG. SOL 6.10

Thus

W)

6.9.

6.10.

6.11.

6.12.

in which W{ and W'2 are superimposed weight.
The maximum response is during the pulse at A = 0.0081 sec. The responses are
[xi x2] = [0 8.7295(10~4)ft] and [M, M2 M3 M4 Vl V2 V3 V4]
[-130.6681 -72.6064 72.6064 130.6681 29.0312 0 0 -29.0312]. Equilib-
rium checks at ^ = 0.0081 sec. (Note: external load, F= 1.44 [1 -(0.008/0.38)] 12 =
16.911663.)

Equilibrium at left segment (AB): EM = 0, ^Fy = 0, equilibrium at node: EM = 0,
£/V = 0. (see Fig. Sol. 6.9).
The maximum response is during the pulse at A = 0.0081 sec and the responses are
[jc, x2] = [0 8.7318(10-4) ft] and [M, M2 M3 M4]= [-121.692 -87.870
87.870 121.692]. Equilibrium checks are: equilibrium at left segment, EA/ = 0; E/7>, = 0;
equilibrium at node: ZAf = 0; 1,Fy = Q. (see Fig. Sol. 6.10).
Results from the consistent mass method are [x\ x2] = [0 0.014752 ft] and
[Mi M2 M3 Mi, V\ V2 K3 K4]= [-1815.27 -1694.03 1694.03 1815.27
310.63 250.01 -250.01 -310.63] (k, ft). Results from the dynamic stiffness method
are [xi x2] = [0 0.01477ft] and [M, M2 M3 M4 V{ V2 V3 V4] =
[-1818.07 -1695.45 1695.45 1818.07 311.23 250.03 -250.03 -311.23] k, ft.

[xi x2] = [4.2464916 x 10~3 - 0.0479739]
[3cj 3c2] = [-17303.815 18021.593]
[M, M2 M3 M4] = [5395.18 13433.5 -4080.24 -118.55]
[M,Jt, M2x2] = [-9353.23 4918.98]
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6.13. (A) Pl = 194.5; p2 = 891.4; p3= 1988.6 rad/sec

X2

0.0582 1.0 -1.000'
0.0582 -1.0 -1.000

1.00 0 -0.546

6.14.

at t = Q.\ sec; [x, x2 x3] = [0.7161 rad -2.1934 rad 0.1166 in]10~3.
(B) Pl = 4.434; p2 = 20.755; ^3 = 83.869 rad/sec

X2 X3] =
0.0630 -0.8633 1
0.0637 1 0.7778

1 -0.0226 -0.0166

[K\ =

22.0 -5.0 2.0 -1.00 '
17.417 1.0 -8.4169

22.0 5.00
_symm 17.417

x 105 (Ib/in)

6.15.

{jc} = [7.70 1.192 7.70 -1.192]10~4 in; [axx ayy ] = [256.6 1027 59.58]psi

6.16.

7.78 0.96
0.96 9

.961

.22j
106 psi

-[[K] =

[M] =

6000 -25001
-2500 6000 \
M 0
0 M

,
; M = 3.3464 Ib sec2/ft

6.17. System Stiffness matrix

[K\ =

28.0 -10.0 -4.0 4.0 '
19.6667 6.0 -10.6667

28.0 0
_symm 19.6667

= 1031.1841b/in2

105 Ib/in

<7min = 63.706 Ib/in2

a = 2.5972°
element 1
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11.205 0 4.546 0 4.2 0 '
11.205 0 4.546 0 4.2

11.205 0 4.2 0
symm 11.205 0 4.2

7.2 0
7.2

element 1

{P} = [ 17.239 17.239 17.239 17.239 14.4 14.4]T element 1

6.18.

ku =
-Eh

4(1 -n)'
= 0; = ~wh

6.19.

[K\ =

[M] =

r 2, 130,666.
~ [ 372, 000

6.20.

7 372,0001
886, 000 J

0.003197 0.0003251
0.000325 0.014657 _ T C

2.3798 0 1

Ib/in

0 2.3798 Ib sec2/ft'

3EI

6.21.

6.23.

2918.014 -3368.1571
-3368.157 5706.583 J
296.865 -296.8651
-296.865 746.465 J

(A) Conventional matrix method: at A, ax = -0.6667>>// (due to S,4Tjc) + (-5.3333j/)//
(due to fixed-end moment). (B) Finite element method: at A, ffx= — 0.6667j// (due to
ff= — Ey d2v/dx2) + ( — 5.3333j)// (due to uniform load considered as initial stress). Con-
clusion: finite element method must include uniform load in calculating final stress; other-
wise lump the uniform load with small segments.





Chapter 7 Solutions

7.1. MM intensity of VI.
7.2. Magnitude is 4.5 and distance is 250 km.
7.3.

xn+i =xn+ hxn + h2'xn/2; xn+i = hxn + xn

xn+l = {Fn+l - Kxn - (hK + C)xn - (Ch + Kh2/2)xn}/M

7.4. When x = t\ R = x3(£)h3/6;
xn+l = xn+hxn+xn h2/2 + x3(£)/z3/6

7.5. x (0.01) =0.5100 in/sec; x (0.01) = 21.311 in/sec2.
7.6. Sd=1.3 in; Sv=16 in/sec; 5*a = 0.56^.
7.7. ^=1.4 in; 5V = 4.75 in/sec; Sa = 0.14 in/sec2.
7.8. (Sa)i = 1.8138; 5'a = (Sa)I (0.2g) = 0.363^
7.9. ^(0 = 0.00015 rad/sec.
7.10. {xf = [0.09138 0.23697 0.34914]T ft.
7.11. jc1 = 0.0478 rad = Z>,
7.12.

7.13.

•; 1 (-50.4 - 432.55) = -0.241 rad/sec,2

2 x 1000

797
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7.13.

7.14.

7.15.

(432.55 + 156.2) = 0.294 rad/sec2

(-156.2 + 50.4) = -0.053 rad/sec2

8.3925 x 10-3
0.0563
0.1220

0.0916)
0.2373 | ft
0.3493

CHAPTER 7 SOLUTIONS



Chapter 8 Solutions

[c,]a=

.3.

0.707 0.707 0
-0.707 0.707 0

0 0 1
[Cj]b=

0.924 0.383 0
-0.383 0.924 0

0 0 1

"1 0 0"
0 1 0
0 0 1
- i o

0 1
0 0
0 0
0 0

.-12 15

; [q],
0 0
0 0
1 0
0 1
0 0
0 0

0
0
0
0
1
0

2 —

0"
0
0
0
0
1_

1 0 0
0 cos(15) -sin(15)
0 sin(15) cos(15)

> [7ms]l2 =

- 1

0
o
o
0

0
1
o
0
0

.-10.18 15

0
0
1
0
0
0

0
0
o
1
0
0

0
0
o
0
1
0
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8.4.

CHAPTER 8 SOLUTIONS

-0.78 0 0 0 6 . 2
0.62 0 -4.963 0

4.894 0 0
529.4 0

661.4

symm

6.2
14.89

0
-1191

496
4169

-0.311
0

-4.482
0

-2.486
-2.486

4.119

0
-0.62

0
4.963

0
-14.89

0
4.963

0.71
0

-1.962
0

5.679
5.680
1.769

0
0.852

0
-1.990

0
106.14

0
-568.2

0
1.990

0
178.21

62
0
0
0

330.7
496

-2.486
0

5.679
0

6.614

-2.486 -
-0.417
-358.6
154.57
-198.9
-338.69

329.5
392.49
141.534
-22.072
-198.9

5.791(10)4.

(10)3

.5. [A\]T, [A2\T, [A if', [A4]T, and [A5]T are obtained directly and are respectively identical to
Eqs. (8.61), (8.69), (8.74), (8.7), and (8.80).

.6. From Example 8.7.1 and Eq. (8.62) we have

'2.648(10)5 0 0
1.104 0

symm 3.18

Thus the stiffness matrix of the element (say no. 37) is

[K31] = ([A5] [A4] [A,] [A2] [A,]) [S,]([As] [A*] [A,] [A2] [Al])T=
K\

K22

in which

" 0 0 0
22.08 5.52

22.576

symm

0
0
0
0

0
0
0
0
0

0
1.10(10)4

2.76(10)3

0
0

5.52(10)6

0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
-5.52
9.224

0
0

-2.8(10)3

0
0

22.576

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0"
0
0
0
0
0
0
0
0
0
0
0

105
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7 —

" 0 0 0 0 0 0
0 -5.52 0 0 0

-11.984 0 0 0
0 0 0

0 0
0

symm

-

[K22] =

" 0 0 0 0
0 0 0

22.576 0
0

symm

0
0
0
0
0
0
0

0
0
0
0
0

0
-22.08
-5.52

0
0

-1.1(10)4

0
0

0 0 0
0 0 0
0 0 5.520
0 0 0
0 0 0
0 0 0

0 0
22.08

0
5.52

-19.816
0
0

2.76(10)3

0
0

-11.984

0
0

9.224
0
0
0
0

-5.52
22.576

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
1.1(10)4

2.76(10)3

0
0

5.52(10)6

0
0

-2.8(10)3

0
0
0

0
0

-2.8(10)3

0
0
0
0

-1.1(10)4

2.76(10)3

0
0

5.52(10)6

105

103

and

' 0 0 0 0
0 0 0

17.332 1386.563
147900

symm

0
0
0
0

24.375

0
0
0
0
0
0

0
0
0
0
0
0
0

0
0
0
0
0
0
0
0

0
0

-17.332
-1386.563

0
0
0
0

17.332

0
0

1386.563
73950

0
0
0
0

-1386.563
147900

0
0
0
0

-24.375
0
0
0
0
0

24.375

0"
0
0
0
0
0
0
0
0
0
0
0
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8.14. The structural system matrix is

803

in which

[K2l] = [Ku?

and the displacement vector has the order of 1-18 as shown in the figure. Submatrices are

'4.783 -7.640 -3822 -4.783 7.639 3822
1225

symm

6116 7.640
3058(10)3 3822

4.790

-12.25
-6116
-7.640

12.26

-6116
-4680
-5.6
-3.5
6530

(10)5

[K,2] = [K2i]
'0
0
0
0
0

_0

0
2.1

1.05(10)3

0
-2.1

0

-2.1
0
0

2.1
0
0

-5.730
9.178

4.584(10)3

5.730
-9.178

-4.584(10)3

0
2.1
0
0

-2.1
1.05(10)3

-2.1
0

1.68(10)3

2.1
0

-1.68(10)3

5.730
-9.178

-4.584(10)3

-5.730
9.178

0

0
2.1

1.05(10)3

0
2.1
0

-2.1
0
0
0
0
0

0 0
0 2.1
0 0
0 0
0 -2.1
0 1.05(10)3

-2.1
0

1.68(10)3

2.1
0

-1.68(10)3_

(10)5

'4.26 0 0
0
84

0
0
0

0.498

symm

0
0
0
0
84

0
0
0
0
0
84

-4.26
0
0

-0.6883
0
0

9.203

0
-42

0
0
0
0
0

168

0
0

42
0
0
0
0
0

168

0
0
0

-4.26
0
0
0
0
0

4.26

0
0
0
0
42
0
0
0
0
0
84

0 "
0
0
0
0
42
0
0
0
0
0
84

(10)6
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3.16. At the first floor, d.o.f. at node 1 are 4, 5, 6; at node 2 they are 7, 8,9; at master joint they are
1, 2, 3. At the second floor, d.o.f. at node 1 are 13,14,15; at node 2 they are 16, 17, 18; at the
master joint they are 10, 11, 12. The stiffness matrix of the first floor is

symm

.17. The structural stiffness is

[K\ =
AH

A-21 K22

!,c2 I l^b]
'Ml,11 T ^11,11 -

'2006.7 800 -600

328,156 -95,792

272, 277

0

0

0

2000 0

200, 000

symm

0

0

0

0

0

200,000

-20/3 800

-800 63,844

600 -48, 208

0 0

0 0

0 0

2006.7 -800

328,156

-600

-48, 208

107,268/3

0

0

0

600

-95, 792

272,277

0

0

-1000

0

0

-1000

0

0

-1000

20

0

1000

0

0

1000

0

0

1000

0

0

20

0

-90, 000

-120,000

0

90, 000

-120,000

0

90, 000

120,000

800

600

451,300 .

in which [K\ \\ has a dimension of 9 by 9 associated with the first nine d.o.f. (1-9); [K\2] has a
dimension of 9 by 3; and [K22] has a dimension of 3 by 3 associated with d.o.f. 10-12.

3.18. The loading matrix associated with d.o.f. 1-12 is {^}=[-50 1938.24 -1453.68
-60 0 0 -50 -1938.24 1453.68 15 10 -2700]T where the units are in
and k.

3.19. The geometric matrix is

J l 2 x l 2 —

A",-gl l K,
=

" [0]9x9

symm

[0]9x3

"0.533 0 24"
0.533 18

0 3x3-

where the units are in and k.
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8.20.

805

{A} = [[K]-[KG]]-l{R} = [ -0.02061 -0.00464 -0.01228 -0.03 0.00923

-0.00355 -0.02939 0.00798 0.031477 2.71075 0.72042 -0.02851 ]T

1.21. /, =0.535;/2 =0.730;/3 = 0.888

1.00000 0.56996 0.89753
-0.69197 1.00000 1.00000
-0.00130 -0.00957 0.01611

5.22. The response spectral quantities of the first five modes due to excitations applied in X\ and
X2, respectively, are shown in Table Sol.8.22.1. Modal cross-correlation coefficients are
listed in Table Sol. 8.22.2. The response due to application of ground main and intermediate
components using corresponding CQC and SRSS modal combination techniques is given
in Tables Sol.8.22.3 and Sol.8.22.4, respectively. In these two tables, column (a) results
from applying ground main and intermediate components in x and y axes, respectively.
A response is obtained for each critical angle Ocr, which is found using the method pre-
sented in Section 7.7 with ground main and intermediate components applied in X\
and X2, respectively. Column (b) results from ground main and intermediate components
applied in X\ and X2, respectively. Column (c) shows the ratios between (b) and (c), which
indicates that the maximum difference is about 34%. For each d.o.f., the critical angle
calculated by the conventional SRSS approach is different from that based on the
CQC approach. This is because the conventional SRSS approach does not consider

TABLE SOL. 8.22.1 Response Spectral Values

Mode p ( H z ) (ft) Ry(p} (ft)

1
2
3
4
5

0.0395
0.0409
0.0686
0.1175
0.1219

1.392
1.392
1.387
1.377
1.376

.260

.259

.246

.215

.212

TABLE SOL. 8.22.2 Modal Cross-correlation Coefficients

Mode

1
2
3
4
5

1
0.9359
0.0564
0.0127
0.0118

0.9359
1

0.0647
0.0138
0.0127

0.0564
0.0647

1
0.0599
0.0526

0.0127
0.0138
0.0599

1
0.9361

0.0118
0.0127
0.0526
0.9361

1
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TABLE SOL. 8.22.3 Response Comparison (CQC Approach)

CHAPTER 8 SOLUTIONS

Response based on critical

d.o.f.

?e\
rui
TVI
re2

rU2
rV2
res
rus
rvs
reio
r uIO
rvlO

TABLE

n
"cr

172.26
137.55
49.61

172.30
137.54
49.57

171.96
137.44
49.51

172.28
135.54
46.48

input angle
(a)

Displacement (ft)

0.0626
2.4259
2.4609
0.0591
2.3103
2.3423
0.0486
1.8761
1.9045
0.0136
0.8635
0.8698

SOL. 8.22.4 Response Comparison (SRSS

Response based on 0 = 0
(b)

Displacement (ft)

0.0621
1.8126
1.6263
0.0586
1.7257
1.5485
0.0481
1.3993
1.2605
0.0134
0.6218
0.6047

Approach)

Ratio
(c)

(b)/(a)

0.99
0.75
0.66
0.99
0.75
0.66
0.99
0.75
0.66
0.99
0.72
0.70

Response based on critical

d.o.f.

re\
fill

rv\
re2

ru2
rV2
res
fu5

rV5
re\o
fulO
rvl«

£
"cr

172.17
172.26
82.22

172.28
172.21
82.24

172.07
172.17
82.08

170.51
171.27
80.75

input angle
(a)

Displacement (ft)

0.0637
2.0329
2.1101
0.0602
1.9253
1.9978
0.0490
1.5620
1.6218
0.0179
0.5782
0.6014

Response based on 0 = 0
(b)

Displacement (ft)

0.0631
2.0238
1 .4076
0.0597
1.9165
1.3329
0.0485
1.5548
1.0821
0.0176
0.5749
0.4031

Ratio
(c)

(b)/(a)

0.99
0.99
0.66
0.99
0.99
0.67
0.99
0.96
0.67
0.99
0.99
0.67

the cross modal terms in the modal combination. As shown in Table Sol.8.22.2, the first
and second modes are strongly coupled. This implies that the first and second natural
frequencies are not well-separated.
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9.1. Dynamic responses in F(t) direction are

Step

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Time

0.00000x10°
S.OOOOOxlO-2

1.00000x10-'
0.15000
0.20000
0.25000
0.30000
0.35000
0.40000
0.45000
0.50000
0.55000
0.60000
0.65000
0.70000
0.75000
0.80000
0.85000
0.90000
0.95000

Load

0.00000x10°
14.079
27.812
40.860
52.901
63.640
72.812
80.191
85.595
88.892
90.000
88.892
85.595
80.191
72.812
63.640
52.901
40.860
27.812
14.079

Displacement

0.00000x10°
1. 64061 xlO-4

1.28766xlO~3

4.18460xlO-3

9.39613xlO-3

1.71000xlO-2

2.71361xlO-2

3.93601xlO-2

5.39685x10-2
7.13002x10-2
9.15898x10-2

0.11492
0.14120
0.17021
0.20155
0.23471
0.26904
0.30376
0.33802
0.37089

Velocity

0.00000x10°
9.84368 xlO-3

3.78850x10-2
7.98483x10-2

0.12923
0.17815
0.22255
0.26726
0.31837
0.37569
0.43616
0.49663
0.55395
0.60506
0.64704
0.67719
0.69312
0.69279
0.67453
0.63714

Acceleration

0.00000x10°
0.39375
0.72791
0.95062
1.0246

0.93234
0.84342
0.94495
1.0994
1.1936
1.2252
1.1936
1.0994

0.94495
0.73412
0.47207
0.16525
-0.17878
-0.55159
-0.94396

807
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9.2. Dynamic responses in the F(t) direction are

Step

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Time

0.00000x10°
S.OOOOxlO-2

1.0000x10-'
0.15000
0.20000
0.25000
0.30000
0.35000
0.40000
0.45000
0.50000
0.55000
0.60000
0.65000
0.70000
0.75000
0.80000
0.85000
0.90000
0.95000

Load

0.00000x10°
14.079
27.812
40.860
52.901
63.640
72.812
80.191
85.595
88.892
90.000
88.892
85.595
80.191
72.812
63.640
52.901
40.860
27.812
14.079

Displacement

0.00000x10°
1. 64061 xlfl-4

1.28766x10-3
4.18460xlO-3

9.39613xlO-3

1.71000xlO-2

2.71326xlO-2

3.93247xlO-2

5.38103x10-2
7.08366x10-2
9.05275x10-2

0.11283
0.13753
0.16423
0.19237
0.22125
0.25003
0.27775
0.30338
0.32584

Velocity

0.00000x10°
9.84368xlO-3

3.78850x10-2
7.98483x10-2

0.12923
0.17815
0.22234
0.26598
0.31442
0.36704
0.42043
0.47110
0.51558
0.55052
0.57277
0.57951
0.56829
0.53714
0.48462
0.40985

Acceleration

0.00000x10°
0.39375
0.72791
0.95062
1.0246
0.93234
0.83502
0.91049
1.0274
1.0775
1.0581
0.96867
0.81049
0.58691
0.30318

-3.36759x10-2
-0.41504
-0.83088
-1.2701
-1.7206

9.3. (A) Elastic case: both models are equal. (B) One end hinged: both models are equal if 5,- or
Sj=plq. (C) Both ends hinged: models are not equal. However, the stiffness matrix based
on bilinear model can be transformed to curvilinear model by multiplying different/) values
as

p\a p2b p3c
p\a p3c

p4d

where

P2 =

P3 =

35 + 4(5)2

3 + 85 + 4(5)2

4(5)2

3 + 85 + 4(5)2

25 + 4(5)2

1 + 85 + 4(5)2

25 + 4(5)2

4 1 + 85 + 4(5)2

5 = 5; = 5;

The curvilinear model lumps inelastic deformation at the ends while the bilinear model has
its inelastic stiffness distributed along the member length.
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9.4. The member stiffness matrix is

809

0.234516 0.0045099 -0.059756 -0.059756'
-0.059756 -0.059756

symm -0.0242408 0.0242408
0.0242408

9.6. Buckling load, 7Vcr, is 1000 N. (a) 0.06 m. (b) 0.12 m. (c) 0.120006 m.

»,-Eb\ yh \2Kh /aV iT ^ ii\

which is not same as a(bh3/\2)y based on a linear stress-strain relationship.
9.8. Horizontal responses in the F(t) direction are:

Step

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14

Time

0.00000x10°
0.10000
0.20000
0.30000
0.40000
0.50000
0.60000
0.70000
0.80000
0.90000
1.0000
1.1000
1.2000
1.3000
1.4000

Load

0.00000x10°
27.490
52.290
71.970
84.606
88.960
84.606
71.970
52.290
27.498

-3.55271E-14
-27.490
-52.290
-71.970
-84.606

Displacement

0.00000x10°
1.22703x10-'
9.23943 xlO-3

2.75881x10-2
5.57233x10-2
9.32082x10^2

0.14057
0.19659
0.25772
0.31843
0.37175
0.40997
0.42536
0.41095
0.36366

Velocity

0.00000x10°
3.68110x10-2

0.12994
0.23426
0.32752
0.42425
0.52097
0.59343
0.61977
0.58260
0.47078
0.28047

1.55122x10-2
-0.31295
-0.61460

Acceleration

0.00000x10°
0.73622
1.1263
0.96015
0.90506
1.0294
0.90506
0.54428

-1.76458x10-2
-0.72572
-1.5106
-2.2955
-3.0036
-3.5655
-2.4676





Chapter 10 Solutions

10.1. For UBC-94: Fl =24.475 k; F2 = 41.531 k; F3 = 21.808 k. For IBC-2000: FI = 82.29 k,
F2 = 139.96k, ^3 = 73.33 k

10.2. Accidental torsion: Tr or Mt = 526.885 k ft; 380.016 k ft; 130.830 k ft for first, second, and
third level, respectively. Torsional shear distribution at first level based on UBC-94

Jr = S(^j>2+^2) = [14(3.3075)+14(0.3376)+8(1.4472)+8(0.6432)+8(0.1608)]
EIX = 65.26EIX

For columns 1, 2, 3, 4, 5, 6, 7, 22, 23, 24, 25, 26, 27 and 28

= MtiyKx = 526.848(45) (0.0015) EIX = (.,.,,
x ~ Jr ~ 65.26EIX~ '

For columns 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20 and 21

^ 526.848(60)(0.0015)EIX » ]R2 ,
xe ~ 65.26EIX ~ '

For columns 1,8, 15, 22, 7, 14, 21 and 28

526.848(18) (0.000402) EIX_
xe —

811
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1
J

g
D

15
D

22
3

2
U

9
D

16
a

23
n

3
U

10
0

17
a

24
n

4
LJ

11
a

1
18a

25
O

5
U

12
n

19a

26
n

6
u

13
O

20
a

27
n

7
L

1'
C

21
C

28

Iy=66.8 in4

I,=249.3 in4

E=29000 ksi
I =3.731,

I,=0.2681,

FIG. SOL. 10.2

10.3.

10.4.

TA= 0.658 sec (UBC-94, Section 1628.2.2)

TB 1.3697
0.658 = 2.08> 1.4

for seismic zone 2. According to UBC-94, TB= 1.4 7^=0.921.

(a) (b)

104.016k ———— "

59.438 k —— »•

29.719k -»

-7^n ^?i

133.27k ————— ••

109.91k ———— »

87.99k ——— »

67.63 k —— ••

49.01 k —— *

32.36k — »

18.03k -+

6.63 k -»

V-AA9 7C fi t

FIG. SOL. 10.4 (a) UBC-94, (b) IBC-2000.
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Level 3

(6.693+0.184)/15 (11.269+5. iy 15 10913
=0.4585 =1.0913

0.4585 1.0913 1.0913
Level 2

(16.104+7.171V1S (24.847+19.4)/l5 2.9498
=1.5517 =2.9498

1.5517
Level 1

2.9498 2.9498

(20.773+36.054)/20 (28.63+39.983V20
=2.8414 =3.4307 3.4307

3.115k

2.8414

5.933 k

3.496 k

FIG. SOL. 10.5

10.5. First level:

Column
no.

1
7
8
14
15
21
22
28

vx

0.545
0.545
0.182
0.182
0.182
0.182
0.545
0.545

V (torsion)

0.195
0.195
0.195
0.195
0.195
0.195
0.195
0.195

V'y
(horizontal

shear)

2.8414
2.8414
3.4307
3.4307
3.4307
3.4307
2.8414
2.8414

V-V+ V"

2.8954
2.8945
3.4847
3.4847
3.4847
3.4847
2.8954
2.8954

10.6. For UBC-94 story drift is:

10.7.

10.5

for level 1,
for level 2,
for level 3,

P-A effect:

A0 i= 0.072 < 0.75 (OK)
A I 2 = 0.047 < (0.005) (15) = 0.075 (OK)
A23 = 0.022 < 0.075 (OK)

0! =0.057 < 0.1; 02 = 0.061 < 0.1; 03 = 0.014 < 0.1 (OK)
Mr = Fe=100 k (46.67) = 4667 k in. For column 3.

Mrykx _ (4667)(120)(12£'4)
Jr 2647448.53£7V.

(4667) (226.67) (24EIX)

= 1.269k

y JT 2647448.53E4

Without P-A effect,

= 9.590k
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Mode

1
2
3
4

M/M

0.9331
0.575 xlO"1

0.829 xlO'2
0.111 xlO'2

Displacements
(SRSS)

0.672 in
1.049 in
1.318 in
1.451 in

Member forces
(SRSS)

94.054 k
79.206 k
57.068 k
28.734 k

Inertia
forces

17.6 k
23.92 k
28.89 k
28.73 k

10.9.

F=l EI=° F=l

CM
""̂

Vs

T

H=-

r n

l
l
l
l
l
1

l
i
l
l
i
i

T
Lines 1 and c

7 7 r>

EI=~

r r

i
i
i
i
i

i
i
i
i

r
Lines A, B, 2 and 3

A,

Calculation of planar frame rigidity

e,=21'u
135'
156'

Location of mass and rididity centers

FIG. SOL. 10.9 (a) Calculation of planar frame rigidity, (b) Location of mass and rigidity centres.

10.10.
1. First mode only (UBC-94); first mode only (UBC-97).
2. y = 2.235, V= 92.813 k (UBC-94); V= 105.88 k (UBC-97).
3. Fl = 35.452 k; F2 = 57.1 k (UBC-94); Fl = 40.443 k; F2 = 65.437 k (UBC-97).
4.

XS2

0.0411
0.0166
0.0469
0.0759

ft (UBC-94)

ft (UBC-97)
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10.11. UBC-94
1. First two modes.
2. Vu = 46.04k.
3. V= 79.49k.
4. F(roof) = 41.81 k; F(flr2) = 31.59 k;
5.

= 19.83 k.

1 2.90
1.96
0.75 1 0.97

1.22 in
0.75

UBC-97:
1. First two modes.
2. KD = 65 k.
3. Ks= 149.86k.

5.

lxs] = •

{XM} = •

{As} = •

{AM} = •

1.67
1.13
0.43
9.94
6.72
2.56
0.56
0.70
0.43
3.22
4.16
2.56

in

in

in

in

IBC-2000:
1. First two modes
2. Kt = 69.05k.
3. Ks= 102.63k.
4. F(roof) = 56.8 k; JF(flr2) = 42.91 k; JF(flrl) = 26.95 k.
5.

4.71
{d}= • 3.18

1.22
1.59

{A} = • 1.97
0.22

in

in





Appendix A—Lag range's Equation

Consider a vibrating structural system shown in Fig. A-l; the symbolic displacements may be
defined as A/ where z= 1,2, ... m, and m is the possible longitudinal, transverse, and rotational
motion. Let the generalized coordinates be qt, i= 1,2,...,«, as given in Fig. A-2. Thus the position
of a mass k can be defined as

Ak = Ak(qi,q2,...,qm,t)

From Eq. (A-l)

(A-l)

(A-2)

{A}

FIG. A-l FIG. A-2

817
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The derivation of Eq. (A-2) with respect to time qk yields

^i-^i (A3)
dqk-dqk

 (A'3)

From Eq. (A-l)

!r = !r(«i.<) (A-4)dqk dqk "• >

Then

d (dAt\ = #Aj dqi 82Aj 8q2 82Ai 8qm

dt\dqk) 3qidqk 3t 3q23qk 3t '" dqmdqk 3t

From Eq. (A-2)

3At 82Ai .
(A"6)

Comparing Eq. (A-5) with Eq. (A-6) yields

d_ (3Aj\ 9,4,
dt \dqk) 3qk

Virtual work (5W and virtual displacement dAk can be expressed as

p
(A-8)

k=l

where p > m and

Sq2 + ...+5qm (A-9)

in which Fk is the one of p forces acting at and along the respective coordinates. The virtual work
can be also expressed in terms of generalized coordinates and generalized forces as

m p

Therefore the generalized forces associated with the generalized coordinates may be written on the
basis of Eqs. (A-8)-(A-10) as

4=1 "**'

If the external forces of the masses Fk are equal to their respective inertial forces

Fk = MkAk (A-12)

then Eq. (A-11) may now be expressed as

(A-l 3)
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Since kinetic energy T has the following form:

k=i

then

V-»r A k V^^ A k .A 1^= \MkAk——=}MkAk—- (A- 16)3ft. fcr 9<?< fcr 9*
From Eq. (A- 16),

ddT ,A ,^(A- 17)

Comparing Eq. (A- 17) with Eqs. (A- 13) and (A-15) gives

Let the generalized forces be

Qi = Q,j + QD,I + Qw.i (A-19)

in which Qv , = spring forces, QDii = damping forces, and QWii = applied forces. Let the spring force
due to change of the potential energy V be

the damping force due to dissipated energy D be

&>,.'= -^ (A-21)dqi

and the applied forces, acting along the generalized coordinates, due to change of work W, be

Q»,i = ̂  (A-22)oft-

Then Lagrange's equation may be written by using Eqs. (A- 1 8)-(A-22) as

d_ /9T\ _ 3T dV_ W = 8W_
dt(dq~J~Wl

+Wi+Wi~^ '

More details about Lagrange's equation can be found in Chapter 4 of Tuma and Cheng (1983).
Equation (A-21) is derived using the virtual work principle. Since potential energy Kcan be

uniquely defined by the generalized coordinates of the structure,

V=V(qi,q2,qj,---qn,t) (A-24)
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u,=q2 smq,
U2=q2 cosq,

FIG. A-3 FIG. A-4

A variation of V, b V, associated with an arbitrary set of virtual displacements, 5q, is

(A-25)

Based on the principle of virtual work, this change in strain energy may be expressed in terms
of the virtual work done by the generalized forces acting through these same virtual displacements.

(A-26)

Because the generalized coordinates q\,..., qn are all independent, the corresponding virtual
displacements can be arbitrarily defined. Then the two expressions in Eqs. (A-25) and (A-26) may
be compared term by term, which yields

dV
(A-27)

Eq. (A-27) has a positive sign since the force is considered to be applied to the elastic element as the
spring of the spring-mass system shown in Fig. A-3. When generalized force is applied to the mass,
it has the opposite sign as in Eq. (A-28):

(A-28)

Equation (A-21) can again be derived using the principle of virtual work. Let F/ be the applied
damping forces along virtual displacements 5uj in the u constrained coordinate system. The virtual
work done by these forces in the M-system is

(A-29)

We now apply a coordinate transformation

Uj = Uj(qi,q2,---,qn) (A-30)

which is illustrated in the system shown in Fig. A-4. This example shows the transformation from
the constrained coordinates, u, to the generalized coordinates, q. Thus

(A-31)
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Consequently

5u\ = qi cos q\5q\ + sin q\bqi J (A-32)
5ii2 = —qi sin q\bq\ + cos q\bqi J

Substituting Eq. (A-31) into Eq. (A-29) yields

= F j 5 q i (A-33)

Interchanging the order of summation, we obtain

S q t F j L (A-34)

Virtual work <5 WD can also be expressed as the sum of the work done by the generalized damping
force Qi along their corresponding virtual displacements 5qt,

(A-35)
/

Comparing Eqs. (A-34) with Eq. (A-35) gives

2<- = !><•?; « = l , 2 , . . . , n (A-36)
j 1'

The damping force in Eq. (A-36) must be taken as negative since a positive damping force
always takes a direction opposite to the generalized displacement of the mass. Therefore

where D = ̂  FtUj.

Equation (A-22) can also be derived using the principle of virtual work. Let Gj be the applied
forces along virtual displacements 5Sj in the S constrained coordinate system. Virtual work
becomes

dWw = ^Gj8Sj (A-38)
j

Apply a coordinate transformation as in Eq. (A-30) into generalized coordinates

Sj = SJ(ql,q2,---,qn) (A-39)

Then

" 8S^
Substituting Eq. (A-40) into Eq. (A-38) yields
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Virtual work <5 WH, can also be expressed as the sum of the work done by the generalized
external forces Qw,i along their corresponding virtual displacements bq\

^Q*,ibqi (A-42)
i

Comparing Eq. (A-41) with Eq. (A-42) gives

where W = Y^ Gj Sj.



Appendix B—Derivation of Ground Rotational
Records

Derivation of the rotational component <j)x due to displacement components uz and uy is shown
here. Rotation of an elastic soil volume is assumed to be the mean value of infinitesimal line
elements emanating from point P as shown in Fig. B-1. Since we are concerned only with rotations
of line elements, let position p* of the soil particle in the_deformed medium coincide with its
position P in the undeformed medium. In the figure, PQ represents the line element at the
undeformed stage and P* Q* represents the line element after deformation. Differentials of dis-

du.

_4Q*(dy*,dz*)

Q(dy,dz)

dz

dz*

P,P*

FIG. B-l Elastic line element.

823
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placement components uy and uz can be expresed as

(B-l)

(B-2)

Because dy*=dy + duy, dz* = dz + duz (see Fig. B-l), dy* and dz* can be expressed as

(B-4)

Now define the following notation:

duy duz , /3«z 3uye>' = IT' Cz = ~37; and e>'z = (lT+ ~3^' ( ^

and let

Then Eqs. (B-3) and (B-4) become

- eyz - <ax } dz (B-7)

dz* = I -eyz + (ox \dy + (1 + ez)dz

From Fig. B-l,

(l+ey) + Qeyz - wx) tan 0

The angle of rotation of line element PQ about the x axis is

(B_9)
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Because

825

tan <f>x = tan 0* - tan 0
1 + tan 0* tan 0 (B-H)

From Eqs. (B-9) and (B-ll)

-eyz + mx }+ (1 + ez) tan 0

tan d>r = •
(\ + ey) + (-eyz -

- - tan 0
tan 0

(-eyz + (ox\ tan 0 + (1 + e,) tan2 0 '
+

( l+e^+l -e^-o)*) tanO

,-^yz + Wx } + (1 + ez) tan 0 - (1 + e,,) tan 0 - (-eyz - cox J tan2 0'

(J+e^+l-e^-o) ,

+ e^) + (-eyz - (ax\ tan 0 + (-eyz + a>x} tan 0 + (1 + e,) tan2 0

(l+ey)+(-eyz-a)x) tan 0

(B-12)

-e,,z + co.Y + (ez - ey) tan 0 - I -eyz - wx \ tan2 0

(1 + e,,) + ey, tan 0 + (1 + e,) tan2 0

-e^z cos2 0 Ox + (ez — £y) sin 0 cos 0 — - e^z sin2 0

cos2 0 + ey cos2 0 + eyz sin 0 cos 0 + sin2 0 + ez sin2 0

(ax + \(e? - ey) sin 20 + -£,,, cos 10

1 + e,, cos2 0 + e, sin2 0 +^eyz sin 20

If deformation is small, then ey, ez, and eyz are small in comparison with the unit value in the
denominator and thus can be neglegible. Therefore, the denominator of Eq. (B-12) is approxi-
mately equal to 1. Thus Eq. (B-12) becomes

tan <j>x = a>x + -(ez — e,,) sin 20 + —eyz cos(20) (B-13)

Because <j>x is a small angle,

(B-14)
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We may approximate Eq. (B-13) as follows:

pxdO

In

(ox — 7;- (GZ — e><) cos 20
oTT

1 idu, du},

(B-15)

-eyz sin 20

2\dy dz _

Similar derivations can be obtained for <p and </>,.



Appendix C—Vector Analysis Fundamentals

A vector is a quantity having both magnitude and direction, such as displacement, velocity, force
and acceleration. In a right-hand rectangular coordinate system, any vector A can be expressed
as

A = Ax i + Ayj + Az k (C-l)

where Ax, Ay, Az are known as scalar components of A; i, j, and k are unit vectors along Xs, Yg,
and Zg directions, respectively, as shown in Fig. C-l. 'Unit vector' means that a vector has unit
magnitude which can be expressed as the vector divided by its length (non-zero).

The length of vector A is

\A =

and the direction cosines of A are

cos a = cos Az

" I

(C-2a)

(C2b)

in which a, fi, and y are angles of vector A to the Xg, Yg, and Zg axes, respectively. Thus Eq. (C-l)
can be expressed as

A = (cos a ; + cos /J j + cos yk)\A (C-3)

827
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- Z

FIG. C-l Vector notations.

FIG. C-2 Vector dot product.

FIG. C-3 Vector cross product.

Two technical terms, dot and cross product, are used in fundamental vector analysis. Dot, or
scalar^product, of two vectors A and B is denned as the product of the magnitudes of A
and B and the cosine of angle 0 between them as shown in Fig. C-2

A • B = A B cos 0 0 < 0 < 7i (C-4)

^ A -B is a scalar and not a vector. If A • B = 0, and A or 5Js_not a null vector, then A and
B are perpendicular. Since the scalar product is commutative, A • B = B • A . It is unnecessary to
determine the direction of angle 0.

The cross product of A_and B is vector C= AxB. The magnitude of A x B is the product of
the magnitudes of A and B_and the sine of angle 0 between them, as shown in Fig. C-3. The
direction of vectorC= A x B is perpendicular to plane A and B.

Ax B = \A B smO u (C-5)

u is a unit vector indicating the direction of A x B. If A is parallel to B, then sin 0 = 0, A x B = 0.
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x,,
(a)

FIG. C-4 Vectors in GCS.

(b)

Assume that Vx, Vy, and V, are unit vectors along the Xg, Ys and Zg axes, respectively, in the
right-hand rectangular coordinate system of GCS, as shown in Fig. C-4. If vector Vx is given and
Vxy can be an arbitrary vector in the Xg- Yg plane, then Fcan be determined by using the cross

product as

V = Vx x Vxy (C-6)

where V is along the Zg direction. The length of V is | Vx x Vxy and unit vector Vz is

iUj^Jk (C-7)
" \VX x Vxy | (C /}

Unit vector Vy is also determined using the cross product as

,-t V7 x Vr

I V, x KT

in which

Kz x Vx = V, | FT sin 0

Since 0 is an angle of 90° between the Xg and Zg axes

vz x F, i = r
and

(C-8

v. (C-9)

Equations (C-6) and (C-7) are shown in Fig. C-4a and Eq. (C-9) is shown in Fig. C-4b.





Appendix D—Transformation Matrix Between JCS
and GCS

The transformation matrix between JCS and GCS can be obtained using one of the following two
methods. The first uses direction cosines to define the transformation; the second requires
transforming each of three joint coordinates one at a time. The results of these two approaches
are the same. The methods are first derived; identical results are then proved.

METHOD 1

The relationship between GCS and JCS is shown in Fig. D-1, where Xg, Yg, and Zg represent axes
of GCS; Xj, Yj, and Zj are axes of JCS. Fxj, Vy^, and FVjjire unit vectors along Xj, 7j, and Zj axes
in JCS; the direction cosine angles of the unit vector Vxj are «i, fi\, and y\ in GCS. From Eq.
(C-3)

FTJ = fcosa j i +cos [^ j + cos yl k j Vx (D-l)

Since Kvj is a unit vector, F | v j= l ,

Vxj = (cos «i ; + cos jSj j + cos yl k) (1) = C\ \ i + Cn j + Q3 k (D-2)

where

C H = C O S « I ; C\2=cosp\\ Cn=cosyl

831
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Y,

FIG. D-l JCS vs GCS.

coscc,i

FIG. D-2 Vector of JCS related to GCS.

The direction cosine angles of unit vector Kyj are a2, /?2, and y2 in GCS and can be expressed in
the following form:

Kyj = (COS «2 /' + COS j82 j + cos 72 ̂ ) = ^21 /' + C22 j + C23 k

A similar expression of the direction cosine angles of unit vector V^ is

Kzj = (cos a3 / + cos ft j + cos ?3 k) = C3! z + C32 j + C33 /t

Eqs. (D-2)-(D-4) form Eq. (8.1) as

C21 C22 C23

C3i C32 C33

(D-3)

(D-4)

(8.1)

Equations (D-2)-(D-4) are illustrated in Fig. D-2.
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mf-.

Y=

(b)

FIG. D-3 General orientation of JCS and GCS.

METHOD 2

Method 2 provides another approach to the transformation matrix between GCS and JCS. Let
Fig. D-3 show the two coordinate systems where line ~om is on the Xg-Zg plane with angle y
to the Xs axis, line ~om and the Xj axis are on a plane with an angle /J, and the positive rotational
angle about the Aj-axis is signified by </>. These three angles are used to transform global
coordinates into joint coordinates. Three steps employed for the transformation are depicted
as follows.

Step 1
Let the Xg- Yg-Zg axes rotate about the Yg axis with angle y as indicated in Fig. D-4a. Then a new
set of Xy- Yy-Zy axes is obtained for which Xy and Zy axes are on the original Xg-Zg plane and the
Yy axis coincides with the original Yg axis.

For arbitrary point;?*, its location in space can be represented by Xg, Yg, and Zg in GCS, and
by Xy, Yy,, and Zy in Xy- Y,,-Z,, system (see Fig. D-4b). Since the Yy axis is parallel to the Yg axis, we
obtain Yy= Yg. The projection of/)* in the Xy-Zy plane is expressed as p. Figure D-4c shows p's
coordinate relationship between GCS and the Xy- K,,-Z,,_system, from which we have
yw = 7>x = Xg. Since ox is parallel to yw and ~sw is parallel to ol, angle Lxol is the same as angle
luwy and equal to y. Thus and xn = yU = ~ot = Jr and wu = cm = ml. Coordinates Xy and Zy
can be expressed in terms of Xg and Zg

Xy = ol = ~om + ml = ~om + on = Xg cos y + Zg sin y
Zy == os == or — SF == or — ot == —A.® sin y -f- Zg cos y

from which the first step transformation is formed:

cos y 0 sin y
0 1 0

— sin y 0 cos y
= [Q CD-5)



834 APPENDIX D

XY=o /=om+on
X Zy=os=or-sr

FIG. D-4 Rotation of XS~Y&-Z& Axes about Yg to form Xy-Yy-Zy axes.

Step 2
Let the Xy- Y,,-Z,f axes (see Fig. D-4) rotate about the Z,, axis through angle ft. Then a new set of
Yp-Zp axes is constructed as shown in Fig. D-5. In this new system, the Xp axis coincides with
the Xj axis, the Zp axis is the same as the Z., axis, the Yp axis has an angle of ft to the Ys axis,
and Yp-Zp plane is in the YrZj plane. Assume that coordinates of point p* in the Xp-Yp-Zp
system are Xp, Yp, and Z^; the relationship of coordinates between the Xy- Yy - Zy system
and Xp-Yp-Zp system is shown in Fig. D-5b. The projection p* on Xp-Yp plane is'denoted
by pf shown in Fig. D-5c.

Following the procedure used to establish a similar triangle relationship in Fig. D-4c,
coordinates Xp and Yp in Fig. D-5c can be expressed as

Xp = ol' = 'on? + on = Xy cos fi + Yy sin ft
Yj=osf = W-oi=-Xsmp+ Y. cos
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(c)

FIG. D-5 Rotation of Xy-Yy-Zy axes about the Z7 axis to form

Since the Zy axis is parallel to the Z/j axis,

Zp = Z,

The second step transformation yields

axes.

cos ft sin f) 0
- sin ft cos P 0

0 0 1
y = [C2]

x,f
Yy
Zy

(D-6)

Step 3
Finally rotate the Xr Y/j-Zp axes relative to the Xfs axis through angle 0. Now the new X$- Y^-
axes coincide with the JCS as shown in Fig. D-6.
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(c)

FIG. D-6 Rotation of Xp-Yp~Zp axes about the Xp axis to form Xj-Yj-Zj axes.

Assume that coordinates of point P" in the X^-Y^-Z^ system are X^, ¥$, and Z0. The
relationship of coordinates between the X^-Y^-Z,/, and Xp-Yp-Zp systems is shown in Fig.D-6c,
where p" is the projection of p* in the Yp-Zp plane. The coordinate relationship is

YJ = Y$, = ol" = om" + on" = Yp cos <j> + Zp sin <p
Zj = Z$ = os" = or" — ot" = —Y/;sm(t> + Zp cos <p

Xj = X^ = Xp

The third step transformation gives

x,/, ' 1 0 0
0 cos (j> sin <
0 — sin rf) cos i

=(C3] (D-7)
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It is assumed that Vxj, Vy^ and Vz^ are unit vectors along the Xj, Yj and Zj axes, respectively.
Based on Eqs. (D-5)-(D-7), the three transformations can be written in matrix form to express
JCS in GCS as

= [C3][C C2i C22 C23

C3i C32 C33

(8.1)

in which

cos ft cos y
y — sin </> j/n y

v-^o p vwo /

cos (j) sin ft cos 7 — sin </) j«>
os 7 sin </> sin ft — sin 7 cos <

sin ft
cos </) cos ft

— sin </) cos ft sin

cos /? sin 7
sin 7 sin </> sin ft + sin </) cos ;

sin ft sin 7 + cos </> cos 7
(8. la)

PROOF OF IDENTICAL RESULTS FOR METHODS 1 AND 2

While these methods have two different equations, they yield the same numerical results for a
given problem. This phenomenon can be verified as follows. From Fig. D-7.

~oa is the projection of unit vector, Vxj, on the Xg-Zg plane with an angle of ft;
~oc_ is the projection of ~oa with an angle of 7;
ob_ is the projection of Tm with an angle of 90° — 7; and
od is the projection of Kvj on the ^g axis with an angle of 90° — ft;
«], j8], and 7] are angles between Krj and Xg, Yg, and Zg, respectively.

FIG. D-7 Transformation of Vx-r
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These projections, say od , can be calculated as follows:

= | Vxj cos(90° - ft) = sin 0 Vxj \

Since

odcos «, = -

then

od = cos ft}

Using the same procedure leads to

7m = 1 VXj cos ft = cos ft
~oc = TJa cos 7 = cos ft cos 7

Since

(D-8

(D-9)

(D-10)
(D-ll)

cos «i = -

then

oc = cos ai = cos ft cos 7

Similarly

ob = Tm cos(90° — 7) = cos ft sin 7 = cos y j

This result becomes the first row of the matrix in Eq. (8.1) or (8.la) as

V^ =~oc i + od j + obk = cos ft cos 7 /' + sin ft j + cos 7 sin /J fc

= cos «i ; + cos /?! 7 + cos y! fc

= CH / + C\2J + Cu k

(D-12)

(D-13)

(D-14)

Vector Vyj is a unit vector along the Yj axis as shown in Fig. D-8a in which 0,2, $2* and 72 are
angles between Vyj and Xg, Yg, and Zg, respectively.

From Fig. D-8,

od' is the projection of Vyj with an angle of <j>;
oi' is the projection of od' on the Ys axis with an angle of ft;
ob' is the projection of od' on the Xg-Zg plane with an angle of 90° — ft; and
ob' has an angle of 7 with Xg.
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a'

b'

(b)

FIG. D-8 Transformation of Vv\

These projections may be expressed as

od' = oc' cos (j> = \ V y j \ cos <j) = cos <j> (Note | Vyj \ = 1)

of = od' cos ft = cos 4> cos ft

cos = = cos > cos

c'd' = a'b' = | Vyj sin <j) = sin <f>
~ob' = ~od' cos (90° - 0) = cos $ sin 0

From the detailed diagram of oa'b' shown in Fig. D-8b, we obtain

oe' = og' + e'g' = a'b' sin 7 + ob' cos 7 = sin <j> sin 7 + cos <j> sin /? cos y

Thus

— oe' —
= —oe = — cos <p sin ft cos 7 — sin <j> sin 7

Similarly

of = oh' -f'h' = ob' sin 7 - a'b' cos y = cos </> sin ft sin 7 - sin </> cos 7

cos 72 = —^— = — o/' = — cos <^> sin ft sin 7 + sin <j) cos 7

(D-15)

(D-16)

(D-17)
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(a)

FIG. D-9 Transformation of

*• Y.

(b)

Eqs. (D-15)-(D-17) form the second row of the matrix in Eq. (8.1) or (8.la) as

Vyj = —oe' i + oi' 7 — of k

= (— cos <f> sin /? cos y — sin <f> sin y) i + cos <f> cos fij + (— cos <j) sin /? sin y + sin <j> cos, y)k

= cos c«2 z + cos jS2 j + cos ?2 ^

= C21 "T+ C22 /+ C23 fc (D-18)

Vector Kzj is a unit vector along the Zj axis. «3, ft and y3 are the angles between Kzj and A'g, Fg
and Zg, respectively, as shown in Fig. D-9.

From Fig. D-9,

od" is the projection of Vzj with an angle of </>;
a"d" has an angle of 0 to W ; and
od" has an angle of y relative to Zg.

The projections are calculated as follows

od" = oa" cos <j) = cos <j>; Note : oa" = Vz\ = 1
i"b" = c"d"; a"d" = oa" sin </> = sin

sin R = sin 6 sin R
(D-19a)

of = b"d" = a"b" cos ft = sin <£ cos

cos ft, = - oy" = cos = — sn cos (D-19b)
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of" = oe" + e"f" = od" cos y + c"d" sin y = cos <f> cos y + sin <j) sin /? sin y (D-20a)

07"cos 73 = ^ = cos <p cos 7 + sin <j> sin /J sin y (D-20b)

oh" = oi" — i"h" = od" sin y — c"d" cos y = cos <j> sin 7 — sin <j> sin jS cos 7 (D-21a)

cos as = — ^ = sin <j> sin jS cos 7 — cos <^> sin 7 (D-21b)

Summarizing Eqs. (D-19)-(D-21) yields the third row of the matrix in Eq. (8.1) or (8. la) as

= (sin <f> sin /? cos 7 — cos <f> sin 7) i — sin <j> cos fij + (sin <^> sin f> sin 7 + cos <j> cos 7) A;

= cos c«3 z + cos jS3 j + cos 73 A;

= C3i T+ C32 /+ C33 k (D-22)

Based on Eqs. (D-14), (D-18), and (D-22), the transformation matrix expressed with direction
cosines of Vxj, Vyj and Vzj is the same as that in Eq. (8.1) or Eq. (8. la).

C\\ C\2 CB
C2, C22 C23

cos /? cos y sin ft cos /S sin y
— cos <t> sin /? cos y — sin <f> sin y cos (j> cos /S — sin y cos $ sin /? + sin (j> cos 7
cos y sin (^ sin ft — sin y cos 0 — sin 0 cos ft sin <^> sin ft sin 7 + cos <p cos y

(8.1)
or





Appendix E—Transformation Matrix Between ECS
and GCS for Beam Column

For a beam-column element, the transformation matrix can be determined by using its vector Kx
along the element's longitudinaljiirection and by using angle a to rotate the element around
vector Vx. Location of vector Vx in GCS, shown in Fig. D-5, results from the^ combination
of steps 1 and 2 of Method 2 in Appendix D. During these two steps, vector Vx has rotated
at_ an angle of y from the Xg axis and an angle of ft from the X,,-Y,, plane. Consequently,
Vx coincides with the Xp axis and the coordinate system for ̂ vector Vx is Xp-Yp-Zp,
shown in Fig. E-l. The unit vector along the Xp axis is defined as Vx and can be expressed as
direction cosines in GCS. Based on Eq. (8.8), direction cosines cx, cy, and cz are as follows:

Y — Y Y — Y 7 — 7_ ^ge ^gs _ ! ge i gs _ ^ge ^gs ,R . ,.x ~ n y~ D D { 'use jjse jjse

Since ;', j and k are unit vectors, Vx is written as Vx = cxi + cyj + czk. Unit vectors along
the Yp and Zp axes need to be determined in order to calculate^ the third step for the rotation
of a. Assume that unit vectors along the Yp and Z^ axes_are Yp and Zp, respectively. Due to
YB in the Xp-Y/j plane vector, j is chosen to determine Z^ as shown in Eq. (8.9) from which

_^ = _ - / + - £ (E_2)
x j | m m

where m = ^/c^. + c\. From Eq. (8.10),

Yf = Zn x Vx = -C-^ T + mj- ̂  k (E-3)m m

843
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A Z

V..X,,

*• Y,,

FIG. E-l Vx vs Xp-Yp-Zp coordinate system.

Details of Eqs. (E-2) and (E-3) are given in Example E-l. Thus the relationship between the
GCS and Xp-Yp-Zp is expressed as

m
-^ 0 -

m

cz

-CyC,

m
C£

m -

i

i
k .

•= [C 2 ] [C , ] -

i

j

k .

(E-4)

where Xp = Vx. From Eqs. (D-5) and (D-6), the transformation matrix between Xp-Y/j-Z/; and
the GCS can be^expressed as [€2] [C\] given in Eq. (E-4).

Let vector Vx rotate at an angle of a around the Xp axis to obtain ECS (see Fig. E-2). Based on
Eq. (D-7), the relationship between ECS and Xp-Yp-Zp can be expressed as

1 0 0
0 cos a sin a
0 — sin a cos a

= [C3]

From Eqs. (E-4) and (E-5) the transformation between the GCS and ECS is

(E-5)

=[Ci][C2][Cl] =[Ce] (E-6)

— — (cxcv cos a + c, sin a) m cos a —(cx sin a — cvc, cos a)
m m

— (cxc,, sin a — c, cos a) — m sin a — (c vc, sin a + cx cos a)
L m " m

(E-7)
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V, Z

v x ,xp ,xe
* Z

x,,x.

FIG. E-2 Rotating angle a. about Vx, Xp, and Xe.

EXAMPLE E-1 Derive Eqs. (E-2) and (E-3) in full detail.
Solution: Vx = cx i + cy j + c, k is a vector along a member's axis for which

Y 2 !

Thus Kv is a unit vector. To show Eqs. (E-2) and (E-3), let us examine the following vector
product:

AxB=

- A2B})k
k

A2 A3

B2 BT,

(a)

Because unit vector j is in the X^Yp plane (see Fig. E-1), it is used to determine Z^ by applying
Eq. (8.9). Then Vxy = /, and Vxy ' = 1. Thus

Vx x Vxy =
i j k

CX Cy Cz

0 1 0
(b)

(c)

(d)

(e)

Eq. (d) is Eq. (E-2) and Zp is a unit vector. The relationship of Vx (Xp), Vxy ( j ) , and Z^ is shown
in Fig. E-3.

V* x Vxy cz - cx r= — —— ̂ - = -— i +— k
\Vxx Vxy m
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FIG. E-3 Vx (X/s), Vxy (/), and ZK.

FIG. E-4 Vx (Xf), Vxy ( j ) , and Zf.

Equation (E-3) can be similarly derived as

= Z x Vx = 0 m

m

m
cx

- - CyCz -+ mi — ——km

m m m

for which the unit vector can be shown as

(f)

m m
J_
m

= 1
(g)

The relationship of Vx (Xjj), Yp, and Zjj is shown in Fig. E-4.
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FIG. E-5 Composite of Figs. 8.4 and B-3.

IDENTITY BETWEEN EQS. (8.la) AND (E-7)

Note that the elements of the transformation matrix in Eq. (8. la) are different from those in Eq.
(E-7). This is due to different definitions of angles used in these two equations. Yet the equations
are actually the same and their identity can be proved as follows. (While this instance is only
for the transformation matrix between the GCS and JCS, the same principle applies to the
transformation matrix between the GCS and ECS.)

Figs. 8.4 and E-l are used to derivejiqs. (8.la) and (E-7), respectively. The angles employed in
these two figures to define unit vector Vxi are summarized in Fig. E-5. In Fig. D-3, the location of
vector Vxj is expressed by angles y and ft while in^Fig. 8.4a, the location of Vxj is determined by oti,
ft\, and y\. From Fig. E-5, the projection of Vxj in the Xg-Zg plane is

oa = Vxj cos ft

Since Vxi is a unit vector, Vxj = 1, then ~oa = cos ft. Similarly

~oc = ~oa cos y = cos ft cos y

^d = \Vxj | cos(90° - |8) = sin ft
ob = ~oa cos(90° — y) = cos ft sin y

Eqs. (E-9)-(E-ll) comprise the first row of Eq. (8.la)

Cn = cos ft cos y, €12 = sin ft, Co = cos ft sin y

Based on the direction cosines of vector Vxi

~oc _
cos ai = -z^- = oc = cos ft cos y = cx

cos /?[ = —— = od = sin ft = c},
I VXj

cos yl = -=— = ob = cos ft sin y = cz

(E-8)

(E-9)

(E-10)
(E-ll)

(E-l 2)

(E-l 3)

(E-l 4)

(E-l 5)



848

By definition

m = ,/c2 + c2 = y (cos /J cos y)2 + (cos /? sin y)2 = cos /?y cos2 y + sin2;

= cos/?

Thus

= cos ft cos 7 = m cos 7;

and

cos y = —m

c.c, = cos ft sin y = m sin y; sin y = —

APPENDIX E

(E-16)

(E-17)

(E-18)

Substituting Eqs. (E-13)-(E-18) into Eq. (8.la), and defining <j) = a., their identical nature emerges
as

cos jS cos y sin /? cos ft sin y
— cos 4> sin /? cos y — sin </> sin y cos tp cos jS — sin y cos </> sin ft + sin <^> cos y
cos y sin </> sin ft — sin y cos <j> — sin <^> cos jS sin </> sin /? sin y + cos </> cos y

/"" /^ /""tjc tj, 6Z

— (cxcv cos a + c, sin a) m cos a — (Cv sin a — cvc, cos a)w m

— fee,, sin a — c, cos a) —m sin a —(cvc, sin a + cv. cos a)
L m m ' .

EXAMPLE E-2 A W-shape member, W24 x 62, is used as a beam-column for which start-joint
A and end-joint 5 are given in Fig. E-6 in GCS. Determine transformation matrix [CJ.

Solution: Based on the data, start-joint A and end-joint 5 are (0,0,0) and (18 ft, 24 ft, 20 ft),
respectively. Thus the distance Z>se is calculated from Eq. (8.7) as

Dse = J(Xi,e- (Yge- Fgs)2 + (Zge - Zgs)2 = = 36.056 ft (a)

v x , x p > x e

B(18',24',20')

a=30°

V Yv y > Ie

+ Z

FIG. E-6 Example E-2.
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Using Eqs. (8.13)-(8.15) yields the following direction cosines:

-A gg —— J\. nc 1 O

* ge ~ igs

Ae
7 —7•^ge ^gs

A,

36.056
24

1 36.056
20

36.056

= 0.499

= 0.666

= 0.555

(b)

(c)

(d)

Thus

cl = VO.4992 + 0.5552 = 0.746

From the given data, a = 30°, we have

cos a = 0.866; sin a = 0.5 (e)

Substituting Eqs. (b)-(e) into Eq. (8.12) yields the following transformation matrix elements:

— — (cxcy cos a + cz sin a) = —0.758

m cos a = 0.646

— (CK sin a — cvc, cos a) = —0.095m

— <c^cv sin a — c, cos a) = —0.422
m
— m sin a = —0.373

— (cvc, sin a + CK cos a) = 0.827
m

The transformation matrix then becomes

0.499 0.666 0.555
-0.758 0.646 -0.095
-0.422 -0.373 0.827

(0

(g)

(h)

(i)

0)

(k)

(1)





Appendix F—Transformation Matrix
[A] and Stiffness Matrix [K'eg] of Beam Column

with Rigid Zone

Transformation matrix [A1] for a general beam-column is

FATOX

FAmf

FAmz

MAmx

MAmy

MFB!
FBmy

FBmz

MBmx

Mftny

MBmz

= M'I-

Fxa

Fya

Fla

Mxa

MyaMF!
Fyb

Fzb

Mxb

My,,

Mlb

= [Tm][C,][Cc][Tlc]

Fxa

Fva

Fza

Mxa

Mya

Fxb

Fyb

Fzb

Mxb

Myb

Mzb

-Au An A,3 0 0 0 0 0 0 0 0 0 '
An An A2i 0 0 0 0 0 0 0 0 0
A3i An A33 0 0 0 0 0 0 0 0 0
0 A42 A43 AH A n An 0 0 0 0 0 0
0 A 52 AX An A22 A-x 0 0 0 0 0 0

A6i A62 A6} Av An An 0 0 0 0 0 0
0 0 0 0 0 0 BU B,2 Bn 0 0 0
0 0 0 0 0 0 821 822 #23 ° ° °
0 0 0 0 0 0 S3i B32 S33 0 0 0
0 0 0 0 0 0 0 B42 S43 BU BU BU
0 0 0 0 0 0 0 B52 853 Bn B22 B23

- 0 0 0 0 0 0 B6i B62 S63 BJI S32 833.

Fxa

Fya

Fm

Mxa

Mya

Mm

Fxb
Fyt

Fzb

Mxb
Myh

Mzb

(F-l)

851



852 APPENDIX F

The above transformation matrix is based on Eq. (8.108). Rigid zone transformation matrix
[7je] is defined by Eq. (8.100). The coordinate transformation matrices [Ce] and [Cj] are given
at Eqs. (8.110) and (8.111), respectively. The constraint transformation matrix [Tms] is defined
by Eq. (8.6). In Eq. (F-l), the parameters are defined as follows:

n3

A22=jlA m, +j2A m2+j3A m3; A23=j\A «i +J2A n2+j3A n3
A32 = k]A m\ + k2A m2 + k3A m3; A33=klA «i +k2A n2 + k3A n3

B\ i =

B42=

= l\A

=j\A h +J2A /2

= klA /i +k2A i2 + K3A i3; A32 =
= An Lys; A43= -A12 Lzs
= A23 Lys', A53 = — A22 L,s
__ __ y • J __ y • I __ -y

= — YmsA i\A n\ — YmsA i2A n2 — Y,
i\B l\ + '2B ^2 + l3B ^3> B\2 = /]

/ IB M +/2B 12+J3B hi B22=j]

S T . rt __ rt T
13 Lye, 043—012 J^ze

— B23 Lye; B53 = B22 Lze

7 1 v ' i v ' i \ v ' i \ ~v ' i \ v ' imsB M B 'I ~~ ^msfi '2B '2 ~~ ' msB '3B <3 "T^msB J lB '1 T ^msB72B '2 + ^msB 73B '3

- YmsB /1B m{ - YmsB i2B m2 - YmsB i3B m3 + XmsBj{B m} + XmsBj2B m2 + XmsBj3B m3 - Lye B33

I ~~ ^msfi '2B H2— YmsB /3s H3 + XmsBj]B H\ + XmsB J2B H2 + XmsBj3B H3 + Lze B32

3A h + XmsA j\A l\ + ^msA J2A ^2 + ^msA J3A h

i3A m3 + XmsA j\Am\+ XmsA J2A m2 + XmsA J3A m3 + Lys A33

:i + /2B m2 + '3B m3> Bi3 = /is n\ + i2B n2 + i3B n3

' i +J2B m2 +j3B m3; B23 =j]B n, +j2B n2 +j3B n3
m\ + k2B ni2 + k3B m3', B33 = k\B n\ + k2B n2-\-k3B n3

The

— YmsB

element stiffness matrix for GCS can be expressed as

C1

-* Amx

M Amy

Ferny

Mgrny

<>Amz

6 Amy

= [A'][Ke][A']

<>Bmz

K\,\\

-^3,3 -^3,4 -^3,5 -^3,6 -^3,7 ^3,8 ^3,9 -^3,10 -^3,11 -^3,12

•^5,5 ^5,6 ^5,7 ^5,8 ^5,9 ^5,10 ^5,11 ^5,12

symm

KS.& ^8,9 ^8,10 ^8,11 ^8,12

If If If If

^10,10 -^10,11 ^10,12

^11,11 ^11,12

^12,12-

<>Bmy

where [Ke] is given in Eq. (8.31). Stiffness coefficients are
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Ki,i=Au2 H + Ai22 S22 + An
2 S33

^1,2 = ^11 H A21 + A12 822 A22 + Af3 S33 A23
Kii3 = Au H A3] + Ai2 S22 A32 + Ai3 S33 A33

Ki,4 = Au S22 A42 + Ai3 S33 A43-Ai3 S35 AU + AU S26 A}3
Ki,i = Ai2 S22 A52 + Ai3 S33 Ai3-Ai3 S35 A22 +Ai2 S26 A23
Ki,6 = Au H A6l + A12 S22 A62 + A j 3 S33 A63-Ai3 S35 A32 + AJ2 S26 A33

KIJ = —A\\ H BH — A12 S22 Bi2 — A13 S33 B\3

KI$= —An H B2i — A12 S22 B22 — A13 S33 B23
KI$ = — AH H B3\ — A i 2 S22 B32 — A\3 S33 B33

^1,10 = — A12 822 B42 — Ai3 S33 B43 — Ai3 S35 Bi2 + Ai2 S2(> B13

^1,11 = — A12 822 B52 — Ai3 S33 B53 — Ai3 S35 B22 + Ai2 S2(> B23
K\,\2= —An H B6] — A12 S22 B62 — A]3 S33 B63 — A]3 S35 B32 + A]2 S26 B33

K2,2 = A2
2 H + A222 S22 + A23

2 S33
K2i3 = A2i H A3i+A22 S22 A32 + A23 S33 A33
K2,4 = A22 S22 A42 + A23 S33 A43-A23 S35 A^2 + A22 S26 Ai3
K2,i = A22 S22 A52 + A23 S33 A53-A23 S35 A22 +A22 S26 A23
K2,(, = A2i H A6i +A22 S22 A62 + A23 S33 A63-A23 S35 A32 + A22 S26 A33
K2j = — A21 H BU — A22 S22 B]2 — A23 S33 B]3

K2$ = — A2\ H B2i — A22 S22 B22 — A23 S33 B23
K29= — A21 H B3i — A22 S22 B32 — A23 S33 B33
K2fV:i= — A22 S22 B42 — A23 S33 B43 — A23 S3$ Bi2 + A22 S2(, B^3
K2yii= — A22 S22 B52 — A23 S33 B53 — A23 S35 B22 + A22 S26 B23
K2,i2= — A2i H B6] — A22 S22 B62 — A23 S33 B63 — A23 S35 B32 + A22 S2<y B33
K3_3 = A3i2 H + A32

2 S22 + A33
2 S33

K3,4 = A32 S22 A42 + A33 S33 A43-A33 S35 AU + A32 S26 Ai3
K3,s = A32 S22 A52 + A33 S33 A53-A33 S35 A22 + A32 S26 A23
K},6 = A3i H A6i +A32 S22 A62 + A33 S33 A63-A33 S35 A32 + A32 S26 A33
K3j= — A3i H BU — A32 S22 Bi2 — A33 S33 Bi3
K39= — A3i H B2i —A32 S22 B22 — A33 S33 B23
K3g = — A31 H B3i — A32 S22 B32 — A33 S33 B33

•^3,10= — A32 S22 842 —A33 S33 B43 — A33 S3$ B^2 + A32 826 B\3
K3iU = —A32 S22 B52 — A33 S33 B53 — A33 S35 B22 + A32 S26 B23

Ki,i2= — A3i H B(,i — A32 S22 B(,2 — A33 S33 B&3 — A33 S3s B32 + A32 826 B33
K4A = A42

2 S22 + 2 A42 A13 S26 + A43
2 S33-2 A43 Au 535 + ̂ n

2 Q + A12
2 B + A]3

2 A
K4,5 = A52A42S22 + A52A13S26 + A53A43S33-A53A12S35 + AU QA2l - A22A43S35 +A

A42 S26 + A23 A n A
K4,6 = A62 A42 S22 + A62A13 S26 + A63 A43 S33 - A63 A12 S35 + AH Q A3l - A32 A43 S35 + A

A42 S26 + A33 An, A
K4,i= — B12 A42 S22 — Bi2 A13 S2(, — Bi3 A43 S33 + Bi3 A12 S3s
^4,8= —-#22 ^42 ^22 — ̂ 22 A13 S2(>—B23 A43 S33 + B23 A12 S35

K4i9= — B32 A42 S22 —B32 Ai3 S2(y — B33 A43 S33 + B33 A]2 S35
^•4,10= ~B42 A42 S22 — B42 Ai3 S26~B43 A43 S33 + B43 A\2 535 — ̂ 11 Q BU — B\2 A43

3A42S26 + Bi3Ai3C
A42 S22 — B$2 A\3 S2(, — Bi3 A43 533 + ^53 A12 S3^ — A\i Q B2i — B22 A43

3A42S26 + B23Ai3C
K4j2= — B(,2 A42 S22 — B62 Ai3 S2(, — B(,3 A43 S33 + B63 A12 S35 — An Q B3l — B32 A43

D + B33 A42 S26 + B33 Ai3 C
K^ = A52

2 S22 + 2 A52 A23 S26 + A53
2 S33-2 A53 A22 SK + A2i2 Q + A22

2 B + A23
2 A

£5,6 = A62 A52 S22 + A62 A23 S26 + A63 A53 S33 - A63 A22 S35 + A2iQA3l -A32A53 S35 + A32A22B + A3
A52 S26 + A33 A23 A

K5j= — B\2 A52 S22 — B\2 A23 S26 — Bi3 A53 S33 + Bi3 A22 S35

^5,8= —-#22 A52 S22 — B22 A23 S2(> —B23 A53 S33 + B23 A22 S^
K5i9= — B32 A52 S22 —B32 A23 S2(y — B33 A53 S33 + B33 A22 S35
^5,10= ~ B42 A$2 S22 — B42 A23 S2(y — B43 A$3 S33 + B43 A22 S3$ — A2\ Q Bn — Bi2 A$3 S3$ +Bt2 A2

D + Bi3 A52 S26 + Bi3 A23 C
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^5,11 = ~~ Bj2 Aj2 522 ~~ B}2 ^23 "^26 ~~ ^53 ^53 "Ss3 + ^53 ^22 "^35 ~~ ^21 Q B2\ ~~ B22 ^53 "^35 + B22 ^22

52 26 2 3 2 3

52 522 — $62 A23 S26 — B63 A53 S33 + B63 A22 535 — A2\ Q $31 — $32 A53 535 + B32 A22

52 526 + $33 A23 C
6 = A6]

2 H+A62
2 S22 + 2 A62 A33 S26 + A63

2 533-2 A63 A32 S35 + A3]
2 Q + A32

2 B + A33
2 A

7 = — A6] H B ] } — B ] 2 A62 S22 — B]2 A33 S26 — B]3 A63 S33 + B]3 A32 S35

8 = ~~ Af,i H B2i — B22 Af,2 S22 — B22 ^33 ^26 — ̂ 23 ^63 ^33 + ^23 ^32 -^SS

9 = ~ Af,\ H S3] — $32 Af,2 S22 — $32 ^33 S2(, — $33 A(^ £33 + $33 ^32 ^35

A62 S22 — B42 A33 S26 — B43 A63 S33 + B43 A32 S35 — A3i Q Bu — S12 A63 S35 + B\2 A32

C
32 5^35 ~~ ^31 Q B2i — B22 A^ 835 + $22 ^32

^6,12= ~ A 61 H $6] —$62 A$2 S22 — Bf,2 ^33 ^26 — $63 ^63 ^33 + ^63 ^32 ^35— ^31 Q ^31 ~~ ^32

A32D+B33 A62 S26 + $33 ̂ 33 C

, 522 + $l3 S33

I,» = BI\ H $21 +$12 ^22 $22 + -^13 ^33 -^23
l,9 = B\\ H $3i+$]2 S22 $32 + $i3 S33 $33

j,\0 = B\2 S22 B42+Bn S33 $43 + $i3 S35 $]2 — $]2 S26 $13

7,11 =-8]2 ^22 B52 + Bn S33 $53 + $i3 ^35 B22 — Bi2 S26 A23

l,\2 = B\\ ^S6i+$i2 S22 $62 + $i3 £33 $63 + $i3 S35 $32 — $12 S26 A33

8,8 = ^21 H + B22 S22 + B23 S33

33

gtg = B2} H $31 +$22 ^22 B32 + B23 ^33 $33

8.10 = ^22 "^22 B42+B23 S33 $43 + $23 ^35 B]2 — B22 S2(, $13

8.11 = B22 S22 $52 +$23 ^33 $53 + $23 ^35 B22 — B22 S2(, B23

8.12 =B2l Pf $61 + $22 ^22 ^62 + ^23 ^33 ^63 + ^23 ^35 -^32 "" -^22 ^26 -^
r99 = $3i H+B32 S22 + B33 S33

9,10 = ̂ 32 "^22 ^42+^33 ^33 ^43 + $33 £35 $12 — $32 52g $13

^n =$32 522 -^52 + ^33 ^33 ^53 + ^33 ^35 B22 — B32 S2(, $23

9,12 = ^31 ff B6] + $32 522 S62 + $33 533 B(y3 + B33 835 $32 — $32 526 $33

10.10 = ^42 ^22 — 2 $42 $13 £26+^43 ^33 + 2 $43 $12 535 + $]] 2 + -^12

10.11 = B$2 $42 >$22 — -^52 ^1 3 ̂ 26+ ^53 ^43 ̂ 33 + ̂ 53 -^12 ^35 + -^11 Q B2\ +$22 &13 ^35 + -^22 B]2B — $23

&12 526 + S23 $13 ̂

10.12 = ^62 S42 522 — $62 S] 3 526 + $63 &B 533 + $63 Si2535 + $n g $3] +$32^43 535 + $32 $12 $ — $33

^42 526 + ^33 B13 A
11,11 =-852 522 — 2 $52 $23 526+^53 533+2 $53 $22 535 + $21 2 + ^22 B + B23 A

\ 1,12 = ̂ 62 Bj2 S22 — $62 ̂ 23 526 + ^63 $53 S33 + $63 $22 535 + $21 Q $31 + $32 ̂ 53 S3} + $32 $22 B — $33

^52 ^26 + -^33 -^23 A
\2,\2 = B&\ H+B62 S22 — 2B62B33S26 + B63 533 + 2 $63 $32 535 + $3i 2 + ^32 B + B33 A



Appendix G—Computer Program for Newmark
Method

The computer program for Newmark's integration method with a = 1/6 and <5 = 1/2 (linear
acceleration method) is listed here, followed by explanatory details.

c **************************************************************************************
C * (TIME HISTORY COMPUTATION) *
C * LINEAR ACCELERATION METHOD *
C * FOR SEISMIC RESPONSE OF STRUCTURES (USING INTEGRATION METHOD) *
C * *
c **************************************************************************************

C
C VARIABLES:
C NDCA = TIME HISTORY RECORD DATA CAPACITY
C NW = WORK ARRAY CAPACITY GREATER OR EQUAL TO 2* NM
C NM = NUMBER OF D.O.F.
C ND = TOTAL NO. OF TIME HISTORY DATA FOR EACH GROUND COMPONENT

C G = GRAVITY
C DT = TIME INCREMENT
C ANGLE = ANGLE FROM GROUND N-S COMP . TO STRUCT, REFERENCE AXIS OF XI
C

PARAMETER (NDCA=2400 , NW=20)
CHARACTER*! CHAR(3), DIRECT
DIMENSION SNA(NDCA) , EWA(NDCA), VER(NDCA), CC(NW,NW), WN(NW,NW)
DIMENSION DF(NW,NW) , SC(NW,NW), SK(NW,NW), DF2(NW,NW)
DIMENSION UDX(NW) , UVX(NW), UAX(NW), UDY(NW), UVY(NW), UAY(NW)
DIMENSION UDZ(NW) , UVZ(NW), UAZ (NW) , FX(NW,NW), AMX(NW,NW)
DIMENSION RX(NW,NW) , RY(NW,NW), RZ (NW,NW) , AMY(NW,NW), AMZ(NW,NW)
DIMENSION FY(NW,NW) , FZ(NW,NW), FFX(NW,NW), FFY(NW,NW), FFZ(NW,NW)
DIMENSION DIS(NW) , PX(NW), PY(NW), PZ(NW), WWNN(NW), STI(NW,NW)
DIMENSION AM (NW,NW) , AMIV(NW,NW), GER(NW,NW), CG(NW,NW)

C DATANM, ND, G, DT , ANGLE/ 1, 1,1., 0.005, O./
C
C

855



856 APPENDIX G

c
c ======================================================
C DEFINE EXTERNAL FILE UNITS FOR INPUT DATA AND OUTPUT
c ======================================================

OPEN(UNIT=5,FILE=STRING(8))
OPEN(UNIT=6,FILE=STRING(9))

C
C

WRITE(6,*) ' LINEAR ACCELERATION METHOD'
WRITE(6,*) ' ==========================='
WRITE(6,*) ' '

READ(5,*)NM,ND,G,DT,ANGLE
WRITE ( 6, 100) NM, ND , G, DT, ANGLE

100 FORMAT(Ix, 'NUMBER OF D.O.F. =' ,15,
& /IX,'TOTAL NO.OF TIME HISTORY DATA FOR EACH COMPONENT = ',15,
S /IX,'GRAVITY, G =',F15.6,
S /IX,'TIME INCREMENT =',F15.6,
S/1X,'ANGLE =',F15.6/)

CHAR(1)='X'
CHAR(2)='Y'
CHAR(3)='Z'

C WRITE(6,*) 'INPUT MASS:'
DO 33 1 = 1, NM

33READ(5,*) (AM(I,J),J=1, NM)
C WRITE(6,*) 'INPUT STIFFNESS:'

DO 34 1 = 1, NM
34READ(5,*) (STI(I, J) , J=l, NM)
C WRITE(6,*) ' DAMPING RATION:'

DO 35 1 = 1,NM
35READ(5,*) (DF(I, J) , J=l, NM)
C

WRITE(6,*) 'THE MASS MATRIX:'
CALL PRIN(AM, NM, NM, NW, NW)
WRITE(6,*) 'THE STIFFNESS MATRIX:'
CALL PRINtSTI, NM, NM, NW, NW)
WRITE(6,*) ' THE DAMPING MATRIX: '
CALL PRINtDF, NM, NM, NW, NW)

C
C- - - - - - READ EARTHQUAKE INPUT ACCELERATION DATA ( UNIT=G)
C EWA = EASE-WEST DIRECTION
C SNA = SOUTH-NORTH DIRECTION
C VER = VERTICAL DIRECTION
C

WRITE(6,*) 'INPUT EAST-WEST EARTHQUAKE ACCELERATION DATA'
READ(5,*) (EWA(I), I=1,ND)
WRITE(6,45) (EWA(I), 1=1,ND)

READ(5,*) DUMMY
IF (DUMMY.NE.0. ) WRITE(6,31)

31 FORMAT (IX, 'INPUT DATA INCORRECT!')
45 FORMAT (IX, 8F9.6)
WRITE(6,*) 'INPUT NORTH-SOUTH EARTHQUAKE ACCELERATION DATA'

READ(5,*) (SNA(I), 1=1, ND)
WRITE(6,45) (SNA(I), 1=1,ND)
READ(5,*) DUMMY2
IF (DUMMY .NE. 0.) WRITE (6,31)

WRITE(6,*) 'INPUT VERTICAL EARTHQUAKE ACCELERATION DATA'
READ(5,*) (VER(I), 1=1, ND)
WRITE(6,45) (VER(I), 1=1,ND)
READ(5,*) DUMMY3
IF (DUMMY3 .NE. 0.) WRITE (6,31)
DO 30 1 = 1, ND
SNA(I) = SNA(I)*G
VER(I) = VER(I)*G

30 EWA(I) = EWA(I)*G
C
C INPUT INFLUENCE COEFFICIENT FACTOR

READ(5,*) (RX(I,1) , 1=1, NM)
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READ(5,*) (RY(I,1), 1=1, NM)
READ (5,*) (RZ(I,1), 1=1, NM)
WRITE ( 6 , * ) ' INFLUENCE COEFFICIENT FACTORS RX : '
CALL PRIN(RX, NM , 1, NW, NW)
WRITE (6,*) 'INFLUENCE COEFFICIENT FACTORS RY :'
CALL PRIN(RY, NM , 1, NW, NW)
WRITE (6,*) 'INFLUENCE COEFFICIENT FACTORS RZ :'
CALL PRIN(RZ, NM , 1, NW, NW)
CALL MULTIP (AM, RX , AMX , NM , NM , 1, NW, NW)
CALL MULTIP (AM, RY, AMY, NM , NM , 1, NW, NW)
CALL MULTIP (AM, RZ , AMZ , NM , NM , 1, NW, NW)
SS=SIN( ANGLE)
CS=COS( ANGLE)

C SET INITIAL DISP. , VELO. , & ACC . FOR EACH DOF TO ZEROS.
DO 37 1 = 1, NM

UDX(I) = 0.
UVX ( I ) = 0 .
UAX(I) = 0.
UDY(I) = 0.
UVY(I) = 0.
UAY(I) = 0.
UDZ (I) =0.
UVZ (I) =0.
UAZ (I) =0.

37 CONTINUE
C INPUT INITIAL DISP. , VELO. , S ACC. FOR A DOF DUE TO GROUND COMP . IN X DIRECTION.
C I.E . , T=0.0 SEC.
84 READ (5,*) DIRECT, IDOF, DISP, VELO, ACCEL

IF (IDOF .LE. 0) GO TO 65
IF (DIRECT .EQ. 'X') THEN
UDX(IDOF) = DISP
UVX (IDOF) = VELO
UAX(IDOF) = ACCEL
ELSE IF (DIRECT .EQ. 'Y') THEN
UDY(IDOF) = DISP
UVY(IDOF) = VELO
UAY(IDOF) = ACCEL
ELSE IF (DIRECT .EQ. 'Z') THEN
UDZ (IDOF) = DISP
UVZ (IDOF) = VELO
UAZ (IDOF) = ACCEL
ENDIF

C
GO TO 84

C
65 WRITE (6,*) 'STRUCTURAL TIME HISTORY RESPONSE :'
C

WRITE (6, 81)
81FORMAT(1X, 'DOF TIME DISPLACEMENT ' ,

S ' VELOCITY ACCELARATION' / )
T=0.0
DO 385 1 = 1, NM
WRITE(6,36) I, CHAR(l), T, UDX ( I ) ,UVX ( I ) ,UAX ( I )
WRITE(6,36)I, CHAR(2), T, UDY ( I ) , UVY ( I ) , UAY ( I )
WRITE (6,36)1, CHAR(3), T, UDZ(I), UVZ(I), UAZ ( I )

385 CONTINUE
C

T=DT
DO 40 11 = 2, ND
AX=SNA(II)*CS+EWA(II)*SS
AY=-SS*SNA(II)+EWA(II)*CS
AZ=VER(II)
DO 38 1=1, NM
FX ( 1 , 1 ) = AMX ( 1 , 1 ) *AX
FY (1,1)= AMY(I, 1)*AY

38 FZ(I,1)= AMZ(I, 1)*AZ
C
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CALL ACC(AM, STI, DF , FX, UDX , UVX , UAX , DT , NM )
CALL ACC(AM, STI, DF , FY, UDY , UVY , DAY, DT, NM)
CALLACC(AM, STI, DF , FZ, UDZ , UVZ , UAZ , DT, NM)
DO 380 1 = 1, NM
WRITE(6,36) I, CHAR(l), T, UDX(I),UVX(I),UAX(I)
WRITE(6,36)I, CHAR(2), T, UDY(I), UVY(I), UAY(I)
WRITE(6,36)I, CHAR(3), T, UDZ(I), UVZ(I), UAZ(I)

36 FORMAT (IX, ' DOF ' , 12, A, 2X, 'TIME=' , F7 . 3 , 3X , 3F15 . 7 )
380 CONTINUE

T=T+DT
40 CONTINUE
C

CLOSE(5)
CLOSE(6)
WRITE(*,*)'PROGRAM NORMAL STOP ————————————*'
STOP
END

C
C

SUBROUTINE ACCOM, SK, SC, F, UD, UV, UA, DT, NM)
PARAMETER (NDCA=2400,NW=20)
DIMENSION SM(NW, NW) , SMA(NW, NW) , F(NW, NW), UD(NW), UV(NW), UA(NW)
DIMENSION A(NW,NW), B(NW, NW) , SC(NW, NW) , SK(NW, NW) , BAK(NW, NW)
DIMENSION C(NW,NW), BAKIV(NW,NW), SCB(NW,NW), BAF(NW,NW), DD(NW,NW)
DIMENSION VV(NW,NW), AA(NW,NW), CC(NW,NW), UNIT(NW,NW), GER(NW,NW)
DO 107 1 = 1, NM
A(I,1)=(-6.*UD(I)/(DT*DT))-(6.*UV(I)/DT)-(2.*UA(I))
B(I,l)=-2.*UV(I)-(DT*UA(I)/2.)-(3.*UD(I)/DT)

C WRITE ( 6 , * ) 'A AND B:', A(I, 1), B (1, 1)
107 CONTINUE

DO 108 1=1, NM
DO 108 J=l, NM
BAK(I,J)=(6./(DT**2))*SM(I,J)+(3.*SC(I,J)/DT)+SK(I,J)

C WRITE(6,*) ' KBAR :', BAK(I,J)
108 CONTINUE

CALL MATIRV(BAK, NM, NW, NW, BAKIV, CC)
CALL MULTIP(SC, B, SCB, NM, NM, 1, NW, NW)
CALL MULTIP(SM, A, SMA, NM, NM, 1, NW, NW)
DO 109 1 = 1, NM
BAF(I,1)=F(I,1)-SMA(I,1)-SCB(I,1)

C WRITE(6,*) 'BAF :', BAF(I, 1)
109 CONTINUE

CALL MULTIP(BAKIV, BAF, DD, NM, NM, 1, NW, NW)
DO 210 1 = 1, NM
VV(I, 1)=(3.*DD(I,1)/DT)+B(I,1)
AA(I, 1)=(6.*DD(I,1)/(DT*DT))+A(I,l)

210 CONTINUE
DO 211 1 = 1, NM
UD(I)=DD(I, 1)
UV(I)=VV(1,1)
UA(I)=AA(1,1)

211 CONTINUE
RETURN
END

C
C

SUBROUTINE PRIN(A, NS , MS, NSS, MSS)
DIMENSION A(NSS, MSS)
DO 1 1=1,NS
WRITE(6,2) (A(I,J), J=l, MS)

2 FORMAT (IX, 10F12.4)
1 CONTINUE

WRITE(6,777)
777 FORMAT(5X, ' ———————————————————————————————————— ')

RETURN
END

C
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C *SUBROUTINE ADD A+B
C

SUBROUTINE ADD(C1, C2, C3, NF , NLC , M, N)
DIMENSION C1(M,N), C2(M,N), C3(M,N)
DO 10 1=1, NF
DO 10 J=l, NLC

10 C3(I,J)=C1(I,J)+C2(I,J)
RETURN
END

SUBROUTINE MINUS (Cl, C2 , C3, NF, NLC, M, N)
DIMENSION CKM, N) , C2(M, N) , C3(M, N)
DO 10, 1 = 1, NF
DO 10 J=l, NLC

10 C3(I,J)=C1(I, J)-C2(I, J)
RETURN
END

C
C *SUBROUTINE MULTIP A*B
C

SUBROUTINE MULTIP (Cl, C2, C3, L, M, N, MM, NN)
DIMENSION Cl(MM,NN), C2(MM,NN), C3(MM,NN)
DO 10 1=1, L
DO 10 J=l, N

C3(I,J)=0.
DO 10 K=l, M

10 C3(I,J)=C3(I,J)+ C1(I,K)*C2(K,J)
RETURN
END

C
C *A TRANSPOSE
C

SUBROUTINE TRANP (Cl, C3, M, N, MM, NN)
DIMENSION Cl(MM, NN), C3(MM, NN)
DO 1000 1=1, M
DO 1000 J=l, N

C3(J,I)=C1(I,J)
1000 CONTINUE

RETURN
END

C
C *SUBROUTINE INVERS I/A
C

SUBROUTINE MATIRV(A,N,NN,MM,B,CC)
DIMENSION A(NN,MM), B(NN,NN), CC(NN,MM), INDEX(10,10)
DO 1111 1=1, 10
DO 1111 J=l, 10
INDEX(I, J)=0.

1111 CONTINUE
L=N+1
M=2*N
DO 1 1 = 1, N
DO 1, J=L, M
A(I, J)=0
IF(I+N-J) 1,2,1

2 A(I, J)=l
1 CONTINUE

DO 103 1=1, N
DO 103 J=l, N

103 INDEX(I,J)=0
DO 4 IN=1,N
AMAX=-1.0
DO 106 1=1, N
DO 100 J=l, N
IF (INDEX(I, J))100, 105, 100

105 TEMP=ABS(A(I,J))
IF (TEMP-AMAX) 100, 100, 101
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101 IROW=I
ICOL=J
AMAX=TEMP

100 CONTINUE
106 CONTINUE

DO 80 1 = 1, N
80 INDEX(I, ICOL)=1

DO 81 J=l, N
81 INDEX(IROW, J)=l

DIV=A(IROW, ICOL)
IF(DIV)104, 17, 104

104 DO 3 J=1,M
3 A(IROW, J)=A(IROW, JJ/DIV

DO 4 K=l, N
DELT=A(K, ICOL)
IF (DELT) 5, 4, 5

5 IF(K-IROW)6, 4, 6
6 DO 7 J=l, M
7 A (K, J)=a(K, J)-a(IROW, J)*DELT
4 CONTINUE

DO 30 1 = 1, N
DO 31 J=l, N
IF(A(I,J) ) 32, 31, 32

31 CONTINUE
32 IICOL=J

DO 33 JJ=1, M
33 CC(IICOL, JJ)=a(I,JJ)
30 CONTINUE

DO 10 1=1, N
DO 10 J=L, M
K=J-N

10 B(I, K)=CC(I,J)
GO TO 11

17 CC(1,1)=0
11 RETURN

END

Input Data:

271.0 0.005 0. |NM, ND, G, DT, ANGLE
0.5823 0. (MASS
0. 1.5 |MASS
4166.72000. [STIFFNESS
2000. 7000. [STIFFNESS
9.8515 0. |DAMPING
0. 9.0 | DAMPING
77.28 64.4 51.52 38.64 25.76 12.88 0.0 |E-W RECORDS
0 . |DUMMY
77.28 64.4 51.52 38.64 25.76 12.88 0.0 |N-S RECORDS
0. |DUMMY
38.64 32.2 25.76 19.32 12.88 6.44 0.0 [VERTICAL RECORDS
0 . |DUMMY
1.0 0 |RX
0.00 | RY
0.0 1.0 |RZ
'X' 1 0.0 0.0 77.28 [STRUCTURE INITIAL RESPONSES
'Z' 2 0.0 0.0 38.64 [STRUCTURE INITIAL RESPONSES
'X' -1 0.0 0.0 0.0 I STRUCTURE INITIAL RESPONSES

Output Data:
LINEAR ACCELERATION METHOD

NUMBER OF D.O.F. = 2
TOTAL NO.OF TIME HISTORY DATA FOR EACH COMPONENT = 7
GRAVITY, G = 1.000000
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TIME INCREMENT = 0.005000
ANGLE = 0.000000

THE MASS MATRIX:
0.5823 0.0000
0.0000 1.5000

THE STIFFNESS MATRIX:
4166.7002 2000.0000
2000.0000 7000.0000

THE DAMPING MATRIX:
9.8515 0.0000
0.0000 9.0000

INPUT EAST-WEST EARTHQUAKE ACCELERATION DATA
77.27999964.40000251.52000038.63999925.76000012.880000 0.000000
INPUT NORTH-SOUTH EARTHQUAKE ACCELERATION DATA
77.27999964.40000251.52000038.63999925.76000012.880000 0.000000
INPUT VERTICAL EARTHQUAKE ACCELERATION DATA
38.63999932.20000125.76000019.32000012.880000 6.440000 0.000000
INFLUENCE COEFFICIENT FACTORS RX:
1.0000
0.0000

INFLUENCE COEFFICIENT FACTORS RY:
0.0000
0.0000

INFLUENCE COEFFICIENT FACTORS RZ :
0.0000
1.0000

STRUCTURAL TIME HISTORY RESPONSE:
DOF TIME DISPLACEMENT VELOCITY ACCELARATION

DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF

IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX

TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

.000

.000

.000

.000

.000

.000

.005

.005

.005

.005

.005

.005

.010

.010

.010

.010

.010

.010

.015

.015

.015

.015

.015

.015

.020

.020

.020

.020

.020

.020

.025

0.
0.
0.
0.
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.

.0000000

.0000000

.0000000

.0000000

.0000000

.0000000

.0008637

.0000000

.0000059

.0000046

.0000000

.0004433

.0030177

.0000000

.0000554

.0000434

.0000000

.0016024

.0057043

.0000000

.0002256

.0001762

.0000000

.0031722

.0081444

.0000000

.0005998

.0004678

.0000000

.0048140

.0096738

0.
0.
0.
0.
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.

.0000000

.0000000

.0000000

.0000000

.0000000

.0000000

.3250407

.0000000

.0035508

.0027832

.0000000

.1694063

.5104787

.0000000

.0190631

.0148961

.0000000

.2838446

.5374137

.0000000

.0520264

.0405757

.0000000

.3325316

.4158823

.0000000

.0994290

.0774543

.0000000

.3129292

.1807213

77
0.
0.
0.
0.
38
52
0.
-1
-1
0.
29
21
0.
-4
-3
0.
16
-10
0.
-8
-6
0.
2.
-37
0.

.2799988
0000000
0000000
0000000
0000000
.6399994
.7362823
0000000
.4203136
.1132989
0000000
.1225185
.4389038
0000000
.7846150
.7318230
0000000
.6527939
.6649513
0000000
.4006863
.5400329
0000000
8220065
.9476624
0000000

-10.5603561
-8
0.
-10
-56

.2114267
0000000
.6629248
.1166725
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DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF

1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z

TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

.025

.025

.025

.025

.025

.030

.030

.030

.030

.030

.030

0.
-0.
-0.
0.
0.
0.
0.
-0.
-0.
0.
0.

.0000000

.0012264

.0009557

.0000000

.0061971

.0098477

.0000000

.0020881

.0016262

.0000000

.0070377

0.
-0
-0
0.
0.
-0.
0.
-0
-0
0.
0.

0000000
.1507277
.1173189
0000000
2306998
.1168297
0000000
.1906388
.1482844
0000000
0985044

0.
-9.
-7.
0.
-22
-62
0.
-6
-4
0.
-30

0000000
.9591446
.7344007
0000000
.2287960
.9038315
0000000
.0052867
.6517782
0000000
.6492558



Appendix H—Computer Program for Wilson-0
Method

The computer program for the Wilson-0 method is listed here, followed by explanatory details.

c **************************************************************************************
C * (TIME HISTORY COMPUTATION) *
C * WILSON THETA METHOD *
C * FOR SEISMIC RESPONSE OF STRUCTURES (USING INTEGRATION METHOD) *
C * *
C **************************************************************************************

C
C VARIABLES:
C NDCA = TIME HISTORY RECORD DATA CAPACITY
C NW = WORK ARRAY CAPACITY GREATER OR EQUAL 2* NM
C NM = NUMBER OF D.O.F.
C ND = TOTAL NO.OF TIME HISTORY DATA FOR EACH GROUND COMPONENT

C G = GRAVITY
C DT = TIME INCREMENT
C ANGLE = ANGLE FROM GROUND N-S COMP . TO STRUCT, REFERENCE AXIS OF XI
C

PARAMETER (NDCA=2400, NW=20)
CHARACTER*! CHAR(3), DIRECT
DIMENSION SNA(NDCA), EWA(NDCA), VER(NDCA), CC(NW,NW), WN(NW,NW)
DIMENSION DF(NW,NW), SC(NW,NW), SK(NW,NW), DF2(NW,NW)
DIMENSION UDX(NW), UVX(NW), UAX(NW), UDY(NW), UVY(NW), UAY(NW)
DIMENSION UDZ(NW), UVZ(NW), UAZ(NW), FX(NW,NW), AMX(NW,NW)
DIMENSION RX(NW,NW), RY(NW,NW), RZ(NW,NW), AMY(NW,NW), AMZ(NW,NW)
DIMENSION FY(NW,NW), FZ(NW,NW), FFX(NW,NW), FFY(NW,NW), FFZ(NW,NW)
DIMENSION DIS(NW), PX(NW), PY(NW), PZ(NW), WWNN(NW), STI(NW,NW)
DIMENSION AM(NW,NW), AMIV(NW,NW), GER(NW,NW), CG(NW,NW)
DIMENSION PPX(NW,NW), PPY(NW,NW), PPZ(NW,NW)

C DATANM, ND, G, DT, ANGLE/1, 7, 1., 0.005, O./

863
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C DEFINE EXTERNAL FILE UNITS FOR INPUT DATA AND OUTPUT
c =========================================================

OPEN(UNIT=5,FILE=STRING(8))
OPEN(UNIT=6,FILE=STRING(9))

C
C

WRITE(6,*) ' WILSON THETA METHOD '
WRITE(6,*) ' ==================='
WRITE(6,*) ' '
READ(5,*)NM, ND, G, DT, ANGLE
WRITE (6, 100 )NM, ND, G, DT, ANGLE

100 FORMAT (Ix, 'NUMBER OFD.O.F. =' ,15,
& /IX, 'TOTAL NO.OF TIME HISTORY DATA FOR EACH COMPONENT =' ,15,

& /IX, 'GRAVITY, G =' ,F15.6,
& /IX,'TIME INCREMENT = ' ,F15.6,
& /IX,'ANGLE = ' ,F15.6/)

CHAR(1)='X'
CHAR(2)='Y'
CHAR(3)='Z'

C WRITE(6,*) INPUT MASS:'
DO 33 1 = 1, NM

33 READ(5,*) (AM(I,J),J=l, NM)
C WRITE(6,*) 'INPUT STIFFNESS:'

DO 34 1 = 1, NM
34READ(5,*) (STI(I, J) , J=l, NM)
C WRITE(6,*) ' DAMPING RATIO:'

DO 35 1=1,NM
35READ(5,*) (DF(I, J) , J=l, NM)
C

WRITE(6,*) ' THE MAS S MATRIX: '
CALL PRIN(AM, NM, NM, NW, NW)
WRITE(6,*) 'THE STIFFNESS MATRIX:'
CALL PRINtSTI, NM, NM, NW, NW)
WRITE(6,*) 'THE DAMPING MATRIX:'
CALL PRINtDF, NM, NM, NW, NW)

C
C- - - - - -READ EARTHQUAKE INPUT ACCELERATION DATA (UNIT=G)
C EWA = EASE-WEST DIRECTION
C SNA = SOUTH-NORTH DIRECTION
C VER = VERTICAL DIRECTION
C
WRITE(6,*) 'INPUT EAST-WEST EARTHQUAKE ACCELERATION DATA'

READ(5,*) (EWA(I), I=1,ND)
WRITE(6,45) (EWA(I), 1=1,ND)

READ(5,*) DUMMY
IF (DUMMY.NE.0.) WRITE(6,31)

31 FORMAT (IX, 'INPUT DATA INCORRECT!')
45 FORMAT (IX, 8F9.6)
WRITE(6,*) 'INPUT NORTH-SOUTH EARTHQUAKE ACCELERATION DATA'

READ(5,*) (SNA(I), 1=1, ND)
WRITE(6,45) (SNA(I), 1=1,ND)
READ(5,*) DUMMY2
IF (DUMMY .NE. 0.) WRITE (6,31)

WRITE(6,*) 'INPUT VERTICAL EARTHQUAKE ACCELERATION DATA'
READ(5,*) (VER(I), 1=1, ND)
WRITE(6,45) (VER(I), 1=1,ND)
READ(5,*) DUMMY3
IF (DUMMY3 .NE. 0.) WRITE (6,31)
DO 30 1 = 1, ND
SNA(I) = SNA(I)*G
VER(I) = VER(I)*G

30 EWA(I) = EWA(I)*G
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c
C-- - - INPUT INFLUENCE COEFFICIENT FACTOR

READ(5,*) (RX(I,1) , 1=1, NM)
READ(5,*) (RY(I,1), 1=1, NM)
READ(5,*) (RZ(I,1), 1=1, NM)
WRITE(6,*) 'INFLUENCE COEFFICIENT FACTORS RX : '
CALL PRIN(RX, NM, 1, NW, NW)
WRITE(6,*) 'INFLUENCE COEFFICIENT FACTORS RY:'
CALL PRIN(RY, NM, 1, NW, NW)
WRITE(6,*) 'INFLUENCE COEFFICIENT FACTORS RZ :'
CALL PRIN(RZ, NM, 1, NW, NW)
CALL MULTIP (AM, RX, AMX, NM, NM, 1, NW, NW)
CALL MULTIP (AM, RY, AMY, NM, NM, 1, NW, NW)
CALL MULTIP (AM, RZ , AMZ , NM, NM, 1, NW, NW)
SS=SIN(ANGLE)
CS=COS(ANGLE)

C SET INITIAL DISP. , VELO. , & ACC . FOR EACH DOF TO ZEROS.
DO 37 1 = 1, NM

UDX(I) = 0.
UVX(I) = 0.
UAX(I) = 0.
UDY(I) = 0.
UVY(I) = 0.
UAY(I) = 0.
UDZ(I) =0.
UVZ(I) =0.
UAZ(I) =0.

37 CONTINUE
C INPUT INITIAL DISP. , VELO. , & ACC. FOR A DOF DUE TO GROUND COMP . IN X DIRECTION.
C I.E . , T=0.0 SEC.
84 READ(5,*) DIRECT, IDOF, DISP, VELO, ACCEL

IF (IDOF .LE. 0) GO TO 65
IF (DIRECT .EQ. 'X') THEN
UDX(IDOF) = DISP
UVX(IDOF) = VELO
UAX(IDOF) = ACCEL
ELSE IF (DIRECT .EQ. 'Y') THEN
UDY(IDOF) = DISP
UVY(IDOF) = VELO
UAY(IDOF) = ACCEL
ELSE IF (DIRECT .EQ. 'Z') THEN
UDZ (IDOF) = DISP
UVZ(IDOF) = VELO
UAZ (IDOF) = ACCEL
ENDIF

C
GO TO 84

C
65 WRITE(6,*)'STRUCTURAL TIME HISTORY RESPONSE:'

C
WRITE(6,81)

81FORMAT(1X, 'DOF TIME DISPLACEMENT ' ,
S ' VELOCITY ACCELARATION'/)

T=0.0
DO 385 1 = 1, NM
WRITE(6,36) I, CHAR(l), T, UDX(I),UVX(I),UAX(I)
WRITE(6,36)I, CHAR(2), T, UDY(I), UVY(I), UAY(I)
WRITE(6,36)1, CHAR(3), T, UDZ(I), UVZ(I), UAZ(I)

385 CONTINUE
C
C CALCULATE INITIAL FORCES AT EACH DOF DUE TO EACH GROUND COMPONENT AT T=0.0 SEC.

AXO=SNA(1)*CS+EWA(1)*SS
AYO=-SS*SNA(1)+EWA(1)*CS
AZO=VER(1)
DO 48 1=1, NM
PPX(1,1)= AMX(I, 1)*AXO
PPY(I,1)= AMY(I, 1)*AYO
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48 PPZ(I,1)= AMZ(I, 1)*AZO
C

T=DT
DO 40 11=2,ND
AX=SNA(II)*CS+EWA(II)*SS
AY=-SS*SNA(II)+EWA(II)*CS
AZ=VER(II)
DO 38 1 = 1, NM
FX(1,1)= AMX(I , 1)*AX
FY(1,1)= AMY(I, 1)*AY

38 FZ(I,1)= AMZ(I, 1)*AZ
C
DO 438 1 = 1,NM

FX(I,1)=FX(I,1)-PPX(1,1)
FY(I,1)=FY(I,1)-PPY(1,1)
FZ(I,1)=FZ(I, D-PPZ (1,1)

438 CONTINUE
DO 448 1 = 1,NM

PPX(I,1)=AMX(I,1)*AX
PPY(I,1)=AMY(I,1)*AY
PPZ(I,1)=AMZ(I,1)*AZ

448 CONTINUE
C

CALL ACC(AM, STI, DF , FX, UDX, UVX, UAX, DT, NM)
CALL ACC(AM, STI, DF , FY, UDY , UVY , UAY , DT , NM )
CALL ACC(AM, STI, DF , FZ, UDZ , UVZ , UAZ , DT, NM)
DO 380 1 = 1, NM
WRITE(6,36) I, CHAR(l), T, UDX(I),UVX(I),UAX(I)
WRITE(6,36)I, CHAR(2), T, UDY(I), UVY(I), UAY(I)
WRITE(6,36)I, CHAR(3), T, UDZ(I), UVZ(I), UAZ(I)

36 FORMAT (IX, ' DOF' , 12, A, 2X, 'TIME=' , F7.3,3X,3F15.7)
380 CONTINUE

T=T+DT
40 CONTINUE

C
CLOSE(5)

CLOSE(6)
WRITE(*,*)'PROGRAM NORMAL STOP - - - - - - - - - - - - * '
STOP
END

C
SUBROUTINE ACC(SM,SK,SC,F,UD,UV,UA,DT,NM)

PARAMETER (NDCA=2400, NW=20)
DIMENSION SM(NW,NW),SMA(NW,NW),F(NW,NW),UD(NW),UV(NW),UA(NW)
DIMENSION Q(NW,NW),R(NW,NW),SC(NW,NW),SK(NW,NW),BAK(NW,NW)
DIMENSION C(NW,NW),BAKIV(NW,NW),SCB(NW,NW),BAF(NW,NW),DD(NW,NW)
DIMENSION VV(NW,NW),AA(NW,NW),CC(NW,NW),UNIT(NW,NW),GER(NW,NW)

C
THETA=1.4
DTT=DT*THETA
DO 107 1 = 1,NM
Q(I,1)=(6*UV(I)/DTT) + 3*UA(I)
R(I,1)=3*UV(I) + DTT*UA(I)/2

C WRITE(6,*)' UV AND UA:', UV(I),UA(I)
C WRITE(6,*)' QANDR:', Q(I,1),R(I,1)
107 CONTINUE

DO 108 1 = 1,NM
F(I,1)=F(I,1)*THETA

108 CONTINUE
CALL MULTIP(SC,R,SCB,NM,NM,1,NW,NW)
CALL MULTIP(SM,Q,SMA,NM,NM,1,NW,NW)
DO 109 1 = 1,NM
BAF(I, 1)=F(I, 1)+SMA(I, D+SCB (I, 1)

C WRITE(6,*)'BAF,F,SMA,SCNB:', BAF(I,1),F(I,1),SMA(1,1),SCB(1,1)
109 CONTINUE

DO 110 1=1,NM
DO 110 J=1,NM
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BAK(I,J)=(6./(DTT**2))*SM(I,J)+(3.*SC(I,J)/DTT)+SK(I,J)
C WRITE(6,*)' KBAR: ', BAK(I,J)
110 CONTINUE

CALL MATIRV(BAK,NM,NW,NW,BAKIV,CC)
CALL MULTIP(BAKIV,BAF,DD,NM,NM,1,NW,NW)
DO 111 1 = 1,NM
AA(I,1)=(6.*DD(I,1)/(DTT*DTT)) - (6*UV(I)/DTT) -3*UA(I)

C WRITE(6,*) 'AA: ', AA(I,1)
111 CONTINUE

DO 112 1 = 1, NM
AA(I,1)=AA(1,1)/THETA
VV(I,1)=UA(I)*DT + 0.5*DT*AA(I,1)
DD(I,1)=UV(I)*DT + (0.5*UA(I)*DT*DT) + (DT*DT*AA(I,1)/6)

112 CONTINUE
DO 211 1 = 1, NM
UD(I)=UD(I)+DD(I,1)
UV(I)=UV(I)+VV(I,1)
UA(I)=UA(I)+AA(1,1)

211 CONTINUE
RETURN
END

SUBROUTINE PRIN(A, NS, MS, NSS, MSS)
DIMENSION A(NSS, MSS)
DO 1 1 = 1,NS
WRITE(6,2) (A(I,J), J=l, MS)

2 FORMAT (IX, 10F12.4)
1 CONTINUE

WRITE(6,777)
777 FORMAT (5X, '——— —— ———————————

RETURN
END

C *SUBROUTINE ADD A+B
C

SUBROUTINE ADD(C1, C2, C3, NF, NLC , M, N)
DIMENSION C1(M,N), C2(M,N), C3(M,N)
DO 10 1=1, NF
DO 10 J=l, NLC

10 C3(I,J)=C1(I,J)+C2(I,J)
RETURN
END

SUBROUTINE MINUS (Cl, C2 , C3, NF, NLC, M, N)
DIMENSION C1(M, N), C2(M, N), C3(M, N)
DO 10, 1 = 1, NF
DO 10 J=l, NLC

10 C3(I,J)=C1(I, J)-C2(I, J)
RETURN
END

: *SUBROUTINE MULTIP A*B

SUBROUTINE MULTIP (Cl, C2, C3, L, M, N, MM, NN)
DIMENSION C1(MM,NN), C2(MM,NN), C3(MM,NN)
DO 10 1=1, L
DO 10 J=l, N

C3(I,J)=0.
DO 10 K=l, M

10 C3(I,J)=C3(I,J)+ C1(I,K)*C2(K,J)
RETURN
END

! * A TRANSPOSE
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SUBROUTINE TRANP (Cl, C3, M, N, MM, NN)
DIMENSION C1(MM, NN), C3(MM, NN)
DO 1000 1=1, M
DO 1000 J=l, N

C3(J,I)=C1(I,J)
1000 CONTINUE

RETURN
END

C
C *SUBROUTINE INVERS I/A
C

SUBROUTINE MATIRV(A,N,NN,MM,B,CC)
DIMENSION A(NN,MM), B(NN,NN), CC(NN,MM), INDEX(10,10)
DO 1111 1=1, 10
DO 1111 J=l, 10
INDEX(I, J)=0.

1111 CONTINUE
L=N+1
M=2*N
DO 1 1=1, N
DO 1, J=L, M
A(I, J)=0
IF(I+N-J) 1,2,1

2 A(I, J)=l
1 CONTINUE

DO 103 1=1, N
DO 103 J=l, N

103 INDEX(I,J)=0
DO 4 IN=1,N
AMAX=-1.0
DO 106 1=1, N
DO 100 J=l, N
IF (INDEX(I, J))100, 105, 100

105 TEMP=ABS(A(I,J))
IF(TEMP-AMAX) 100, 100, 101

101 IROW=I
ICOL=J
AMAX=TEMP

100 CONTINUE
106 CONTINUE

DO 80 1=1, N
80 INDEX(I, ICOL)=1

DO 81 J=l, N
81 INDEX(IROW, J)=l

DIV=A(IROW, ICOL)
IF(DIV)104, 17, 104

104 DO 3 J=1,M
3 A(IROW, J)=A(IROW, J)/DIV

DO 4 K=l, N
DELT=A(K, ICOL)
IF (DELT) 5, 4, 5

5 IF(K-IROW)6, 4, 6
6 DO 7 J=l, M
7 A (K, J)=A(K, J)-A(IROW, J)*DELT
4 CONTINUE

DO 30 1 = 1, N
DO 31 J=l, N
IF(A(I, J) ) 32, 31, 32

31 CONTINUE
32 IICOL=J

DO 33 JJ=1, M
33 CCtHCOL, JJ)=A(I,JJ)
30 CONTINUE

DO 10 1=1, N
DO 10 J=L, M
K=J-N

10 B(I, K)=CC(I,J)
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GO TO 11
17 CC(1,1)=0
11 RETURN

END

Input Data:

2 7 1.0 0.005 0. |NM, ND, G, DT, ANGLE
0.5823 0. IMASS
0. 1.5 IMASS
4166.7 2000. ISTIFFNESS
2000. 7000. ISTIFFNESS
9.8515 0. [DAMPING
0. 9.0 | DAMPING
77.28 64.4 51.52 38.64 25.76 12.88 0.0 |E-W RECORDS
0 . |DUMMY
77.28 64.4 51.52 38.64 25.76 12.88 0.0 |N-S RECORDS
0. |DUMMY
38.64 32.2 25.76 19.32 12.88 6.44 0.0 |VERTICAL RECORDS
0 . |DUMMY
1.0 0 | RX
0.0 0 | RY
0.0 1.0 |RZ
'X' 1 0.0 0.0 77.28 |STRUCTURE INITIAL RESPONSES
'Z' 2 0.0 0.0 38.64 |STRUCTURE INITIAL RESPONSES
'X' -1 0.0 0.0 0.0 I STRUCTURE INITIAL RESPONSES

Output Data:

WILSON THETA METHOD

NUMBER OF D.O.F. = 2
TOTAL NO.OF TIME HISTORY DATA FOR EACH COMPONENT = 7
GRAVITY, G = 1.000000
TIME INCREMENT = 0.005000
ANGLE = 0.000000

THE MASS MATRIX:
0.5823 0.0000
0.0000 1.5000

THE STIFFNESS MATRIX:
4166.7002 2000.0000
2000.0000 7000.0000

THE DAMPING MATRIX:
9.8515 0.0000
0.0000 9.0000

INPUT EAST-WEST EARTHQUAKE ACCELERATION DATA
77.27999964.40000251.52000038.63999925.76000012.880000 0.000000
INPUT NORTH-SOUTH EARTHQUAKE ACCELERATION DATA
77.27999964.40000251.52000038.63999925.76000012.880000 0.000000
INPUT VERTICAL EARTHQUAKE ACCELERATION DATA
38.63999932.20000125.76000019.32000012.880000 6.440000 0.000000
INFLUENCE COEFFICIENT FACTORS RX:
1.0000
0.0000

INFLUENCE COEFFICIENT FACTORS RY:
0.0000
0.0000
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INFLUENCE COEFFICIENT FACTORS RZ :
0.0000
1.0000

STRUCTURAL TIME HISTORY RESPONSE:
DOF

DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF
DOF

TIME

IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z
IX
1Y
1Z
2X
2Y
2Z

TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =
TIME =

DISPLACEMENT VELOCITY ACCELARATION

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

.000

.000

.000

.000

.000

.000

.005

.005

.005

.005

.005

.005

.010

.010

.010

.010

.010

.010

.015

.015

.015

.015

.015

.015

.020

.020

.020

.020

.020

.020

.025

.025

.025

.025

.025

.025

.030

.030

.030

.030

.030

.030

0.
0.
0.
0.
0.
0.
0.
0.
-0.
-0.
0.
0.
0.
0.
-0.
-0.
0.
0.
0.
0.
-0.
-0.
0.
0.
0.
0.
-0.
-0.
0.
0.
0.
0.
-0.
-0.
0.
0.
0.
0.
-0.
-0.
0.
0.

.0000000

.0000000

.0000000

.0000000

.0000000

.0000000

.0008577

.0000000

.0000076

.0000060

.0000000

.0004408

.0029756

.0000000

.0000670

.0000527

.0000000

.0015835

.0055967

.0000000

.0002538

.0001998

.0000000

.0031180

.0079733

.0000000

.0006401

.0005039

.0000000

.0047109

.0094898

.0000000

.0012577

.0009906

.0000000

.0060455

.0097474

.0000000

.0020749

.0016354

.0000000

.0068563

0.
0.
0.
0.
0.
0.
0.

-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
0.
0.
-0
-0
0.
0.
-0
0.
-0
-0
0.
0.

.0000000

.0000000

.0000000

.0000000

.0000000

.0000000

.3214106
0000000
.0045591
.0035882
.0000000
.1678605
.4997246
.0000000
.0219415
.0172682
.0000000
.2786786
.5230830
.0000000
.0554036
.0436142
.0000000
.3237807
.4065635
.0000000
.1002992
.0790010
.0000000
.3026144
.1865241
.0000000
.1457433
.1149016
.0000000
.2222215
.0881784
.0000000
.1776462
.1402606
.0000000
.0957290

77
0.
0.
0.
0.
38
51

.2799988
0000000
0000000
0000000
0000000
.6399994
.2842560

0.0000000
-1
-1
0.
28
20
0.
-5
-4
0.
15
-10
0.
-8
-6
0.
2.
-35
0.
-9
-7
0.

-10.
-52.
0.
-8
-6
0.
-21

.8236529

.4352933
0000000
.5042038
.0413189
0000000
.1292934
.0366907
0000000
.8230181
.6979256
0000000
.2555351
.5017066
0000000
2178221
.9098969
0000000
.7027006
.6530361
0000000
6843233
1058655
0000000
.4749556
.7071700
0000000
.4728394

-57.7751350
0.
-4
-3
0.
-29

0000000
.2861900
.4364567
0000000
.1241684



Appendix I—Computer Program for CQC Method

The computer program for CQC modal analysis is listed here, followed by explanatory details.

c **************************************************************************************
C - - - - - - - - - - - C . Q . C . METHOD - - - - - - - - - - - - - - - - - - - -
C FOR STRUCTURAL RESPONSE (USING MODE SUPERPOSITION METHOD)
C ============================================================
C INPUT: NORMAL MODE MATRIX,MASS MATRIX,
C MODAL DAMPING MATRIX, NATURAL FREQUENCIES,
C INFLUENCE COEFFICIENT VECTOR,SPECTRA DATA
c ============================================================

C N: SYSTEM D.O.F.
C M: NO. OF NORMAL MODES (NOT LARGER THAN N)
C NN: NO. OF GROUND MOTION CONDITION.
C MM: NO. OF MODES WHICH WILL BE ROOT-MEAN-SQUARE
C X(N,M): NORMAL MODE MATRIX
C AM(N,N): SYSTEM MASS MATRIX
C R(N,NN): INFLUENCE COEFFICIENT VECTOR MATRIX
C FI: TIMES OF MASS
C SD(M,NN)SPECTRA DATA MATRIX
C FK: MASS INCREMENT UPPER LIMIT: KK*AM
C **************************************************************************************

C IMPLICIT REAL*8(A-H,0-Z)
DIMENSION X(30,30),XT(30,30),AM(30,30),XMAX(30)
DIMENSION R(30,30),XTAM(30,30),XTAMX(30,30),XTAMR(30,30)
DIMENSION FTMF(30),FTMR(30,3),F(30,30),SD(30,30),XX(30,30,3)
DIMENSION WOO) ,SX(30,30) ,CMC (30, 30) ,RD( 30 , 30) ,PP ( 30 , 30)
DATA N,M,NN,MM,FK,ITDOF/3,3,2,3,1.000000000000,3/
WRITE (6,*) 'THE CONVENTIONAL CQC METHOD'
WRITE(6,*) '==========================='

WRITE (6,*) 'INPUT DAMPING RATIO:'
READ(5,*)DAM
WRITE(6,222) DAM

222 FORMAT(IX,'THE DAMPING RATIO=', F10.4)
WRITE (6,*) 'INPUT MASS MATRIX:'
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DO 999 1 = 1,N
READ(5,*)(AM(I,J),J=1,N)

999 CONTINUE
WRITE (6,*) 'INPUT NORMAL MODE MATRIX'

DO 1000 1=1,N
READ(5,*)(X(I,J),J=1,M)

1000 CONTINUE
WRITE(6,*) ' THE MAS S MATRIX: '
CALL PRIN(AM,N,N,30,30)
WRITE(6,*)' THE NORMAL MODE MATRIX:'
CALL PRIN(X,N,M,30,30)

WRITE(6,*)'INPUT SPECTRA DATA MATRIX'
DO 200 1=1,N
READ(5,*)(SD(I,J),J=1,NN)

1007 FORMAT(3F20.6)
200 CONTINUE

WRITE(6,*)' THE RESPONSE SPECTRA TABLES:'
CALL PRIN(SD,N,NN,30,30)

WRITE (6,*) 'INPUT NATURAL FREQUENCIES'
READ(5,*)(W(L),L=1,M)
WRITE(6,457)(W(L),L=1,MM)

457 FORMAT(IX,'THE NATURAL FREQUENCIES:'/1X,10F12.5)
WRITE(6,8885)

8885 FORMAT(IX,'THE INFLUENCE COEFF. VECTOR IN REFERENCE DIRECTIONS:')
WRITE(6,*) 'INPUT INFLUENCE COEFF. VECTOR'

DO 998 1=1,N
READ(5,*)(RD(I,J),J=1,NN)

1225 FORMAT(3F10.6)
998 CONTINUE

CALL PRIN(RD,N,NN,30,30)
WRITE(6,4532)

4532 FORMAT(IX,'THE TOTAL RESPONSES:'/)
ANGG=-1

1212 ANGG=ANGG+1
IF(ANGG.GT. 360) GO TO 1213

C WRITE(6,765)ANGG
C 765 FORMAT(IX,'THE MAIN TRANSLATION PRIN. COMP. INPUT DIRECTION',
C * '(RAD.)=',F20.9)

ANG=ANGG*3.1415926/180.
DO 329 I=1,ITDOF
R(I,1)=RD(I,1)*COS(ANG)+RD(I,2)*SIN(ANG)
R(I,2)=RD(I,1)*(-SIN(ANG) )+RD(I,2)* COS(ANG)
R(I,3)=RD(I,3)

329 CONTINUE
C4435 WRITE(6,4444)ANGG
C4444 FORMAT(IX,'INFLU. COEFF. VECTOR FOR ANGLE=',F20.9,' INPUT')
C CALL PRIN(R,N,NN,30,30)

CALL TRANP(X,XT,N,MM,30,30)
CALL MULTIP(XT,AM,XTAM,MM,N,N,30,30)
CALL MULTIP(XTAM,X,XTAMX,MM,N,MM,30,30)
CALL MULTIP(XTAM,R,XTAMR,MM,N,NN,30,30)
DO 1980 1=1, MM
FTMF(I)=XTAMX(1,1)

1980 CONTINUE
DO 10 1=1,N
DO 10 J=1,MM
F(I,J)=X(I,J)

10 CONTINUE
DO 109 1 = 1, MM
DO 109 J=1,NN
FTMR(I,J)=XTAMR(I,J)

109 CONTINUE
DO 1500 K=1,NN

C WRITE(6,202) K
C 202 FORMAT(IX,'GROUND MOTION IN ',13, ' TH DIRECTION,THE STRUCTURE',
C * 'RESPONSES SHOW BELOW.' ,
C * /1X,'NOTE:NO. OF COLUMN=NO. OF MODES'/)
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DO 3000 J=1,MM
DO 3000 L=1,N
XX(L,J,K) =F(L,J)*FTMR(J,K)*SD(J,K)/FTMF(J)

3000 CONTINUE
1500 CONTINUE

DO 3001 J=1,MM
DO 3001 L=1,N
PP(L,J)=0.
DO 3001 K=1,NN
PP(L,J)=PP(L,J)+XX(L,J,K)

3001 CONTINUE
C
C - - - - - CALCULATE CROSS MODAL COEFFICIENT - - - - - - -
436 DO 438 J=1,MM

DO 438 JJ=1,MM
RR=W(JJ)/W(J)
AA=8.*DAM*DAM*(1.+RR)*RR*SQRT(RR)
BB=(1.-RR*RR)**2
CC=4.*DAM*DAM*RR*(l.+RR)*(l.+RR)
CMC(J,JJ)=AA/(BB+CC)

438 CONTINUE
C WRITE(6,7777)
C7777 FORMAT(IX,'MODAL CROSS-CORRELATION COEFFICIENTS:')
C CALL PRIN(CMC,MM,MM,30,30)
C
C-- - - CALCULATE 3-DIMENSIONAL STRUCTURE RESPONSES - - - - -
C

DO 426 L=1,N
SUM=0.
DO 428 J=1,MM
DO 428 JJ=1,MM

428 SUM=SUM+PP(L,J)*CMC(J,JJ)*PP(L,JJ)
SUM=ABS(SUM)
XMAX(L)=SQRT(SUM)

426 CONTINUE
WRITE(6,442)ANGG,(XMAX(L),L=1,N)

442 FORMAT(IX,'ANGLE= ', F10.3, 5F15.6)
GO TO 1212

1213 STOP
END

SUBROUTINE PRIN(A, NS, MS, NSS, MSS)
DIMENSION A(NSS, MSS)
DO 1 1 = 1,NS
WRITE(6,2) (A(I,J) , J=l, MS)

2 FORMAT (IX, 10F12.4)
1 CONTINUE

WRITE(6,777)
777 FORMAT(5X, ' - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ' )

RETURN
END

C
C * A TRANSPOSE
C

SUBROUTINE TRANP (Cl, C3, M, N, MM, NN)
DIMENSION Cl(MM, NN), C3(MM, NN)
DO 1000 1=1, M
DO 1000 J=l, N

C3(J,I)=C1(I,J)
1000 CONTINUE

RETURN
END

C
C *SUBROUTINE MULTIP A*B
C
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SUBROUTINE MULTIP(C1, C2, C3, L, M, N, MM, NN)
DIMENSION C1(MM,NN), C2(MM,NN), C3(MM,NN)
DO 10 1=1, L
DO 10 J=l, N

C3(I,J)=0.
DO 10 K=l, M

10 C3(I,J)=C3(I,J)+ C1(I,K)*C2(K,J)
RETURN
END

Input Data:

0.07 (DAMPING
259375 000 2250 000 2250 |MASS
-0.0222 0 0.5730 1.0 -0.6842 1.0 0.6842 1.0 0.6842 |MODE MATRIX
1.5411 1.3688 1.5323 1.3844 1.2652 1.3925| SPECTRA DATA
0.264 0.2738 0.4594 | NATURAL FREQUENCIES
0 0 1 0 0 1 | INFLUNCE COEFF. VECTOR

Output Data:

THE CONVENTIONAL CQC METHOD

THE DAMPING RATIO= 0.0700

THE MASS MATRIX:
259375.0000 0.0000 0.0000
0.0000 2250.0000 0.0000
0.0000 0.0000 2250.0000

THE NORMAL MODE MATRIX:
-0.0222 0.0000 0.5730
1.0000 -0.6842 1.0000
0.6842 1.0000 0.6842

THE RESPONSE SPECTRA TABLES:
1.5411 1.3688
1.5323 1.3844
1.2652 1.3925

THE NATURAL FREQUENCIES:
0.26400 0.27380 0.45940

THE INFLUENCE COEFF. VECTOR IN REFERENCE DIRECTIONS:
0.0000 0.0000
1.0000 0.0000
0.0000 1.0000

THE TOTAL RESPONSES:

ANGLE= 0.000 0.047056 1.483318 1.331185
ANGLE= 1.000 0.046904 1.460894 1.356712
ANGLE= 2.000 0.046738 1.438069 1.381880

ANGLE= 359.000 0.047193 1.505332 1.305312
ANGLE= 360.000 0.047056 1.483318 1.331185



Appendix J—Jain-Goel-Hanson Steel-Bracing
Hysteresis Model and Computer Program

A/A.

c ==========================================================
C THIS IS A TYPICAL MAIN PROGRAM FOR CALL JAIN-GOEL-HANSON
C HYSTERESIS MODEL SUBROUTINE NAMED "MAT08".THE PARAMETERS
C TRANSFERRED INTO SUBROUTINE MAT08 ARE SHOWN AS FOLLOWS.
C SINCE MAT08 IS A GENERAL PURPOSE SUBROUTINE, SOME PARAMETERS
C HAVE BEEN RESERVED AND NOT USED. THEREFORE THEY ARE ASSIGNED
C WITH A NUMBER "1" IN THIS DEMONSTRATION AS A MAIN PROGRAM.
£===========================================================

C VARIABLES:
C MAT = USER DEFINED MATERIAL ID NUMBER
C IELNO = USER DEFINED ELEMENT ID NUMBER
C ELENGH= BRACE ELEMENT LENGTH, STORED IN SE(5)
C SLK = EFFECTIVE LENGTH FACTOR OF ELEMENT STORED IN SE ( 2 )
C P = CURRENT AXIAL LOAD
C PL = PREVIOUS STEP AXIAL LOAD
C D = CURRENT AXIAL DISPLACEMENT
C DL = PREVIOUS STEP AXIAL DISPLACEMENT
C V = DUMMY VARIABLE
C VL = DUMMY VARIABLE
C DUCT = RESERVED DUCTILITY ARRAY (NOT USED)
C EXCR = RESERVED EXCURSION ARRAY (NOT USED)
C LELEM = 39
C LMAT = 9
C SMAT = MATERIAL ARRAY, SMAT(LMAT)

875
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C SE = ELEMENT ARRAY, SE(LELEM)
C IOPT = 1 INITIALIZE MATERIAL
C 2 GET BRACING MEMBER INITIAL STIFFNESS
C 3 GET BRACING MEMBER STIFFNESS
C ERR = DUMMY LOGICAL VARIABLE
C FIRST = LOGICAL VARIABLE. If FIRST=.TRUE., THE MATERIAL
C PROPERTIES OF BRACING MEMBER ARE PRINTED.
C PRINT = DUMMY LOGICAL VARIABLE
C BUG = LOGICAL VARIABLE. If BUG=.TRUE., THE HYSTERESIS
C ENVELOPE CONTROL POINTS ARE PRINTED.
C DAMAGE= RESERVED VARIABLE FOR DAMAGE INDEX (NOT USED)
C EESE = RESERVED VARIABLE FOR ELASTIC STRAIN ENERGY(NOT USED)
C EPSE = RESERVED VARIABLE FOR PLASTIC STRAIN ENERGY(NOT USED)
C =====================================================================

LOGICAL ERR, FIRST, PRINT, BUG
DIMENSION SE(100), SMAT(9), DUCT(3), EXCR(6)
CHARACTER*80 TYPE

C
C =========================================================
C DEFINE EXTERNAL FILE UNITS FOR INPUT DATA AND OUTPUT
c =========================================================

OPEN(UNIT=5,FILE=STRING(8))
OPEN(UNIT=6,FILE=STRING(9))

C
C=====================================================================
C

IOPT=1
ERR=.FALSE.
FIRST=.TRUE.
PRINT = .FALSE.
BUG=.FALSE.
READ(5,*)IELNO, MAT, ELENGH, SLK
SE(5)=ELENGH
SE(2)=SLK

C
C INPUT MATERIAL PROPERTIES

CALL MAT08
& (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
& MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
& SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

C
C INITIALIZE ELEMENT STIFFNESS

IOPT=2
BUG=.TRUE.
CALL MAT08

& (IOPT ,IELNO ,ERR ,FIRST ,PRINT , BUG ,
& MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
& SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

STIF=SE(1)
BUG=.FALSE.

C
WRITE(6,*)' STIFFNESS LOAD DISP. RULE'

C READ AXIAL DISPLACEMENT
DMAX=-0.5

F=0.
FL=0.
D=0.
DL=0.

C
800 READ(5,*, END=5000)DMIN, DMAX, NUMB

DD=(DMAX-DMIN)/NUMB
700 DL=D
D=D+DD

FL=F
F=F+STIF*DD
P=F
PL=FL
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IOPT=3
CALL MAT08

& (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
& MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
& SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

F=P
STIF=SE(1)
WRITE(6,98)SE(1), F, D, SE(4)

98 FORMAT (3F15. 5, 3X, F4.1)
IF (DMAX .GT. 0) THEN
IF (D .LE. DMAX) THEN
GO TO 700
ELSE IF (D .GT. DMAX) THEN
D=DMAX
GO TO 800
ENDIF
ELSE IF (DMAX . LE . 0) THEN
IF (D .GE. DMAX) THEN
GO TO 700
ELSE IF (D .LT. DMAX) THEN
D=DMAX
GO TO 800
ENDIF
ENDIF

C
5000 CLOSE(5)

CLOSE(6)
STOP
END

C DEBUG UNIT(6),TRACE,SUBCHK,INIT,SUBTRACE
C END DEBUG
c ============================================

SUBROUTINE MAT08
S (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,EESE,EPSE,DUCT,EXCR,DAMAGE)

C
IMPLICIT REAL(A-H,O-Z)
LOGICAL ERR,FIRST,PRINT,BUG
LOGICAL BTEST
DIMENSION SE(IOO),SMAT(9),DUCT(3),EXCR(6)
CHARACTER*80 TYPE

C
C ----RESERVE STORAGE FOR ELEMENT
LELEM=39
IF (IOPT.EQ.O) RETURN

C
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C VARIABLES:
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C - - - - - GLOBAL VARIABLES
C IOPT = 1, INITIALIZE MATERIAL
C =2, GET STIFFNESS
C RINPUT = INPUT DATA
C SMAT = INTERNAL STORAGE
C SE = OUTPUT STIFFNESS
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
GOTO (100,200,300,400,500),IOPT

C
100 CONTINUE
C
C - - - - INTERPRET INPUT DATA
C E = SMAT( 1) ELASTIC MODULUS OF MEMBER
C A = SMAT( 2) CROSS SECTION AREA OF MEMBER
C R = SMAT( 3) RADIUS OF GYRATION
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C YS = SMAT( 4) YIELD STRESS OF MEMBER
C PY = SMAT( 5) YIELD AXIAL LOAD OF MEMBER
C CC = SMAT( 6) SQRT(2*PI*PI*E/FY). PI=3.14159
C DMAX = SMAT( 7) : ULTIMATE DISPLACEMENT = DUCMAX*DELY
C BDAM = SMAT( 8) : BATA PARAMETER
C SHAPE = SMAT( 9) : CROSS SECTION SHAPE
C 1: FOR BOX OR ANGLE SECTION
C 2: FOR I SHAPE SECTION
C 3: FOR BOX SECTION CONSIDERING
C LOCAL BUCKLING. THIS IS ONLY FOR MEMBER
C WITH KL/R LESS THAN 40 CASE
c ====================================================================

C
READ (5,*) TYPE , ( SMAT (I) , 1=1, 4 ) , SHAPE , DUCMAX , BDAM

C
LMAT = 9
PI=3.1415926
SMAT(5)=SMAT(2)* SMAT(4)
SMAT(6)=SQRT(2.*PI*PI*SMAT(1)/SMAT(4) )
SMAT(7)=DUCMAX
SMAT(8)=BDAM
SMAT(9)=SHAPE

C
IF (FIRST .OR. BUG) WRITE (6,191)
WRITE (6,192) MAT, (SMAT(K) ,K=1,4) ,SHAPE,DUCMAX,BDAM

C
191 FORMAT (///' JAIN-GOEL-HANSON HYSTERESIS MODEL PARAMETERS'/
s , ================================-//

& ' MAT.',3X,' E',6X,' A',6X,' R',6X,' YS ' ,
S 6X, ' SHAPE' ,6X, 'MAX DUC ' , 6X, ' BETA' )

192 FORMAT (IX,15,7G12.6/)
C
RETURN

C
c===================== INITIALIZE STIFFNESS TERMS ==================
200 CONTINUE
C - - - - JAIN-GOEL-HANSON HYSTERESIS MODEL DATA STORAGE FOR MEMBER - - - -
C SE( 1)= STIFMEMBER AXIAL STIFFNESS
C SE( 2)= K EFFECT SLENDER COEFFICIENT (TRANSFERD FROM ELE08)
C SE( 3)= NOCY NO. OF CYCLE
C SE ( 4)= NRULE RULE NUMBER
C SE( 5)= EL MEMBER LENGTH (TRANSFERED FROM ELE08)
C SE( 6)= IRV 0:REVRSC=.FALSE. 1:REVRSC=.TRUE.
C SE ( 7)= IDUC 0: HC=-12 1: HC .LT. -12
C SE( 8)= PBOT
C SE( 9)= DBOT
C SE(10)= PTOP
C SE(11)= DTOP
C SE(12)= KEQ UNLOADING EQUIVALENT STIFFNESS
C SE(13)= DUCT(l)
C SE(14)= DUCT(2)
C SE(15)= DUCT(3)
C SE(16)= EXCR(l)
C SE(17)= EXCR(2)
C SE(18)= EXCR(3)
C SE(19)= EXCR(4)
C SE(20)= EXCR(5)
C SE(21)= EXCR(6)
C SE(22)= DELY YIELDING DISPLACEMENT
C SE(23)= EESE(l)
C SE(24)= EESE(2)
C SE(25)= EESE(2)
C SE(26)= EPSE
C SE(27)= PSEOLD
C SE(28)= CSE
C SE(29)= DMAX ULTIMATE DISPLACEMENT
C SE(30)= D_MAX MAXIMUM ELEMENT DISPLACEMENT FOR DAMAGE INDEX
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C SE(31)= P_MAX ELEMENT LOAD CORRESPONDING TO D_MAX
C SE(32)= HA CURRENT CONTROL POINT HA
C SE(33)= VA CURRENT CONTROL POINT VA
C SE(34)= HC CURRENT CONTROL POINT HC
C SE(35)= VC CURRENT CONTROL POINT VC

C SE(36)= RSN CURRENT RESIDUAL STRAIN VALUE
C SE(37)= DEMAX CURRENT MAXIMUM AXIAL DISPLACEMENT FOR DUCTILITIES
C SE(38)= REGIN CURRENT REGINE ZONE NUMBER
C SE(39)= PREGIN PREVIOUT REGIN ZONE NUMBER
C ================================================================

SE(1)=1
SE(3)=1
SE(4)=1
DO 210 1=6,28

210 SE(I)=0
SE(37)=0
SE(38)=1
SE(39)=1

C
CALL HYST08(0.,0.,0.,0.,V,VL,SE(5),SE(2),
& SMAT(1),SMAT(2),SMAT(3),SMAT(4),SMAT(5),SMAT(9),
& SMAT(6),SE(3),SE(4),SE(1),SE(6),SE(7),
S SE(32),SE(33),SE(34),SE(35),SE(36),SE(37),SE(38),SE(39),
S SE(8),SE(9),SE(10),SE(11),BUG,
S SE(12),SE(13),SE(16),SE(22),SE(23),SE(26),SE(27),SE(28) )
SE(28)=SE(22)*SMAT(5)/2
SE(29)=SE(22)*SMAT(7)
SE(30)=0
SE(31)=0

C
RETURN

C ====================== GET STIFFNESS TERMS =======================
300 CONTINUE
C
C- - - - - - - - CALL HYST08 TO CALC NEW STIFFNESS STIF
CALL HYST08(P,PL,D,DL,V,VL,SE(5) ,SE(2) ,
S SMAT(1),SMAT(2),SMAT(3),SMAT(4),SMAT(5),SMAT(9),
S SMAT(6),SE(3),SE(4),SE(1),SE(6),SE(7),
S SE(32),SE(33),SE(34),SE(35),SE(36),SE(37),SE(38),SE(39),
S SE(8),SE(9),SE(10),SE(11),BUG,
S SE(12) ,SE(13),SE(16) ,SE(22) ,SE(23) ,SE(26),SE(27) ,SE(28) )

C
C - - - STORE MAXIMUM DISPLACEMENT AND CORRESPONDING LOAD

IF(ABS(D) .GT. ABS(SE(30))) THEN
SE(30)=D
SE(31)=P

ENDIF
C
C === GET ENERGIES, DUCTILITY AND EXCURSION FOR BOTH IOPT=3 AND 4 ====
400 CONTINUE
C
C - - - TRASFER ENERGIES FOR BOTH IOPT=3 AND 4 .
EESE=SE(23)
EPSE=SE(26)

C
C ---TRASFER DUCTILITIES AND EXCURSION RATIOS FOR BOTH IOPT=3 AND 4.
DO 410 1=1,3
DUCT(I)=SE(12+I)
EXCR(I+3)=SE(15+1+3)

410 EXCR(I)=SE(15+I)
C
RETURN

c ================= DAMAGE INDEX =================================

500 CONTINUE
EESE=SE(23)
EPSE=SE(26)
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DMAX=SE(29)
D=SE(30)
P=SE(31)
PY=SMAT(5)
BDAM=SMAT(8)
DAMGE=ABS(D)/DMAX + BDAM / (PY*DMAX) * EPSE

C
RETURN
END

C
c********** HYST08 ***********************************************
C DEBUG UNIT(6),TRACE,SUBCHK,INIT,SUBTRACE
C END DEBUG
C
C JAIN-GOEL-HANSON TRUSS HYSTERESIS MODEL FOR ANGLE AND BOX SECTION
C

SUBROUTINE HYST08(P,PLA,DE,DELA,V,VLA,EL,SLK,
& EM,AREA,RADG,YS,PY, SHAPE,
& CC,CYCLE,RULE,STIF,IRV,IDUC,
5 HA,VA,HC,VC,RSN,DEMAX,REGIN,PREGIN,
6 PBOT,DBOT,PTOP,DTOP,PRINT,
& EKI, DUG, EXCR, DELY, ESE, PSE, PSEOLD, CSE)
COMMON/IDSTEP/ISEP
DIMENSION DUG(3), EXCR(6), ESE(3)
LOGICAL REVRSC,PRINT
REALM IRV, IDUC
IF( IRV .EQ. 0.) REVRSC=.FALSE.
IF( IRV .EQ. 1.) REVRSC=.TRUE.
PI=3.1415926
ES=AREA*EM/EL
DELY=PY/ES
DEL=DE/DELY
PL=P/PY
ESR=SLK*EL/RADG
SLOP7=STIF/ES
DA=ABS(DE)

C
DP=P-PLA
DDE=DE-DELA
DDEL=DDE/DELY

C ==== CALCULATE EXCURSION RATE AT EVERY ZERO CROSSING =============
C

IF( P*PLA .LE. 0 ) THEN
C CALLDNE(0, DUC,EXCR,DELY, DA,ESE(1),PSE,PSEOLD,CSE)

ENDIF
C
C================================================================
C DUC - - - - ELEMENT DUCTILITY RATE
C EXCR - - - - ELEMENT EXCURSION RATE
C DELY - - - - ELEMENT YIELDING DISPLACEMENT
C ESE - - - - ELEMENT ELASTIC STRAIN ENERGY
C PSE - - - - ELEMENT PLASTIC STRAIN ENERGY
C PSEOLD - - - - ELEMENT PLASTIC STRAIN ENERGY AT LAST ZERO CROSSING
C CSE - - - - ELEMENT CONSTANT STRAIN ENERGY
C
C DP - - - - ELEMENT AXIAL LOAD INCREMENT (KIPS)
C ESR - - - - EFFECTIVE SLENDER RATIO (KL/R)
C YS - - - - YIELDING STRESS
C AREA - - - - CROSS SECTION AREA (A)
C EM - - - - ELASTIC MODULUS (E)
C DP - - - - ELEMENT AXIAL LOAD INCREMENT (KIPS)
C P - - - - CURRENT AXIAL LOAD (KIPS)
C PL - - - - P - P Y RATIO (P/P Y)
C PLA - - - - LAST AXIAL LOAD
C DDEL - - - - DISPLACEMENT INCREMENT (IN)
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C DE - - - - CURRENT AXIAL DISPLACEMENT (IN)
C DEMAX - - - - MAXIMUM AXIAL DISPLACEMENT (IN)
C DA - - - - CURRENT ABSOLUTE AXIAL DISPLACEMENT ( IN)
C DELA - - - - LAST AXIAL DISPLACEMENT
C DDE - - - - ELEMENT DISPLACEMENT INCREMENT
C DEL - - - - DEL=DE/DELY
C DELY - - - - YIELDING DISPLACEMENT
C V - - - - CURRENT VELOCITY
C VLA - - - - LAST VELOCITY
C ES - - - - ELEMENT ELASTIC STIFFNESS
C EKI - - - - UNLOADING EQUIVALENT STIFFNESS FOR CALCULATING EESE
C PY - - - - TENSION YIELDING LOAD
C EL - - - - ELEMENT LENGTH (IN)
C CC - - - - C SUB . C CONSTANT
C PMAX - - - - BUCKING LOAD (KIPS)
C DELMAX - - - - BUCKING DISPLACEMENT (IN)
C HA,HB, . . ,HC1,HD1. . ,HF - - - - P/PY - DE/DELY PLOT'S DE/DELY COORDINATE
C VA,VB, . . ,VC1,VD1. . ,VF -- - - P/PY - DE/DELY PLOT'S P/PY COORDINATE
C RSN - - - - RESIDUAL STRAIN
C RULE - - - - RULE NUMBER
C CYCLE - - - - NO. OF CYCLE
C STIF - - - - ELEMENT STIFFNESS
C REVRSC - - - - LOGICAL INDEX FOR REVERSING CURVE OCCURRED
C IDUC - - - - 1: HC LESS THAN 12, 0:HC = 12
C REGIN - - - - REGIN 1: DE GREATER OR EQUAL TO HA
C 2: DE = (HH, HA)
C 3: DE = (HB, HH)
C 4: DE = (HC, HB)
C PREGIN - - - - PREVIOUS STEP REGIN ID NUMBER
C SHAPE - - - - 1: FOR BOX OR ANGLE SECTION
C 2: FOR I SHAPE SECTION
C 3: FOR BOX SECTION CONSIDERING LOCAL BUCKLING
C NOTE: THIS IS ONLY FOR KL/R LESS THAN 40
c======================================================================

C
C INITIAL BUCKLING LOAD
C

IF( ESR .LT. CC .AND. CYCLE .EQ. 1 ) THEN
PMAX=-(1.-(ESR**2/(2.*CC**2)))*YS*AREA

ELSE IF( ESR .GE. CC .AND. CYCLE .EQ. 1 ) THEN
PMAX=-PI*PI*AREA*EM/(ESR**2)

ENDIF
C
C RESIDUAL ELOGATION FACTOR RFAC
C
C /** FOR BOX AND ANGLE SECTION **/

IF(SHAPE .EQ. 1) THEN
RFAC=1.75

ELSE IF(SHAPE .EQ. 3) THEN
RFAC=0

C /** FOR I SHAPE SECTION **/
ELSE IF(SHAPE .EQ. 2) THEN

RFAC=1.4
ENDIF

C
C GENERATE CONTROL POINTS COORDINATE
C
C (1) POINT A
C

IF( SHAPE .NE. 3 ) THEN
IF( CYCLE .EQ. 1 ) THEN
VA=PMAX/PY
HA=PMAX/(ES*DELY)
ELSE IF( CYCLE .EQ. 2) THEN
IF( ESR .LE. 40 ) THEN
PMAX=-(23.4/ESR)*PY
ELSE IF( ESR .GT. 40 ) THEN
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PMAX=-(30./ESR)*PY
ENDIF
ELSE IF( CYCLE . GT. 2) THEN
IF( ESR .LE. 40 ) THEN
PMAX=-(18.5/ESR)*PY

ELSE IF( ESR .GT. 40 ) THEN
PMAX=-(25./ESR)*PY

ENDIF
ENDIF
ELSE IF( SHAPE .EQ. 3 ) THEN
IF( CYCLE .EQ. 1) THEN
VA=PMAX/PY
HA=PMAX/(ES*DELY)
ELSE IF( CYCLE .EQ. 2) THEN
PMAX=PMAX
ELSE IF( CYCLE .EQ. 3) THEN
PMAX=-(23.4/ESR)*PY
ELSE IF( CYCLE .GT. 3) THEN
PMAX=-(18.5/ESR)*PY
ENDIF
ENDIF

C
C (2) POINT B
C
HB=-5.
IF( ESR .LE. 40 ) THEN
VB=-17./ESR
ELSE IF( ESR . GT. 40 ) THEN

C /** FOR BOX AND ANGLE SECTION **/
IF( SHAPE .EQ. 1 .OR. SHAPE .EQ. 3 ) THEN
VB=-18./ESR

C /** FOR I SHAPE SECTION **/
ELSE IF( SHAPE .EQ. 2 ) THEN
VB=-11.3/ESR
ENDIF
ENDIF

C
C (3) POINT C
C

IF( IDUC .EQ. 0.) THEN
HC=-12.
IF( ESR .LE. 40 ) THEN
VC=-15./ESR
ELSE IF( ESR . GT. 40 ) THEN

C /** FOR BOX AND ANGLE SECTION **/
IF( SHAPE .EQ. 1 .OR. SHAPE .EQ. 3 ) THEN
VC=-12./ESR

C /** FOR I SHAPE SECTION **/
ELSE IF( SHAPE .EQ. 2 ) THEN
VC=-8.5/ESR

ENDIF
ENDIF
ENDIF

C
C (4) POINT E
C

HE=1.+(RSN*EL/DELY)
VE = 1.

C
C (5) POINT Dl
C
SLOPE=(VE-VC)/(HE-HC)
HD1=(SLOPE*HC-VC)/(SLOPE+0.267949)
VD1=-0.267949*HD1

C
C (6) POINT D
C
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IF( ESR .LE. 40 ) THEN
HD=HD1*31./ESR
VD=VD1*31./ESR
ELSE IF( ESR .GT. 40 ) THEN

C /** FOR BOX AND ANGLE SECTION **/
IF( SHAPE .EQ. 1 .OR. SHAPE .EQ. 3 ) THEN
HD=HD1*60./ESR
VD=VD1*60./ESR

C /** FOR I SHAPE SECTION **/
ELSE IF( SHAPE .EQ. 2 ) THEN
HD=HD1*20./ESR
VD=VD1*20./ESR
ENDIF
ENDIF

C
C DEFINE ENVELOPE SLOPE
C
SLOP1=1.
SLOP2=(VB-VA)/(HB-HA)
SLOP3=(VC-VB)/(HC-HB)
SLOP4=(VD-VC)/(HD-HC)
SLOP5=(VE-VD)/(HE-HD)
SLOP6=0.0001

C
C DEFINE ENVELOPE INTERMIDIATE POINTS
C
C (1) POINT H
C
VH=(VB+SLOP2*(-VD+HD-HB))/(!.-SLOP2)
HH=VH-VD+HD

C
C (2) POINT Cl
C
VC1=0.
HC1=HC-(VC/SLOP4)

C
C (3) POINT (PREF,DREF) : CALCULATE IN RULE NO. 4
C
C
C (4) POINT (HREF,VREF) : CALCULATE IN RULE NO. 5
C
C-- - DEFINE CURRENT REGIN ZONE NUMBER
PREGIN=REGIN
IF( DEL .GE. HA) REGIN=1
IF( DEL .GE. HH .AND. DEL .LT. HA ) REGIN=2
IF( DEL .GE. HB .AND. DEL .LT. HH ) REGIN=3
IF( DEL .GE. HC .AND. DEL .LT. HB ) REGIN=4

C
IF (PRINT) THEN
WRITE(6,567)CYCLE,RULE,HA,VA,HB,VB,HC,VC,HC1,VC1,
& HD,VD,HD1,VD1,HH,VH,HE,VE

567 FORMAT(5X,'JAIN-GOEL-HANSON HYSTERESIS ENVELOPE CONTROL POINTS....'/
& 5X,'==========================================='/
& 5X,'CYCLE ---------=',F10.4,/
5 5X, 'RULE ---------=',F10.4,/
6 5X, ' (HA, VA) - - - - - - - - - = ' , IX, ' ( ' ,F10.4, ' , ' , F10.4, ' ) ' ,/
S 5X, ' (HB, VB) ---------=',IX,'( ',F10.4,', ',F10.4, ' ) ' ,/
S
S
S 5X, ' (HD, VD) - - - - - - - - - = ' , I X , '( ' ,F10.4, ' , ' ,F10.4, '
S 5X, ' (HD1, VD1) - - - - - - - - - = ' ,1X, '( ' ,F10.4, ' , ' ,F10.4,

C JAIN-GOEL-HANSON'S HYSTORESIS LOOP RULES
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c
C (1) RULE 1
C

IF( RULE .EQ. 1.) THEN
IF( P. GE. PMAX .AND. P .LT. PY ) THEN

STIF=SLOP1*ES
EKI=SLOP1*ES
IF( DEMAX .LT. 0 .AND. DE .LE. DEMAX ) THEN
RSN=((0.55*ABS(DE)/ESR)+0.0002*ABS(DE)**2)*RFAC
ENDIF

ELSE IF( P. GE. PY ) THEN
STIF=SLOP6
RULE=6

C RSN=0
EKI=SLOP1*ES

ELSE IF( P. LT. PMAX) THEN
C HA=DEL
C VA=PL
C SLOP2=(VB-VA)/(HB-HA)
C STIF=SLOP2*ES
C

D1=DE-HA*DELY
SLOP2=(VB-VA)/(HB-HA)
STIF=SLOP2*ES
P=PMAX+(STIF*D1)
PL=P/PY

C
RULE=2
IF( DEMAX .LT. 0 .AND. DE .LE. DEMAX ) THEN
RSN=((0.55*ABS(DE)/ESR)+0.0002*ABS(DE)**2)*RFAC
ENDIF
EKI=SLOP1*ES

ENDIF
C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
C CALL ONE(1,DUG,EXCR,DELY, DA, ESE(l), PSE , PSEOLD, CSE )
RETURN
ENDIF

C
C (2) RULE 2
C

IF( RULE .EQ. 2.) THEN
IF( DEL .GE. HH) THEN

IF( DDE .LE. 0. ) THEN
IF(PREGIN .NE. REGIN ) REVRSC= .FALSE.
STIF=SLOP2*ES

IF( DEMAX .LT. 0 .AND. DE . LE . DEMAX ) THEN
RSN=( (0.55*ABS(DE)/ESR)+0.0002 *ABS(DE)**2)*RFAC
ELSE IF( DEMAX . GT. 0 ) THEN
RSN=( (0.55 *ABS(DE)/ESR)+0.0002 *ABS(DE)* *2)*RFAC
ENDIF

IF(.NOT. REVRSC )THEN
EKI=SLOP1*ES
ELSE IF( REVRSC (THEN
EKI=ES*((PTOP-PL)/(DTOP-DEL))
ENDIF

ELSE IF( DDE . GT. 0. )THEN
IF(.NOT. REVRSC (THEN
RULE=7
STIF=SLOP1*ES

PLA=PL-SLOP2 *DDEL
DLA=DEL-DDEL
DBOT^DLA
PBOT=PLA
PL=PLA+SLOP1*DDEL
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P=PL*PY
C

PTOP=VE+(SLOPS*(PBOT-VE-SLOP1*DBOT
* +SLOP1*HE)/(SLOP5-SLOP1))

DTOP=(PBOT-VE+SLOP5*HE-SLOP1*DBOT)
* /(SLOPS-SLOPI)

EKI=ES*SLOP1
ELSE IF( REVRSC ) THEN
RULE=12
DBOT=DEL
PBOT=P/PY
SLOP7=(PTOP-PBOT)/(DTOP-DBOT)
STIF=SLOP7*ES
EKI=ES*SLOP7

ENDIF
ENDIF

ELSE IF (DEL . LT. HH .AND. DEL . GE . HB ) THEN
IF( DDE .LE. 0. ) THEN

C IF(PREGIN .NE. REGIN ) REVRSC= .FALSE.
STIF=SLOP2*ES

IF( DEMAX .LT. 0 .AND. DE .LE. DEMAX ) THEN
RSN=((0.55*ABS(DE)/ESR)+0.0002*ABS(DE)**2)*RFAC
ELSE IF( DEMAX . GT. 0 ) THEN
RSN=((0.55*ABS(DE)/ESR)+0.0002*ABS(DE)**2)*RFAC
ENDIF

IF(.NOT. REVRSC )THEN
EKI=SLOP1*ES
ELSE IF( REVRSC )THEN
EKI=ES*((PTOP-PL)/(DTOP-DEL))
ENDIF

ELSE IF( DDE . GT. 0. )THEN
IF( .NOT. REVRSC ) THEN
RULERS
STIF=SLOP1*ES

PLA=PL-SLOP2 *DDEL
DLA=DEL-DDEL
DBOT=DLA
PBOT=PLA
PL=PLA+SLOP1*DDEL
P=PL*PY

PTOP=VD+(SLOP4*(PBOT-VD-SLOP1*DBOT
+SLOP1*HD)/(SLOP4-SLOP1))

DTOP=(PBOT-VD+SLOP4*HD-SLOP1*DBOT)
/(SLOP4-SLOP1)

EKI=ES*SLOP1
ELSE IF( REVRSC ) THEN

RULE=11
DBOT=DEL
PBOT=P/PY
PTOP=VD
DTOP=HD
SLOP7=(PTOP-PBOT)/(DTOP-DBOT)
STIF=SLOP7*ES
EKI=ES*SLOP7

ENDIF
ENDIF

ELSE IF( DEL . LT. HB) THEN
IF(PREGIN .NE. REGIN ) REVRSC= .FALSE.
RULE=3
EKI=ES*SLOP1

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.
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C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
IF( ABS(DEMAX) .LT. ABS(DE) ) THEN

C CALL ONE(1,DUG,EXCR,DELY, DA, ESE(l), PSE , PSEOLD, CSE )
DEMAX=DE
ENDIF

RETURN
ENDIF

C
C (3) RULE 3
C

IF( RULE .EQ. 3.) THEN
IF( DEL .GT. HC) THEN
IF( DDE .LE. 0. ) THEN
IF(PREGIN .NE. REGIN ) REVRSC= .FALSE.
STIF=SLOP3*ES

IF( DEMAX .LT. 0 .AND. DE . LE . DEMAX ) THEN
RSN=((0.55*ABS(DE)/ESR)+0.0002*ABS(DE)**2)*RFAC

ELSE IF( DEMAX .GT. 0 ) THEN
RSN=((0.55*ABS(DE)/ESR)+0.0002*ABS(DE)**2)*RFAC

ENDIF
c =========================================

IF(.NOT. REVRSC )THEN
EKI=SLOP1*ES

ELSE IF( REVRSC )THEN
EKI=ES*((PTOP-PL)/(DTOP-DEL))

ENDIF
C =========================================

ELSE IF( DDE . GT. 0. )THEN
IF( DEL .GT. -12. ) THEN
IF( .NOT. REVRSC ) THEN
RULE=9
STIF=SLOP1*ES

C
PLA=PL-SLOP2*DDEL
DLA=DEL-DDEL
DBOT=DLA
PBOT=PLA
PL=PLA+SLOP1*DDEL
P=PL*PY

C
PTOP=VD+(SLOP4 *(PBOT-VD-SLOP1*DBOT

* +SLOP1*HD)/(SLOP4-SLOP1))
DTOP=(PBOT-VD+SLOP4*HD-SLOP1*DBOT)

* /(SLOP4-SLOP1)
EKI=ES*SLOP1

ELSE IF( REVRSC ) THEN
RULE=10
DBOT=DEL
PBOT=P/PY
SLOP7=(PTOP-PBOT)/(DTOP-DBOT)
STIF=SLOP7*ES
EKI=ES*SLOP7

ENDIF
ELSE IF ( DEL .LE. -12. ) THEN
REVRSC= .FALSE.
RULE=4
STIF=SLOP4*ES
EKI=ES*SLOP4
ENDIF
ENDIF

ELSE IF( DEL .LE. HC ) THEN
IF( DDE .LT. 0 ) THEN
RULE=3
HC=DEL
VC=PL
IDUC=1.
STIF=-SLOP6*ES
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EKI=ES*((VD-VC)/(HD-HC))
IF( DEMAX .LT. 0 .AND. DE . LE . DEMAX ) THEN
RSN=((0.55*ABS(DE)/ESR)+0.0002*ABS(DE)**2)*RFAC
ELSE IF( DEMAX .GT. 0 ) THEN
RSN=((0.55*ABS(DE)/ESR)+0.0002*ABS(DE)**2)*RFAC
ENDIF

ELSE IF( DDE . GT. 0 ) THEN
RULE=4
STIF=SLOP4*ES
EKI=ES*SLOP4
ENDIF
ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
IF( ABS(DEMAX) . LT. ABS(DE) ) THEN

C CALL DNE(1,DUC,EXCR,DELY, DA, ESE(l), PSE , PSEOLD, CSE )
DEMAX=DE
ENDIF

RETURN
ENDIF

C
C (4) RULE 7
C

IF( RULE .EQ. 7.) THEN
IF( DEL .GT. DBOT .AND. DEL .LT. DTOP .AND. P .GT. PMAX) THEN

STIF=SLOP1*ES
EKI=ES*SLOP1

ELSE IF (DEL . LT. DBOT .OR. P .LE. PMAX) THEN
IF( P .LE. PMAX ) THEN
REVRSC= .FALSE.
PTOP=0
DTOP=0
PBOT=PL
DBOT=DEL
S1=PLA/PY
S2=PMAX/PY
HA=(DELA/DELY) + ( ( S2-S1)/(SLOP1) )
VA=S2
SLOP2=(VB-VA)/(HB-HA)

ENDIF
STIF=SLOP2*ES
RULE=2

C
PL=VA+ SLOP2*(DBOT-HA)
P=PL*PY

C
EKI=ES*((PTOP-PL)/(DTOP-DEL))

ELSE IF (DEL . GT. DTOP .AND. PL .LT. VE ) THEN
STIF=SLOP5*ES
RULE=5
EKI=ES*SLOP1

ELSE IF (DEL . GT . DTOP .AND. PL . GE . VE ) THEN
STIF=SLOP6*ES
RULE=6
EKI=ES*SLOP1

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
RETURN
ENDIF

C
C (5) RULE 8
C

IF( RULE .EQ. 8.) THEN
IF( DEL .GT. DBOT .AND. DEL .LT. DTOP ) THEN
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STIF=SLOP1*ES
EKI=ES*SLOP1

ELSE IF (DEL .LT. DBOT ) THEN
STIF=SLOP2*ES
RULE=2

C
PL=PBOT-(DBOT-DEL)*SLOP2
P=PL*PY

C
EKI=ES*((PTOP-PL)/(DTOP-DEL))

ELSE IF (DEL .GT. DTOP ) THEN
STIF=SLOP4*ES
RULE=4
EKI=ES*SLOP1

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
RETURN
ENDIF

C
C (6) RULE 9
C

IF( RULE .EQ. 9.) THEN
IF( DEL .GT. DBOT .AND. DEL . LT. DTOP ) THEN

STIF=SLOP1*ES
EKI=ES*SLOP1

ELSE IF (DEL .LT. DBOT ) THEN
STIF=SLOP3*ES
RULE=3

C
PL=PBOT-(DBOT-DEL)*SLOP3
P=PL*PY

C
EKI=ES*((PTOP-PL)/(DTOP-DEL))

ELSE IF (DEL .GT. DTOP ) THEN
STIF=SLOP4*ES
RULE=4
EKI=ES*SLOP1

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
RETURN
ENDIF

C
C (7) RULE 4
C

IF( RULE .EQ. 4.) THEN
IF (DEL .GE. HC1 .AND. DEL .LT. HD ) THEN
IF (DDE .GE. 0. ) THEN
STIF=SLOP4*ES
EKI=ES*SLOP1

ELSE IF( DDE . LT. 0. ) THEN
PREF=VD+(SLOP4*(VB-VD-SLOP1*HB

* +SLOP1*HD)/(SLOP4-SLOP1))
DREF=(VB-VD+SLOP4*HD-SLOP1*HB)/(SLOP4-SLOP1)
IF( DEL .LT. DREF) THEN
PTOP=P/PY
DTOP=DEL
DBOT=(SLOP3*HB-VB+PTOP-SLOP1*DEL)/(SLOP3-SLOP1)
PBOT=VB+SLOP3*(DBOT-HB)
STIF=SLOP1*ES
RULE=9
REVRSC= .TRUE.
EKI=ES*SLOP1

ELSE IF( DEL .GE. DREF) THEN
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PTOP=P/PY

DTOP=DEL
DBOT=(SLOP2 *HA-VA+PTOP-SLOP1*DEL)/(SLOP2-SLOP1)
PBOT=VA+SLOP2*(DBOT-HA)
STIF=SLOP1*ES
RULE=8
REVRSC= .TRUE.
EKI=ES*SLOP1

ENDIF
ENDIF

ELSE IF( DEL .GT. HD .AND. DDE .GT. 0. ) THEN
STIF=SLOP5*ES
RULE=5
EKI=ES*SLOP1

ELSE IF( DEL .LT. HC1 .AND. DEL . GE . HC ) THEN
REVRSC= .FALSE.
RULE=4
STIF=SLOP4*ES
EKI=ES*SLOP4

ELSE IF( DEL .LT. HC ) THEN
REVRSO .FALSE.
RULE=3
HC=DEL
VC=PL
IDUC=1.
STIF=-SLOP6*ES
E K I = E S * ( ( V D - V C ) / ( H D - H C ) )

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
IF( ABS(DEMAX) .LT. ABS(DE) ) THEN

C CALL DNE(1,DUC,EXCR,DELY, DA, ESE(l), PSE , PSEOLD, CSE )
DEMAX=DE
ENDIF

RETURN
ENDIF

C
C (8) RULE 5
C

IF( RULE .EQ. 5.) THEN
IF (DEL .LT. HE ) THEN
IF (DDE .GE. 0. ) THEN
STIF=SLOP5*ES
EKI=ES*SLOP1

ELSE IF( DDE .LT. 0. ) THEN
BREF=VA-SLOP1*HA
HREF=(VD-SLOP5*HD-BREF)/(SLOP1-SLOP5)
IF( DEL .GE. HREF ) CYCLE=CYCLE + 1
PTOP=P/PY
DTOP=DEL
DBOT=(SLOP2*HA-VA+PTOP-SLOP1*DEL)/(SLOP2-SLOP1)
PBOT=VA+SLOP2*(DBOT-HA)
STIF=SLOP1*ES
RULE=7
REVRSC= .TRUE.
EKI=ES*SLOP1

ENDIF
ELSE IF( DEL .GE. HE .AND. DDE .GT. 0. ) THEN
STIF=SLOP6
RULE=6
EKI=ES*SLOP1

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
IF( ABS(DEMAX) . LT. ABS(DE) ) THEN
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C CALL DNE(1,DUG,EXCR,DELY, DA, ESE(l), PSE, PSEOLD, CSE )
DEMAX=DE
ENDIF

RETURN
ENDIF

C
C (9) RULE 6
C

IF( RULE .EQ. 6.) THEN
IF (DDE .GE. 0. ) THEN

STIF=SLOP6
EKI=ES*SLOP1

ELSE IF(DDE .LT. 0.) THEN
STIF=SLOP1*ES
RULE=1
CYCLE=CYCLE+1.
REVRSC= .FALSE.
EKI=ES*SLOP1

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
IF( ABS(DEMAX) . LT. ABS(DE) ) THEN

C CALL ONE(1,DUG,EXCR,DELY, DA, ESE(l), PSE, PSEOLD, CSE )
DEMAX=DE
ENDIF

RETURN
ENDIF

C
C (10) RULE 10
C

IF( RULE .EQ. 10.) THEN
IF( DEL .GT. DBOT .AND. DEL . LT. DTOP ) THEN

STIF=SLOP7*ES
EKI=ES*SLOP7

ELSE IF (DEL .LT. DBOT ) THEN
STIF=SLOP3*ES
RULE=3
REVRSC= .FALSE.
PTOP=0
DTOP=0
PBOT=0
DBOT=0
EKI=ES*((PTOP-PL)/(DTOP-DEL))

ELSE IF (DEL .GT. DTOP ) THEN
STIF=SLOP4*ES
RULE=4
EKI=ES*SLOP1

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
RETURN
ENDIF

C
C (11) RULE 11
C

IF( RULE .EQ. 11.) THEN
IF( DEL .GT. DBOT .AND. DEL . LT. DTOP ) THEN

STIF=SLOP7*ES
EKI=ES*SLOP7

ELSE IF (DEL .LT. DBOT ) THEN
STIF=SLOP2*ES
RULE=2
REVRSC= .FALSE.
PTOP=0
DTOP=0
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PBOT=0
DBOT=0
EKI=ES*((VD-PL)/(HD-DEL))

ELSE IF (DEL . GT. DTOP ) THEN
STIF=SLOP5*ES
RULERS
EKI=ES*SLOP1

ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
RETURN
ENDIF

C
C (12) RULE 12
C

IF( RULE .EQ. 12.) THEN
IF( DEL .GT. DBOT .AND. DEL .LT. DTOP ) THEN

STIF=SLOP7*ES
EKI=ES*SLOP7

ELSE IF (DEL . LT. DBOT ) THEN
STIF=SLOP2*ES
RULE=2
REVRSC= .FALSE.
PTOP=0
DTOP=0
PBOT=0
DBOT=0
EKI=ES*((PTOP-PL)/(DTOP-DEL))

ELSE IF (DEL . GT. DTOP ) THEN
STIF=SLOP5*ES
RULE=5
EKI=ES*SLOP1

ENDIF
ENDIF
IF( REVRSC ) IRV=1.
IF ( .NOT. REVRSC) IRV=0.

C CALL STRENG(ESE,PSE,PSEOLD,P,PLA,DE,DELA,STIF,EKI)
RETURN
END

Input Data:

1 1 101.82 1.0 | IELNO MAT ELENGH SLK
'BRACE' 29000. 7.0 1.39 36. 1. 0. 0. | TYPE SMAT
0. -0.5 50 IDMIN DMAX NUMB
-0.5 0.5 100 IDMIN DMAX NUMB
0.5 -0.8 100 IDMIN DMAX NUMB
-0.8 0.8 200 IDMIN DMAX NUMB
0.8-1.0200 IDMIN DMAX NUMB
-1.0 1.0 200 IDMIN DMAX NUMB
1.0 -2.0 300 IDMIN DMAX NUMB
-2.00.5300 IDMIN DMAX NUMB
0.5 -2.0 300 IDMIN DMAX NUMB

Output Data:

JAIN-GOEL-HANSON HYSTERESIS MODEL PARAMETERS

MAT. E A R Y S SHAPE M A X D U C BETA
129000.0 7.00000 1.39000 36.0000 1.00000 0.00000 0.00000

JAIN-GOEL-HANSON HYSTERESIS ENVELOPE CONTROL P O I N T S . . . .

CYCLE - - - - - - - - - = 1.0000
RULE - - - - - - - - - = 1.0000
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(HA, V A ) - - - - - -
( HB , VB ) - - - - - -
( H C , V C ) - - - - - -
(HC1, VC1) - - - -
( H D , V D ) - - - - - -
(HD1, VD1) - - - -
(HH, V H ) - - - - - -
( HE , VE ) - - - - - -

- - - = ( -0.8313, -0.8313 )
- - - = ( -5.0000, -0.2457 )
- - - = ( -12.0000, -0.1638 )
- - - - - ( -9.7531, 0.0000 )
- - - = ( -2.0862, 0.5590 )
- - - - - = ( -2.5470, 0.6825 )
- - — ( -3.1507, -0.5055 )
- - - = ( 1.0000, 1.0000 )

STIFFNESS LOAD DISP. RULE
1993.71436 -19.93714 -0.01000 1.0
1993.71436 -39.87429 -0.02000 1.0
1993.71436 -59.81143 -0.03000 1.0

-15.01257 -41.30552 -2.00000
-15.01257 -41.18042 -2.00833

3.0
3.0
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Appendix K—Takeda Model for RC Columns and
Beams and Computer Program

A.H

(D..PJ

c===========================================================
C THIS IS A TYPICAL MAIN PROGRAM FOR CALLING TAKEDA
C HYSTERESIS MODEL SUBROUTINE NAMED "MAT06".THE PARAMETERS
C TRANSFERRED INTO SUBROUTINE MAT06 ARE SHOWN AS FOLLOWS.
C SINCE MAT06 IS A GENERAL PURPOSE SUBROUTINE, SOME PARAMETERS
C HAVE BEEN RESERVED AND NOT USED. THEREFORE THEY ARE ASSIGNED
C WITH A NUMBER "1" IN THIS DEMONSTRATION AS A MAIN PROGRAM.
c===========================================================

C VARIABLES:
C MAT = USER DEFINED MATERIAL ID NUMBER
C IELNO = USER DEFINED ELEMENT ID NUMBER
C P = CURRENT LOAD
C PL = PREVIOUS STEP LOAD
C D = CURRENT DISPLACEMENT
C DL = PREVIOUS STEP DISPLACEMENT
C V = DUMMY VARIABLE
C VL = DUMMY VARIABLE
C DUCT = RESERVED DUCTILITY ARRAY (NOT USED)
C EXCR = RESERVED EXCURSION ARRAY (NOT USED)
C DAMAGE= RESERVED VARIABLE FOR DAMAGE INDEX (NOT USED)
C EESE = RESERVED VARIABLE FOR ELASTIC STRAIN ENERGY(NOT USED)
C EPSE = RESERVED VARIABLE FOR PLASTIC STRAIN ENERGY(NOT USED)
C LELEM = 49
C LMAT = 13
C SMAT = MATERIAL ARRAY, SMAT(LMAT)

895
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C SE = ELEMENT ARRAY, SE(LELEM)
C IOPT = 1 INITIALIZE MATERIAL
C 2 GET INITIAL STIFFNESS
C 3 GET MEMBER STIFFNESS
C ERR = DUMMY LOGICAL VARIABLE
C FIRST = LOGICAL VARIABLE. If FIRST=.TRUE., THE MATERIAL
C PROPERTIES OF THE MEMBER ARE PRINTED.
C PRINT = DUMMY LOGICAL VARIABLE
C BUG = LOGICAL VARIABLE. If BUG=.TRUE., THE HYSTERSIS
C ENVELOPE CONTROL POINTS ARE PRINTED.
C=====================================================================

LOGICAL ERR, FIRST, PRINT, BUG
DIMENSION SE(100), SMAT(9), DUCT(3), EXCR(6)
CHARACTER*80 TYPE

C

C DEFINE EXTERNAL FILE UNITS FOR INPUT DATA AND OUTPUT
£===================================================:

OPEN(UNIT=5,FILE=STRING(8))
OPEN(UNIT=6,FILE=STRING(9))

C

IOPT=1
ERR=.FALSE.
FIRST=.TRUE.
PRINT = .FALSE.
BUG=.FALSE.
READ(5,*)IELNO, MAT

C
C INPUT MATERIAL PROPERTIES
C CALL MAT06
C & (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
C & MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
C S SMAT,EESE,EPSE,DUCT,EXCR,DAMAGE)

CALL MAT06
S (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

C
C INITIALIZE ELEMENT STIFFNESS

IOPT=2
BUG=.TRUE.

C
CALL MAT06

S (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

C
STIF=SE(1)
BUG=.FALSE.

C
WRITE(6,*)' STIFFNESS LOAD DISP. RULE'

C READ DISPLACEMENT
F=0.
FL=0.
D=0.
DL=0.

C
800 READ(5,*, END=5000)DMIN, DMAX, NUMB

DD=(DMAX-DMIN)/NUMB
700 DL=D
D=D+DD

FL=F
F=F+STIF*DD
P=F
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IOPT=3
CALL MAT06

& (IOPT ,IELNO ,ERR , FIRST , PRINT ,BUG,
& MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
& SMAT , DUMMY , DUMMY , DUCT , E XCR , DUMMY )

STIF=SE(1)
WRITE(6,98)SE(1) , F, D, SE ( 2 )

98 FORMAT (3F15. 5, 3X, F4.1)
IF (DMAX .GT. 0) THEN
IF (D .LE. DMAX) THEN
GO TO 700
ELSE IF (D .GT. DMAX) THEN
D=DMAX
GO TO 800
ENDIF
ELSE IF (DMAX . LE . 0) THEN
IF (D .GE. DMAX) THEN
GO TO 700
ELSE IF (D .LT. DMAX) THEN
D=DMAX
GO TO 800
ENDIF
ENDIF

C
5000 CLOSE (5)

CLOSE (6)
STOP
END

C=============================================:

C DEBUG UNIT(6),TRACE,SUBCHK,INIT,SUBTRACE
C END DEBUG

SUBROUTINE MAT06
S (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,EESE,EPSE,DUCT,EXCR,DAMAGE)

IMPLICIT REAL(A-H,O-Z)
LOGICAL ERR,FIRST,PRINT,BUG
LOGICAL BTEST
DIMENSION SE(100),SMAT(13),DUCT(3),EXCR(6)

CHARACTER*80 TYP

LELEM=49
IF (IOPT.EQ.O) RETURN

C VARIABLES:
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C- - - - - - - - - - GLOBAL VARIABLES
C IOPT = 1, INITIALIZE MATERIAL
C = 2, GET STIFFNESS
C RINPUT = INPUT DATA
C SMAT = INTERNAL STORAGE
C SE = OUTPUT STIFFNESS

C
C
C
C
C
C
C
C

- - - - TAKE DA DATA
SMAT( 1)= El,
SMAT( 2)= PC,
SMAT( 3)= DC,
SMAT( 4) = PY,
SMAT( 5)= DY,
SMAT( 6)= PU,
SMAT ( 7 ) = DU ,

ELASTIC STIFFNESS
CRACKING LOAD
CRACKING DISPLACEMENT
YEILD LOAD
YEILD DISPLACEMENT
ULTIMATE LOAD
ULTIMATE DISPLACEMENT
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C SMAT( 8)=OC, NITIAL STIFFNESS
C SMAT( 9) = CY, CRACKED STIFFNESS
C SMAT(10)=YU, ULTIMATE STIFFNESS
C SMAT(11)= C'Y, RELOADING STIFFNESS
C SMAT(12)=CSE CONSTANT STRAIN ENERGY AT YEILD
C SMAT (13)= BDAM BETA FOR DAMAGE INDEX
C
C- - - - - - - - - - - - - - - INPUT DATA FOR TAKEDA HYSTERESIS MODEL - - - - - - - - - - - -
C THE FOLLOWING DATA IS INPUT ONCE FOR EACH MODEL
C
C PC,DC = CRACKING LOAD AND DISPLACEMENT
C PY,DY = YEILD LOAD AND DISPLACEMENT
C PU,DU = ULTIMATE LOAD AND DISPLACEMENT
C
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
GOTO (100,200,300,400,500),IOPT

C
100 CONTINUE
READ (5,*) TYP , (SMAT(I),1=2,7)

BDAM=0
C
LMAT =13
SMAT( 8)= SMAT(2) / SMAT (3)
SMAT( 9)=(SMAT(4)-SMAT(2))/(SMAT(5)-SMAT(3))
SMAT(10)=(SMAT(6)-SMAT(4))/(SMAT(7)-SMAT(5))
SMAT(11)=(SMAT(2)+SMAT(4))/(SMAT(3)+SMAT(5))
SMAT( 1)=SMAT(1)
SMAT(12)=SMAT(2)*SMAT(3)/2 +.5*(SMAT(2)+SMAT(4))*(SMAT(5)-SMAT(3))
SMAT(13)=BDAM

C
IF (FIRST .OR. BUG) WRITE (6,5)
WRITE (6,6) MAT,BDAM, SMAT(2),SMAT(4),SMAT(6),
& SMAT(3),SMAT(5),SMAT(7)

5 FORMAT(///' TAKEDA HYSTERESIS MODEL- FOR UNIT LENGTH MEMBER'/
& , ===============================================,//

& ' MAT. BETA ' ,
& 7X,'CRACK',10X,'YEILD', 7X,'ULTIMATE')
6 FORMAT (/1X,I5,G15.6, 18X,3G15.6,/39X,3G15.6/)

C WRITE (6,6) MAT,SMAT(1),SMAT(12),SMAT(2),SMAT(4),SMAT(6),
C & SMAT(3),SMAT(5),SMAT(7)
C 5 FORMAT(///' TAKEDA HYSTERESIS MODEL- FOR UNIT LENGTH MEMBER'/
C S ' ==============================================='//
C & ' MAT. ELASTIC El MOMT. GRADIENT ',
C S 7X,'CRACK',10X,'YEILD',10X,'ULTIMATE',// )
C 6 FORMAT (1X,I5,G15.6,1X,G15.6,2X,3G15.6,/39X,3G15.6/)
C
RETURN

c==================== GET STIFFNESS TERMS ====================
200 CONTINUE
C - - - - TAKEDA MODEL DATA STORAGE FOR MEMBER - - - -
C SE( 1)= S
C SE ( 2 ) = HRN
C SE( 3)= A
C SE( 4)= B
C SE( 5)= IDRO
C SE( 6)= RF
C SE ( 7 ) = RNRL
C SE( 8)= UM1
C SE( 9)= UM2
C SE(10)= UM3
C SE(11)= UM4
C SE(12)= SI
C SE(13)= XO
C SE(14)= XOUM
C SE(15)= XOY
C SE(16)= UOD
C SE(17)= UO
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C SE(18)= X1UM
C SE(19)= Ul
C SE(20)= U1D
C SE(21)= X2UO
C SE(22)= U2
C SE(23)= X3U1
C SE(24)= U3
C SE(25)= QY
C SE(26)= MAXFLG
C SE(27)= ACHNG
C SE(28)= S_EQ_UNLOAD
C SE(29)= EESE
C SE(30)= EESE
C SE(31)= EESE
C SE(32)= EPSE
C SE(33)= PSE_OLD
C SE(34)= UPOS(l)
C SE(35)= UPOS(2)
C SE(36)= UPOS(3)
C SE(37)= UNEG(l)
C SE(38)= UNEG(2)
C SE(39)= UNEG(3)
C SE(40)= EXCR(l)
C SE(41)= EXCR(2)
C SE(42)= EXCR(3)
C SE(43)= EXCR(4)
C SE(44)= EXCR(5)
C SE(45)= EXCR(6)
C SE(46)= P_MAX
C SE(47)= D_MAX
C SE(48)= SMAT(8)
C SE(49)= SMAT(l)
C
EI=SMAT(1)
GRAD=SMAT(12)
DO 210 1=1,47

210 SE(I)=0
C SE(26)=1
CALL HYST06(P,D,PL,DL,V ,VL,
& SE( 1),SE( 2),SE( 3),SE( 4),SE( 5),SE( 6),
& SMAT ( 2 ) , SMAT ( 3 ) , SMAT ( 4 ) , SMAT ( 5 ) , SMAT ( 6 ) , SMAT ( 7 ) , SMAT ( 8 ) ,
& SMAT( 9),SMAT(10),SMAT(11),SMAT(12),
S SE( 7) ,SE( 8) ,SE( 9) ,SE(10) ,SE(11) ,SE(12) ,SE(13) ,SE(14) ,SE(15) ,
5 SE(16),SE(17),SE(18),SE(19),SE(20),SE(21),SE(22),SE(23),SE(24),
6 SE(25),SE(26),SE(27),BUG,
S SE(28),SE(29),SE(32),SE(33),SE(34),SE(37),SE(40))

C
SE(48)=SMAT(8)
SE(49)=EI

C
RETURN

C
C========================= GET STIFFNESS TERMS =========================
300 CONTINUE
C SE( 1)= STIFF
C SE(27)= A
C SE(28)= S_EQ_UNLOAD

ICYC=0
IF (BUG) THEN
WRITE ( 6 , * ) ' - - - - - - - - - - - - - IN MAT06 - - - - - - - - - - - - - - - - - - - - - - - - - '
WRITE (6,*) ' P,D=',P,D ,' V=',V
WRITE (6,*) 'PL,DL=',PL,DL,' VL=',VL
ENDIF

310 STIFF=SE(1)
P=PL+(D-DL)*STIFF
A=SE(27)
IF (A.EQ.O .AND. SE(7).EQ.O) A=SMAT(2)
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ICYOICYC+l
IF (BUG) THEN
WRITE (6,*) 'STIFF=',STIFF,' A=',A
WRITE (6,*) ' P=',P ,'ICYC=',ICYC
ENDIF

C
C- - - - - IS P WITHIN LIMITS ?

IF (ICYC.GT.5) THEN
C WRITE (6,*) 'MORE THAN 5 CYCLES IN MAT06'
C WRITE (6,*) 'MORE THAN 5 CYCLES IN MAT06, IELNO:',IELNO
C--ELSE IF ((PL.LE.P .AND. P.LT.A) .OR. (PL.GE.P .AND. P.GT.A) .OR.

ELSE IF ((PL.LE.P .AND. P.LE.A) .OR. (PL.GE.P .AND. P.GE.A) .OR.
& (DL.EQ.D) ) THEN

IF (BUG) WRITE (6,*) ' C - - - - - IS P WITH IN LIMITS ? '
C CALL STRENG(SE(29),SE(32),SE(33),P,PL,D,DL,SE(1),SE(28))

CALL HYST06( P,D ,PL,DL,V , VL ,
& SE( 1),SE( 2),SE( 3),SE( 4),SE( 5),SE( 6),
& SMAT( 2),SMAT( 3),SMAT( 4),SMAT( 5),SMAT( 6),
& SMAT( 7),SMAT( 8),SMAT( 9) , SMAT(10) ,SMAT(11) ,SMAT(12) ,
& SE( 7),SE( 8),SE( 9) ,SE(10) ,SE(11) ,SE(12) ,SE(13) ,
& SE(14) ,SE(15) ,SE(16) ,SE(17) ,SE(18) ,SE(19) ,SE(20) ,
5 SE(21),SE(22),SE(23),SE(24),SE(25),SE(26),SE(27),BUG,
6 SE(28),SE(29),SE(32),SE(33),SE(34),SE(37),SE(40))

C V=VL
C- - - - - IS P GREATER THAN LIMITS ?

ELSE IF (((PL.LE.A .AND. A.LT.P) .OR. (PL.GE.A .AND. A . GE . P ) ) . AND .
5 (STIFF.NE.O.00)) THEN

D1=DL+(A-PL)/STIFF
P1=A

C CALL STRENG(SE(29),SE(32),SE(33),PI,PL,Dl,DL,SE(1),SE(28))
IF (BUG) THEN
WRITE (6,*) 'C- - - - - IS P GREATER THAN LIMITS ? '
WRITE (6,*) 'PL,DL=',PL,DL

C WRITE (6,*) 'PI,DI=',PI,DI
ENDIF
CALL HYST06(P1,D1,PL,DL,1.,1.,

6 SE( 1),SE( 2),SE( 3),SE( 4),SE( 5),SE( 6),
& SMAT ( 2 ) , SMAT ( 3 ) , SMAT ( 4 ) , SMAT ( 5 ) , SMAT ( 6 ) ,
& SMAT( 7),SMAT( 8),SMAT( 9),SMAT(10),SMAT(11),SMAT(12),
& SE( 7),SE( 8),SE( 9),SE(10),SE(11),SE(12),SE(13),
S SE(14),SE(15),SE(16),SE(17),SE(18),SE(19),SE(20),
5 SE(21),SE(22),SE(23),SE(24),SE(25),SE(26),SE(27),BUG,
6 SE(28),SE(29),SE(32),SE(33),SE(34),SE(37),SE(40))

DL=D1
PL=P1

C
C DL=D1
C PL=P1
C PI=PL+(P-PL)*.001
C DI=DL+(D-DL)*.001
C IF (BUG) THEN
C WRITE (6,*) ' C - - - - - IS P GREATER THAN LIMITS ?'
C WRITE (6,*) 'PL,DL=',PL,DL
C WRITE (6,*) 'PI,DI=',PI,DI
C ENDIF
C CALL HYST06(PI,DI,PL,DL,1.,1.,
C & SE( 1),SE( 2),SE( 3),SE( 4),SE( 5),SE( 6),
C S SMAT ( 2 ) , SMAT ( 3 ) , SMAT ( 4 ) , SMAT ( 5 ) , SMAT ( 6 ) ,
C & SMAT( 7),SMAT( 8),SMAT( 9 ) ,SMAT(10) ,SMAT(11) ,SMAT(12) ,
C S SE( 7),SE( 8),SE( 9),SE(10),SE(11),SE(12),SE(13),
C S SE(14),SE(15),SE(16),SE(17),SE(18),SE(19),SE(20),
C & SE(21),SE(22),SE(23),SE(24),SE(25),SE(26),SE(27),BUG,
C S SE(28),SE(29),SE(32),SE(33),SE(34),SE(37),SE(40))

GO TO 310
C- - - - - IS P LESS THAN LIMITS ?

ELSE IF ((P.LT.PL .AND. PL.LE.A) .OR. (P.GT.PL .AND. PL.GE.A))THEN
IF (ABS(P-PL) .GT. 0.0005*ABS(P+PL) ) THEN
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PI=PL+(P-PL)*.001
DI=DL+(D-DL)*.001

ELSE
PI=P
DI=D

ENDIF
C PI=PL+(P-PL)*.001
C DI=DL+(D-DL)*.001

IF (BUG) THEN
WRITE (6,*) ' C - - - - - IS P LESS THAN LIMITS ? '
WRITE (6,*) 'PI,DI=',PI,DI

ENDIF
CALL HYST06(PI,DI,PL,DL,1.,1.,

S SE( 1),SE( 2),SE( 3),SE( 4),SE( 5),SE( 6),
S SMAT( 2),SMAT( 3),SMAT( 4),SMAT( 5),SMAT( 6),
S SMAT( 7),SMAT( 8),SMAT( 9 ) ,SMAT(10) ,SMAT(11) ,SMAT(12) ,
S SE( 7),SE( 8),SE( 9) , SE(10),SE(11) ,SE(12),SE(13) ,
S SE(14),SE(15),SE(16),SE(17),SE(18),SE(19),SE(20),
S SE(21),SE(22),SE(23),SE(24),SE(25),SE(26),SE(27),BUG,
S SE(28),SE(29),SE(32),SE(33),SE(34),SE(37),SE(40))

GO TO 310
ENDIF

C
IF (BUG) WRITE (6,*) 'STIFF=',STIFF,' A,B=',SE(3),SE(4),SE(27)

C
C- - - - - - MAXIMUM DISPLACEMENT

IF (ABS(D) .GT.ABS(SE(47) ) ) THEN
SE(46)= P
SE(47)= D

ENDIF
C
C- - - - - - TRANSFER ENERGIES FOR BOTH IOPT=3 AND 4.
400 EESE=SE(29)
EPSE=SE(32)

C
C------TRANSFER DUCTILITIES AND EXCRUSION RATIOS FOR BOTH IOPT=3 AND 4.
DO 410 1=1,3
DUCT(I)=MAX(SE(33+I),SE(36+I))
EXCR(I)=SE(39+I)

410 EXCR(I+3)=SE(42+I)
RETURN

C
c__________________ DAMAGE INDEX =======================================

500 EESE=SE(29)
EPSE=SE(32)
PY= SMAT( 4)
PU= SMAT( 6)
DU= SMAT( 7)
P = SE(46)
D = SE(47)
BDAM=SMAT(13)
DAMAGE=ABS(D)/DU + BDAM/(PY*DU) * EPSE

C
RETURN
END

C@PROCESS SDUMP OPT(0) GOSTMT XREF MAP

C=== TAKEDA HYSTERESIS MODEL ...... HYST06 ........................
£=======================================================================

C DEBUG UNIT(6),TRACE,SUBCHK,INIT,SUBTRACE
C AT 8000
C TRACE ON
C END DEBUG
C=======================================================================
C
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C TAKEDA HYSTERISIS MODEL - REFERANCE, S. OTANI, UILU-ENG-74-2029
C TAKEDA & SOZEN, J. ASCE ST. DIV. - DEC. 1970
C
C PI CURRENT LOAD
C DI CURRENT DISPL
C PS PREVIOUS LOAD
C DS PREVIOUS DISPL
C VI CURRENT VELOCITY
C VL PREVIOUS VELOCITY
C S CURRENT STIFFNESS
C HRLN CURRENT RULE NUMBER
C A UPPER LOAD LIMIT BEFORE RULE CHANGE
C B LOWER LOAD LIMIT BEFORE RULE CHANGE
C IDRO 77PREVIOUS DIRECTION
C RF
C PC,DC CRACKING LOAD AND DISPLACEMENT
C PY,DY YEILD LOAD AND DISPLACEMENT
C PU,DU ULTIMATE LOAD AND DISPLACEMENT
C OC ELASTIC STIFFNESS PD/DC
C CY POST CRACKING STIFFNESS (PY-PC)/(DY-DC)
C YU POST YEILD STIFFNESS (PU-PY)/(DU-DY)
C CPY CRACKING', YEILD STIFFNESS (PY+PC)/(DY+DC)
C CSE
C RNRL NEXT RULE NUMBER
C UM1 PEAK DISPLACEMENT IN THE POSITIVE DIRECTION
C UM2 PEAK LOAD IN THE POSITIVE DIRECTION
C UM3 PEAK DISPLACEMENT IN THE NEGATIVE DIRECTION
C UM4 PEAK LOAD IN THE NEGATIVE DIRECTION
C SI UNLOADING STIFFNESS
C XO
C XOUM
C XOY
C UOD
C UO
C X1UM
C Ul
C U1D
C X2UO
C U2
C X3U1
C U3
C QY
C MAXFLG FLAG, IF MAXFLG=0 STIFFNESS=0 BEYOND FAILURE POINT (DU,PU)
C ACHNG LOAD WHERE RULE CHNGS IF LOADING CONTINUES IN CURR DIRECTION
C PRINT PRINT DATA FOR TRACING
C SE ELASTIC UNLOADING CURVE
C ESE ELASTIC STRAIN ENERGY
C PSE PLASTIC STRAIN ENERGY
C PSEOLD PLASTIC STRAIN ENERGY AT LAST ZERO CROSSING
C UPOS POSITIVE DUCTILITY INFO.
C UNEG NEGATIVE DUCTILITY INFO.
C EXCR EXCRUSION RATIO INFO.
C
C JI #FOR CURRENT DIRECTION FOR LOADING AND UNLOADING
C # FOR NEW DIRECTION FOR REVERSAL
C # = 2 FOR POSITIVE LOAD , # = 1 FOR NEGATIVE LOAD
C IREVSL SIGN OF LOAD IN NEW DIRECTION
C ISGN SIGN OF THE CURRENT LOAD FOR LOADING AND UNLOADING
C SIGN OF THE NEW LOAD FOR REVERSAL
C
C

SUBROUTINE HYST06(PI,DI,PS,DS,VI,VS ,S,HRLN,A,B,IDRO,RF,
5 PC,DC,PY,DY,PU,DU,OC,CY,YU,CPY,CSE,RNRL,UM1,UM2,UM3,UM4,
6 S1,XO ,XOUM,XOY,UOD,UO,X1UM,U1,U1D ,X2UO,U2,X3U1,U3,QY,MAXFLG,
& ACHNG,PRINT,SE,ESE,PSE,PSEOLD,UPOS,UNEG,EXCR)

C
REAL UM(2,2),IDRO,MAXFLG,UPOS(3),UNEG(3),EXCR(6),ESE(3)
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LOGICAL PRINT,BTEST

C8000 IF (PRINT) WRITE (6,8010) PI,DI,PS,DS,VI,VS,S,HRLN,A,B,RF,
C & PC,DC,PY,DY,PU,DU,OC,CY,YU,CPY,RNRL,UM1,UM2,UM3,UM4,
C & S1,XO ,XOUM,XOY,UOD,UO,X1UM,U1,U1D ,X2UO,U2,X3U1,U3,QY,
C S ACHNG,IDRO,MAXFLG,CSE,
C S SE,ESE(1),PSE,PSEOLD,UPOS,UNEG,EXCR
C8010 FORMAT(

C S' TK- A=',G12.5,' B=',G12.5,' RF=' ,G12.5,' PC=',G12.5/
C S' TK- DC=',G12.5, ' PY=',G12.5, ' DY=',G12.5, ' PU=',G12.5/
C S' TK- DU=',G12.5, ' OC=' ,G12.5,' CY=',G12.5, ' YU=',G12.5/
C S' TK- CPY=',G12.5, ' RNRL=' ,G12.5, ' UM1=' ,G12.5,' UM2=',G12.5/
C S' TK- UM3=',G12.5,' UM4=',G12.5,' Sl=',G12.5,' X0=',G12.5/
C S' TK- XOUM=',G12.5,' XOY=',G12.5,' UOD=',G12.5,' U0=',G12.5/
C S' TK- X1UM=',G12.5, ' Ul=',G12.5, ' U1D=',G12.5, ' X2UO=',G12.5/
C S' TK- U2=',G12.5,' X3U1=',G12.5, ' U3=',G12.5,' QY=',G12.5/
C S' TK- ACHNG=',G12.5,' IDRO=',G12.5,' MAXF=',G12.5,' CSE=',G12.5/
C S' TK- SE=',G12.3,' ESE=',G12.5,'PSE=',G12.5,' PSEO=',G12.5/
C S' TK- UP1=',G12.3,' UP2=',G12.5,' UP3=',G12.5/
C S' TK- UN1=',G12.3, ' UN2=',G12.5, ' UN3=',G12.5/
C S' TK- EX1=',G12.3,' EX2=',G12.5,' EX3=',G12.5/
C S' TK- EX4=',G12.3,' EX5=',G12.5,' EX6=',G12.5)
C...... RTN IF CURRENT STATE = PREVIOUS STATE

IF ((PI.EQ.PS .OR. DI.EQ.DS) .AND. RNRL.NE.0 ) RETURN
C
C...... GET DIRECTION AND RTN IF CURRENT STATE IS WITHIN LIMITS...
CALL IDRECT (IDR,IDRV,IDRVO,PI,PS,VI,VS)
IF (A.GT.B .AND. PI.LE.A .AND. PI.GT.B .AND. IDR.EQ.IDRO) RETURN
IF (A.LT.B .AND. PI.GT.A .AND. PI.LT.B .AND. IDR.EQ.IDRO) RETURN

C
C...... CALC EXCURSION RATIO AT EVERY ZERO CROSSING...
C IF (PI*PS.LE.O)CALL DNE(0,UPOS,EXCR,DY,DI,ESE(1),PSE,PSEOLD,CSE)
C
C...... INITILIZE DATA FOR FIRST CALL TO SUBROUTINE
1 IF (RNRL.EQ.O) THEN

RNRL=1
UM1=-DC
UM2=-PC
UM3= DC
UM4= PC

ENDIF
C
C...... INITILIZE DATA
NRL=RNRL
UM(1,1)=UM1
UM(1,2)=UM2
UM(2,1)=UM3
UM(2,2)=UM4

C
IF (PI.GT.O) THEN

901 ISGN =1
JI=2

ELSE IF (PI.LT.O) THEN
902 ISGN =-1

JI = 1
ELSE IF (DI.LT.DS) THEN

903 ISGN =-1
JI = 1

ELSE IF (DI.GT.DS) THEN
904 ISGN =1

JI=2
ELSE

905 ISGN =1
JI = 1

ENDIF
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IF (DI.LE.DS) THEN
IREVSL=-1

ELSE
IREVSL= 1

ENDIF
C

IF (IDR.LT.O) THEN
C IF (ISGN.GT.O) CALL DNE(1,UPOS,EXCR, DY,DI,ESE(2),PSE,PSEOLD,CSE)
C IF (ISGN.LT.O) CALL DNE(1,UNEG,EXCR,-DY,DI,ESE(3),PSE,PSEOLD,CSE)

ENDIF
C
GOTO ( 100, 200, 300, 400, 500, 600, 700, 800, 900,1000,
1 1100,1200,1300,1400,1500,1600),NRL

C ===== TAKEDA RULE 1.0 ===== ELASTIC STAGE
100 IF (IDR) 130,130,110
110 IF (ABS(PI) .GE.PC) GO TO 200
B=PI
A=PC*ISGN
S=OC
SE=S

NRL=1
HRLN=1.11

GO TO 2000
130 B=0.
A=PC*IREVSL
IF (PI.NE.O) A=PC*SIGN(1.0,PI)
S=OC
SE=S

NRL=1
HRLN=1.2

GO TO 2000
C ===== TAKEDA RULE 2.0 ===== LOADING ON PRIMARY CURVE UP TO YEILD
200 IF (IDR) 230,230,210
210 IF (ABS(PI) .GE.PY) GO TO 300
B=PI
A=PY*ISGN
S=CY
S1=(PI+(PC*ISGN))/(DI+DC*ISGN)
SE=S1

NRL=2
HRLN=2.11

GO TO 2000
230 B=0.
A=PI
S1=(PI+(PC*ISGN))/(DI+DC*ISGN)
S = S1
SE=S1

NRL=5
HRLN=2.2

GO TO 2000
C ===== TAKEDA RULE 3.0 ===== LOADING ON PRIMARY CURVE AFTER YEILD
300 BOTT=MAX(ABS(DI),ABS(UM1),ABS(UM3) )

S1=CPY* SQRT(DY/BOTT)
SE = S1

IF (IDR) 330,330,310
310 IF (ABS(PI) .GE.PU) GO TO 320
A=PU*ISGN
B=PI
S=YU
NRL=3
HRLN=3.11

GO TO 2000
320 A=PU*ISGN
B=PI
8=0.00001

C IF (MAXFLG.NE.O) S=YU
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NRL=3
HRLN=3.12

GO TO 2000
330 B=0.
A=PI
BOTT=MAX(ABS(DI),ABS(UM1),ABS(UM3) )
S1=CPY* SQRT(DY/BOTT)
S=S1
NRL=4
HRLN=3.2

GO TO 2000
C ===== TAKEDA RULE 4.0 ===== UNLOADING FROM POINT UM ON THE PRIMARY
C CURVE AFTER YEILDING
400 IF (IDR) 430,440,410
410 IF (ABS(PI) .GE.ABS(UM( JI, 2 ) ) ) GO TO 420
A=UM(JI,2)
B=PI
S=S1
NRL=4
HRLN=4.11

GO TO 2000
420 A=PU*ISGN
B=PI
S=YU
NRL=3
HRLN=4.12

GO TO 2000
430 A=PI
B=0.
S=S1
NRL=4
HRLN=4.2

GO TO 2000
440 IF (DI.LE.DS) IDRVO=1
IF (DI.GT.DS) IDRVO=2
IF (ABS(UM(IDRVO,1) ) .GT.DC) GO TO 450
A=PC*IREVSL
B=0.
S=S1
NRL=15
HRLN=4.31

GO TO 2000
450 XO=DI
XOUM=(0.-UM(IDRVO,2))/(XO-UM(IDRVO,1))
XOY =(0.-PY*ISGN)/(XO-DY*ISGN)
IF (PY.GT.ABS(UM(IDRVO,2)) .AND. XOY.GT.XOUM) GO TO 460
A=UM(IDRVO,2)
B=0.
S2=XOUM
S=S2
NRL=6
HRLN=4.32

GO TO 2000
460 UM(JI,1)=DY*ISGN
UM(JI,2)=PY*ISGN
A=UM(JI,2)
B=0.
S2=XOY
S=S2
NRL=6
HRLN=4.33

GO TO 2000
C ===== TAKEDA RULE 5.0 ===== UNLOADING FROM POINT UM ON THE PRIMARY
C CURVE BEFORE YEILDING
500 IF (IDR) 530,540,510
510 IF (ABS(PI) .GE.ABS(UM( JI, 2 ) ) ) GO TO 200
A=UM(JI,2)
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B=PI
S = S1
NRL=5
HRLN=5.11
GO TO 2000

530 A=PI
B=0.
S = S1
NRL=5
HRLN=5.2

GO TO 2000
540 IF (DI.LE.DS) IDRV=2
IF (DI.GT.DS) IDRV=1
IF (ABS(UM(IDRV,1)).GT.DC) GO TO 450
A=PC*IREVSL
B=0.
S = S1
NRL=14
HRLN=5.31

GO TO 2000
C ===== TAKEDA RULE 6.0 ===== LOADING TOWARDS POINT UM ON THE PRIMAR
C CURVE.
600 IF (IDR) 630,630,610
610 IF (ABS(PI) .GE.ABS(UM( JI , 2 ) ) ) GO TO 210
A=UM(JI,2)
B=PI
XOUM=(PI-UM(JI,2))/(DI-UM(JI,l))
S=XOUM
NRL=6
HRLN=6.11

GO TO 2000
630 UOD=DI
UO=PI
A=PI
B=0.
S = S1
NRL=7
HRLN=6.20

GO TO 2000
C ===== TAKEDA RULE 7.0 ===== UNLOADING FROM POINT UM AFTER RULE 6
700 IF (IDR) 730,740,710
710 IF (ABS(PI) .GE.ABS(UO) ) GO TO 720
A=UO
B=PI
S = S1
NRL=7
HRLN=7.11

GO TO 2000
720 A=UM(JI,2)
B=PI
XOUM=(0.-UM(JI,2))/(XO-UM(JI,l))
S=XOUM
NRL=6
HRLN=7.12

GO TO 2000
730 A=PI
B=0.
S = S1
NRL=7
HRLN=7.2

GO TO 2000
740 A=UM(JI,2)
B=0.
X1UM=(PI-UM(JI,2))
S=X1UM
NRL=8
HRLN=7.3
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GO TO 2000
C ===== TAKEDA RULE 8.0 ===== LOADING TOWARDS POINT UM ON THE PRIMAR
C CURVE
800 IF (IDR) 830,830,810
810 IF (ABS(PI) .GE.ABS(UM( JI, 2 ) ) ) GO TO 210
A=UM(JI,2)
B=PI
X1UM=(PI-UM(JI,2))/(DI-UM(JI,l))
S=X1UM
NRL=8
HRLN=8.11

GO TO 2000
830 U1=PI
U1D=DI
A=PI
B=0.
S=S1
NRL=9
HRLN=8.2

GO TO 2000
C ===== TAKEDA RULE 9.0 ===== UNLOADING FROM POINT Ul AFTER RULE 8
900 IF (IDR) 930,940,910
910 IF (ABS(PI) .GE.ABStUl ) ) GO TO 810
A=U1
B=PI
S=S1
NRL=9
HRLN=9.11

GO TO 2000
930 A=PI
B=0.
S=S1
NRL=9
HRLN=9.2

GO TO 2000
940 A=UO
B=0.
X2UO=(PI-UO)/(DI-UOD)
S=X2UO
NRL=10
HRLN=9.3

GO TO 2000
C ===== TAKEDA RULE 10.0 ===== LOADING TOWARDS POINT UO
1000 IF (IDR) 1030,1030,1010
1010 IF (ABS(PI) .GE.ABS(UO ) ) GO TO 610
A=UO
B=PI
X2UO=(PI-UO)/(DI-UOD)
S=X2UO
NRL=10
HRLN=10.11

GO TO 2000
1030 U2=PI
A=PI
B=0.
S=S1
NRL=11
HRLN=10.2

GO TO 2000
C ===== TAKEDA RULE 11.0 ===== UNLOADING FROM POINT U2 AFTER RULE 10
1100 IF (IDR) 1130,1140,1110
1110 IF (ABS(PI) .GE.ABS(U2 ) ) GO TO 1010
A=U2
B=PI
S=S1
NRL=11
HRLN=11.11
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GO TO 2000
1130 A=PI
B=0.
S = S1
NRL=11
HRLN=11.2

GO TO 2000
1140 A=U1

B=0.
X3U1=(PI-U1)/(DI-U1D)
S=X3U1
NRL=12
HRLN=11.3

GO TO 2000
C ===== TAKEDA RULE 12.0 ===== LOADING TOWARDS POINT Ul
1200 IF (IDR) 1230,1230,1210
1210 IF (ABS(PI) .GE.ABS(U1 ) ) GO TO 810

A=U1
B=PI
X3U1=(PI-U1)/(DI-U1D)
S=X3U1
NRL=12
HRLN=12.11

GO TO 2000
1230 U3=PI
A=PI
B=0.
S = S1
NRL=13
HRLN=12.2

GO TO 2000
C ===== TAKEDA RULE 13.0 ===== UNLOADING FROM POINT U3 AFTER RULE 12
1300 IF (IDR) 1330, 940,1310
1310 IF (ABS(PI) .GE.ABS(U3 ) ) GO TO 1210
A=U3
B=PI
S = S1
NRL=13
HRLN=13.11

GO TO 2000
1330 A=PI
B=0.
S = S1
NRL=13
HRLN=13.2

GO TO 2000
C ===== TAKEDA RULE 14.0 ===== LOADING IN THE UNCRACKED DIRECTION AFTE
C CRACKING IN THE OTHER DIRECTION.
1400 IF (IDR) 1430,1440,1410
1410 IF (ABS(PI) .GE. PC ) GO TO 210
A=PC*ISGN
B=0.
S = S1
NRL=14
HRLN=14.11

GO TO 2000
1430 A=PI
B=0.
S = S1
NRL=14
HRLN=14.2

GO TO 2000
1440 A=UM(JI,2)
B=0.
S = S1
NRL=5
HRLN=14.3
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GO TO 2000
C ===== TAKEDA RULE 15.0 ===== LOADING IN THE UNCRACKED DIRECTION AFTE
C YEILDING IN THE OTHER DIRECTION.
1500 IF (IDR) 1530,1540,1510
1510 IF (ABS(PI) .GE. PC ) GO TO 1520
A=PC*ISGN
B=PI
S=S1
NRL=15
HRLN=15.11

GO TO 2000
1520 PQ=PC*ISGN
DQ=(PQ-PI)/S1+DI
QY=(PY*ISGN-PQ)/(DY*ISGN-DQ)
A=PY*ISGN
B=PQ
S=QY
NRL=16
HRLN=15.12

GO TO 2000
1530 A=PI
B=0.
S=S1
NRL=15
HRLN=15.2

GO TO 2000
1540 IF (ABS(PI) .GE. ABS (UM ( JI , 2 ) ) ) GO TO 1550
A=UM(JI,2)
B=0.
S=S1
NRL=4
HRLN=15.31

GO TO 2000
1550 A=PU*IREVSL
B=0.
S=YU
NRL=3
HRLN=15.32

GO TO 2000
C ===== TAKEDA RULE 16.0 ===== LOADING TOWARDS THE YEILD POINT AFTER
C RULE 15 .
1600 IF (IDR) 1630,1630,1610
1610 IF (ABS (PI) .GE. PY ) GO TO 300
A=PY*ISGN
B=PI
S=QY
NRL=16
HRLN=16.11

GO TO 2000
1630 UM(JI,1)=DY
UM(JI,2)=PY
UO=PI
UOD=DI
A=PI
B=0.
S=S1
S2=QY
XO=DI-PI/S2
NRL= 7
HRLN=16.2

GO TO 2000
C
C ======> CALCULATE MAXIMUN PREVIOUS DEFORMATION
2000 UM1=MIN(UM(1,1),DI)

UM2=MIN(UM(1,2),PI)
UM3=MAX(UM(2,1),DI)
UM4=MAX(UM(2,2),PI)
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RNRL=NRL
IDRO=IDR
RF=0.
IF (IDR.GE.O) ACHNG=A
IF (IDR.LT.O) ACHNG=B

RETURN
END

C@PROCESS SDUMP OPT(O) GOSTMT XREF MAP
c***********************************************************************

C DEBUG UNIT(6),TRACE,SUBCHK,INIT,SUBTRACE
C END DEBUG
C

SUBROUTINE IDRECT (IDR,IDRV,IDRVO,PI,PS,VI,VS)
C
LOGICAL A,NA,B,NB,C,NC,D,ND,E
LOGICAL BTEST

C
C WRITE (6,*) 'IDR,IDRV,IDRVO,PI,PS,VI,VS'
C WRITE (6,*) IDR,IDRV,IDRVO,PI,PS,VI,VS
C
1A = ABS(PI) .GE.ABS(PS)
B = PI*PS .GE.O

C B = PI*PS .GT.O
C = PI.EQ.O
D = VS*VI.GE.O
NA= .NOT. A
NB= .NOT. B
NC= .NOT. C
ND= .NOT. D

C
IF ( A .AND. B .AND. NC .AND. D ) IDR=1
IF ( NB .AND. NC .AND. ND ) IDR=1
IF (NA .AND. B .AND. NC .AND. ND ) IDR=1
IF ( C .AND. D ) IDR=0
IF ( NB .AND. NC .AND. D ) IDR=0
IF ( A .AND. B .AND. NC .AND. ND ) IDR=-1
IF ( C .AND. ND ) IDR=-1
IF (NA .AND. B .AND. NC .AND. D ) IDR=-1

E = PI .GE. PS
IDRV=1
IDRVO=2
IF (E) IDRV=2
IF (E) IDRVO=1

RETURN
END

Input Data:

1 1 | IELNO MAT
'RECTANGULAR BEAM' 242. 0.001 1500. 0.015 1550. 0.086 |TYP, SMAT
0. 0.01 50 IDMIN DMAX NUMB
0.01 -0.03 100 IDMIN DMAX NUMB
-0.03 0.01 100 IDMIN DMAX NUMB
0.01 -0.01 50 IDMIN DMAX NUMB
-0.01 0.02 100 IDMIN DMAX NUMB
0.02 -0.02 200 IDMIN DMAX NUMB
-0.02 0.04 300 IDMIN DMAX NUMB

Output Data:

TAKEDA HYSTERESIS MODEL- FOR UNIT LENGTH MEMBER

MAT. BETA CRACK YEILD ULTIMATE

1 0.00000 242.000 1500.00 1550.00
0.100000E-02 0.150000E-01 0.860000E-01
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STIFFNESS
241999.98438
241999.98438
241999.98438

LOAD
48.39999
96.79999
145.19998

DISP. RULE
0.00020 1.1
0.00040 1.1
0.00060 1.1

704.22534 1539.52002 0.04000 3.1
704.22534 1539.66089 0.04020 3.1
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,(DU=0.086,PU=1550)
'(DY=0.015,PY=1500)

[(DC=0.001,PC=242)

Displacement

0.06
0.04
003

0.02

0.01
0

•0.01
•0.02
•0.03

A v./.. \ / .
.._ TP1 2Cn 3P1 401 50^> 601 yrO-1 801 9f

Incremental Steps

Diagrams Represent Input Data for Appendix K

1000

$
04 -oq^v^Q^

—————— y^V^y^TOO

1500

POOO

S/
w7
f

0.02 0.04 0.

Rotation

Diagram Represents Output Solution for Appendix K



Appendix L—Cheng-Mertz Model for Bending
Coupling with Shear and Axial Deformations of
Low-Rise Shear Walls and Computer Program

BENDING: Low-Rise Shear Wall Cheng-Mertz
Hysteresis Model

THIS IS A TYPICAL MAIN PROGRAM FOR CALLING CHENG-MERTZ BENDING
HYSTERESIS MODEL SUBROUTINE NAMED "MAT03".THE PARAMETERS

C TRANSFERRED INTO SUBROUTINE MAT03 ARE SHOWN AS FOLLOWS.
SINCE MAT03 IS A GENERAL PURPOSE SUBROUTINE, SOME PARAMETERS
HAVE BEEN RESERVED AND NOT USED. THEREFORE THEY ARE ASSIGNED

C WITH A NUMBER "1" IN THIS DEMONSTRATION AS A MAIN PROGRAM.
C========================================================:

C VARIABLES:
C MAT = USER DEFINED MATERIAL ID NUMBER
C IELNO = USER DEFINED ELEMENT ID NUMBER
C P = CURRENT LOAD
C PL = PREVIOUS STEP LOAD
C D = CURRENT DISPLACEMENT
C DL = PREVIOUS STEP DISPLACEMENT
C V = DUMMY VARIABLE
C VL = DUMMY VARIABLE
C DUCT = RESERVED DUCTILITY ARRAY (NOT USED)

913
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C EXCR = RESERVED EXCURSION ARRAY (NOT USED)
C DAMAGE= RESERVED VARIABLE FOR DAMAGE INDEX (NOT USED)
C EESE = RESERVED VARIABLE FOR ELASTIC STRAIN ENERGY(NOT USED)
C EPSE = RESERVED VARIABLE FOR PLASTIC STRAIN ENERGY(NOT USED)
C LELEM = 34+3*NI+2, WHERE NI=NUMBER OF SMALL AMPLITUDE LOOPS
C LMAT = 5+2*NSEG, WHERE NSEG=NUMBER OF BACKBONE SEGMENTS
C SMAT = MATERIAL ARRAY, SMAT(LMAT)
C SE = ELEMENT ARRAY, SE(LELEM)
C IOPT = 1 INITIALIZE MATERIAL
C 2 GET INITIAL STIFFNESS
C 3 GET MEMBER STIFFNESS
C ERR = DUMMY LOGICAL VARIABLE
C FIRST = LOGICAL VARIABLE. If FIRST=.TRUE., THE MATERIAL
C PROPERTIES OF BENDING HYSTERESIS MODEL ARE PRINTED.
C PRINT = DUMMY LOGICAL VARIABLE
C BUG = LOGICAL VARIABLE. If BUG=.TRUE., THE HYSTERESIS
C ENVELOPE CONTROL POINTS ARE PRINTED.
C BDAM = RESERVED PARAMETER FOR ANG'S DAMAGE INDEX
C=====================================================================

LOGICAL ERR, FIRST, PRINT, BUG
DIMENSION SE(100), SMAT(9), DUCT(3), EXCR(6)
CHARACTER*80 TYPE

C DEFINE EXTERNAL FILE UNITS FOR INPUT DATA AND OUTPUT
C===================================================:

OPEN(UNIT=5,FILE=STRING(8))
OPEN(UNIT=6,FILE=STRING(9))

C

IOPT=1
ERR=.FALSE.
FIRST=.TRUE.
PRINT = .FALSE.
BUG=.FALSE.
READ(5,*)IELNO, MAT

C
C INPUT MATERIAL PROPERTIES
C CALL MAT03
C & (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
C & MAT , SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
C S SMAT,EESE,EPSE,DUCT,EXCR,DAMAGE)

CALL MAT03
5 (IOPT ,IELNO ,ERR ,FIRST ,PRINT , BUG ,
6 MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
5 SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

C
C INITIALIZE ELEMENT STIFFNESS

IOPT=2
BUG=.FALSE.

C
CALL MAT03

6 (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
& MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

C
STIF=SE(1)
BUG=.FALSE.

C
WRITE(6,*)' STIFFNESS LOAD DISP. RULE'

C READ DISPLACEMENT
F=0.
FL=0.
D=0.
DL=0.

C
800 READ(5,*, END=5000)DMIN, DMAX, NUMB
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DD= (DMAX-DMIN) /NUMB
700 DL=D
D=D+DD

FL=F
F=F+STIF*DD
P=F
PL=FL
IOPT=3
CALL MAT03

& (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
& MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

C
F=P
STIF=SE(1)
WRITE(6,98)SE(1), F, D, SE(2)

98 FORMAT (3F15. 5, 3X, F4.1)
IF (DMAX .GT. 0) THEN
IF (D .LE. DMAX) THEN
GO TO 700
ELSE IF (D .GT. DMAX) THEN
D=DMAX
GO TO 800
ENDIF
ELSE IF (DMAX .LE . 0) THEN
IF (D .GE. DMAX) THEN
GO TO 700
ELSE IF (D .LT. DMAX) THEN
D=DMAX
GO TO 800
ENDIF
ENDIF

C
5000 CLOSE(5)

CLOSE(6)
STOP
END

C DEBUG UNIT(6),SUBCHK,INIT,SUBTRACE
C END DEBUG
C===========================================:

SUBROUTINE MAT03
S (IOPT ,IELNO ,ERR ,FIRST ,PRINT , BUG ,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,EESE,EPSE,DUCT,EXCR,DAMAGE)

C
IMPLICIT REAL(A-H,O-Z)
LOGICAL ERR,FIRST,PRINT,BUG
LOGICAL BTEST
DIMENSION SE(IOO),SMAT(30),DUCT(3),EXCR(6)

C
DIMENSION COPY(100)
CHARACTER*4 SSE(IOO)

C
CHARACTER*80 TYPE

C
EQUIVALENCE ( SSE(1) ,COPY(1) )

C
IF (IOPT.NE.1) LELEM=34+3*SMAT(2)+2
IF (IOPT.EQ.O) RETURN

C
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C VARIABLES:
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C- - - - - - - - - - GLOBAL VARIABLES
C IOPT = 1, INITIALIZE MATERIAL
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C = 2, GET STIFFNESS
C SMAT = INTERNAL STORAGE
C SE = OUTPUT STIFFNESS
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C - - - -BEND1 DATA
C SMAT(1)= NSEGS, NUMBER OF BACKBONE SEGMENTS
C SMAT(2)= NI, NUMBER OF SMALL AMPLITUDE LOOPS
C SMAT(3)=CSE, CONSTANT STRAIN ENERGY...
C SMAT(4)= DY, YEILD POINT FOR DUCTILITIES
C SMAT (5 )= BDAM BETA FOR DAMAGE INDEX
C SMAT(5+1 )= PP, BACKBONE MOMENT FOR POINT I
C SMAT(5+I+NSEGS)= DP, BACKBONE ROTATION FOR POINT I
C
GOTO (100,200,300,400,500),IOPT

C
C
100 CONTINUE

C
C
C
C
C
C
C
C
C
r

NSEG = NUMBER OF BACKBONE SEGEMENTS
NI = NUMBER OF SMALL LOOP POINTS
BDAM = PARAMETER FOR ANG ' s DAMAGE INDEX
El = ELASTIC STIFFNESS
G = MOMENT GRADINET
PP = BACKBONE LOAD
DP = BACKBONE DISPLACEMENT

C
C
C
C
C
C
C
C
C

- - - - - - _r
READ (5,*) TYPE ,NSEG,NI,DY, BDAM

READ(5,*) ( SMAT(5+I ),I=1,NSEG)
READ(5,*) ( SMAT(5+I+NSEG),I=1,NSEG)

C
LELEM = 34+3*NI +2
LMAT = 5+2*NSEG
SMAT(1)=NSEG
SMAT(2)=NI

CCC SMAT(3)=SMAT(6)/SMAT(6+NSEG)
SMAT(4)=DY
SMAT(5)=BDAM

C- - - - - - - - - - - - - - CALC CONSTANT STRAIN ENERGY....
DL=0
PL=0
DO 10 I=1,NSEG

P=SMAT(5+I)
D=SMAT(5+I+NSEG)
IF (D.LE.DY) THEN
CSE=CSE + 0.5*(P+PL)*(D-DL)
PL=P
DL=D

ELSE IF (D.EQ.DL) THEN
GO TO 20

ELSE
PY=PL+ (DY-DL)*(P-PL)/(D-DL)
CSE=CSE + 0.5*(PY+PL)*(DY-DL)
GO TO 20

ENDIF
10 CONTINUE
20 SMAT(3)=CSE

C
IF (FIRST .OR. BUG) WRITE (6,55)
WRITE (6,57) MAT,NI,DY,BDAM,(SMAT(5+K),SMAT(5+K+NSEG),K=1,NSEG)
WRITE (6,*) ' '

C
55 FORMAT;/' BENDI HYSTERESIS MODEL DATA - UNIT LENGTH MEMBER'
&/ - ================================================, f
& /' BACKBONE CURVE POINTS - MATL NI ' , 5X , ' DY ' , 9X ,
& ' BETA ',3X,' MOMENT',8X,'ROTATION')
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57 FORMAT ( (28X,2I4,2X,G15.6,3G15.6)/(68X,2G15.6))
C
RETURN

c========================= GET STIFFNESS TERMS =========================

200 CONTINUE
C - - - -BEND1 MODEL DATA STORAGE FOR MEMBER - - - -
C SE( 1)= K
C SE ( 2 ) = RULE
C SE( 3)= DIR
C SE( 4)= A
C SE( 5)= PMG
C SE( 6)= PMH
C SE( 7 ) = DMG
C SE( 8)= DMH
C SE( 9)= BACKB
C SE(10)= ALPHA1
C SE(11)= ALPHA2
C SE(12)= IR
C SE(13)= SRI
C SE(14)= SR2
C SE(15)= SR3
C SE(16)= SRM
C SE(17)= E_EQ_UNLOAD
C SE(18)= UPOS(l)
C SE(19)= UPOS(2)
C SE(20)= UPOS(3)
C SE(21)= UNEG(l)
C SE(22)= UNEG(2)
C SE(23)= UNEG(3)
C SE(24)= EXCR(l)
C SE(25)= EXCR(2)
C SE(26)= EXCR(3)
C SE(27)= EXCR(4)
C SE(28)= EXCR(5)
C SE(29)= EXCR(6)
C SE(30)= EESE(l)
C SE(31)= EESE(2)
C SE(32)= EESE(3)
C SE(33)= EPSE
C SE(34)= PSE_OLD
C SE(34+1 )=PR( 1)
C SE(34+ NI)=PR(NI)
C SE(34+1+ NI)=DR( 1)
C SE(34+ 2*NI)=DR(NI)
C SE(34+1+2*NI)=FR( 1)
C SE(34+ 3*NI)=FR(NI)
C SE(35+ 3*NI)=P_MAX
C SE(36+ 3*NI)=D_MAX
C
NSEG=SMAT(1)
NI =SMAT(2)
Jl= NSEG+6
J3= NI+35
J4=2*NI+35
J5=3*NI+35-l +2
SI=SMAT(6)/SMAT(6+NSEG)
C* EI= SMAT(4)
DO 210 1 = 1, J5

210 SE(I)=0
C
DO 189 I=J4, J4+NI-1
COPY(I)=SE(I)

189 CONTINUE
C
CALL HYST03(P,D,PL,DL,V ,NSEG,NI,
& SMAT( 6) ,SMAT(Jl) ,SMAT( 6) ,SMAT(Jl) ,SI,SMAT(3) ,
& SE( 1),SE( 2),SE( 3),SE( 4),SE( 5) , SE ( 6),SE( 7),SE( 8) ,SE( 9),
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& SE(10),SE(11),SE(12),SE(13),SE(14),SE(15),SE(16),SE(35),SE(J3),
& SSE(J4),BUG,
& SE(17),SMAT(4),SE(30) ,SE(33),SE(34),SE(18),SE(21),SE(24))

C
DO 89 I=J4, J4+NI-1
SE(I)=COPY(I)
89 CONTINUE

C
RETURN

C
C========================= GET STIFFNESS TERMS =========================
300 CONTINUE
C SE ( 4)= A
NSEG=SMAT(1)
NI =SMAT(2)
Jl= NSEG+6
J3= NI+35
J4=2*NI+35
SI=SMAT(6)/SMAT(6+NSEG)

C* EI= SMAT(4)
C SET VELOCITY FLAG TO 1 TO REMOVE INFL OF HIGH FREQ VELOC
C DVEL=V*VL
DVEL = 1
ICYC=0
IF (BUG) THEN
WRITE (6,*) ' - - - - - - - - - - - - - IN MAT03 - - - - - - - - - - - - - - - - - - - - - - - - - -
WRITE (6,*) 'P,D',P,D
WRITE (6,*) 'PL,DL=',PL,DL
ENDIF

310 STIFF=SE(1)
P=PL+(D-DL)*STIFF
A=SE(4)
IF (A.EQ.O .AND. SE(2).EQ.O) THEN
ASSIGN(SMAT(6),P)
IF (P.LT.PL .AND. PL.GT.O .AND. P.GT.O) A=0
IF (P.GT.PL .AND. PL.LT.O .AND. P.LT.O) A=0

ENDIF
ICYC=ICYC+1
IF (BUG) THEN
WRITE (6,*) 'STIFF=', STIFF, ' A=',A
WRITE (6,*) ' P=',P , 'ICYC=' , ICYC
ENDIF

C
C- - - - - IS P WITHIN LIMITS ?

IF (ICYC.GT.10) THEN
WRITE (6,*) 'MORE THAN 10 CYCLES IN MAT03, IELNO:',IELNO

ELSE IF ((PL.LE.P .AND. P.LT.A) .OR. (PL.GE.P .AND. P.GT.A) .OR.
& (DL.EQ.D)) THEN
IF (BUG) WRITE (6,*) ' C - - - - - IS P WITH IN LIMITS ? '

C CALL STRENG (SE(30),SE(33),SE(34),P,PL,D,DL,SE(1),SE(17) )
C
DO 199 I=J4, J4+NI-1

COPY(I)=SE(I)
199 CONTINUE
C

CALL HYST03(P,D,PL,DL,DVEL ,NSEG,NI,
& SMAT( 6) ,SMAT(J1) ,SMAT( 6 ) , SMAT(Jl) ,SI,SMAT(3) ,
5 SE( 1),SE( 2),SE( 3),SE( 4) , SE( 5),SE( 6),
6 SE( 7),SE( 8),SE( 9),
S SE(10),SE(11),SE(12),SE(13),SE(14),SE(15),
5 SE(16),SE(35),SE(J3),
6 SSE(J4),BUG,
S SE(17) ,SMAT(4) ,SE(30) ,SE(33) ,SE(34) ,SE(18) ,SE(21) ,SE(24) )

C
DO 99 I=J4, J4+NI-1

SE(I)=COPY(I)
99 CONTINUE
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DVEL=1
C- - - - - IS P GREATER THAN LIMITS ?
ELSE IF ( ( (PL.LE.A .AND. A.LE.P) .OR. (PL . GE . A . AND . A. GE . P ) ) . AND .
& (STIFF.NE.O.00)) THEN

D1=DL+(A-PL)/STIFF
P1=A

C CALL STRENG (SE(30),SE(33),SE(34),PI,PL,Dl,DL,SE(1),SE(17) )
DL=D1
PL=P1

C PI=PL+(P-PL)*.001
C DI=DL+(D-DL)*.001

IF (ABS(P-PL).GT. 0.0005*ABS(P+PL)) THEN
PI=PL+(P-PL)*.001
DI=DL+(D-DL)*.001

ELSE
PI=P
DI=D

ENDIF
IF (BUG) THEN
WRITE (6,*) 'C- - - - - IS P GREATER THAN LIMITS ? '
WRITE (6,*) 'PL,DL=',PL,DL
WRITE (6,*) 'PI,DI=',PI,DI
ENDIF

C
DO 179 I=J4, J4+NI-1

COPY(I)=SE(I)
179 CONTINUE
C

CALL HYST03(PI,DI,PL,DL,1.00 ,NSEG,NI,
& SMAT( 6) ,SMAT(Jl) ,SMAT( 6 ) , SMAT(Jl) ,SI,SMAT(3) ,
& SE( 1),SE( 2),SE( 3),SE( 4) , SE( 5),SE( 6),
S SE( 7),SE( 8),SE( 9),
S SE(10),SE(11),SE(12),SE(13),SE(14),SE(15),
S SE(16),SE(35),SE(J3),
S SSE(J4),BUG,
S SE(17) ,SMAT(4) ,SE(30) , SE(33) ,SE(34) ,SE(18) ,SE(21) ,SE(24))

C
DO 79 I=J4, J4+NI-1

SE(I)=COPY(I)
79 CONTINUE

C
GO TO 310

C- - - - - IS P LESS THAN LIMITS ?
ELSE IF ((P.LT.PL .AND. PL.LE.A) .OR. (P.GT.PL .AND. PL.GE.A))THEN

C PI=PL+(P-PL)*.001
C DI=DL+(D-DL)*.001

IF (ABS(P-PL) .GT. 0.0005*ABS(P+PL) ) THEN
PI=PL+(P-PL)*.001
DI=DL+(D-DL)*.001

ELSE
PI=P
DI=D

ENDIF
IF (BUG) THEN
WRITE (6,*) 'C- - - - - IS P LESS THAN LIMITS ? '
WRITE (6,*) 'PI,DI=',PI,DI
ENDIF

C
DO 169 I=J4, J4+NI-1

COPY(I)=SE(I)
169 CONTINUE
C

CALL HYST03(PI,DI,PL,DL,1.00 ,NSEG,NI,
S SMAT( 6 ) , SMAT(Jl) ,SMAT( 6) ,SMAT(Jl) ,SI,SMAT(3) ,
S SE( 1),SE( 2),SE( 3),SE( 4),SE( 5),SE( 6),
S SE( 7) ,SE( 8) ,SE( 9) ,
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& SE(10) ,SE(11) ,SE(12) ,SE(13) ,SE(14) ,SE(15) ,
& SE(16) ,SE(35) ,SE(J3) ,
& SSE ( J4) ,BUG,
& SE(17) ,SMAT(4) ,SE(30) , SE ( 33 ) , SE ( 34 ) , SE ( 18 ) , SE ( 21) , SE ( 24 ) )

C
DO 69 I=J4, J4+NI-1

SE(I)=COPY(I)
69 CONTINUE

C
GO TO 310

ENDIF
C
C- - - - - - - - SAVE MAXIMUM DISPL AND IT' S LOAD

IF (ABS(D) .GT.ABS(SE(36+3*NI) ) ) THEN
SE(35+ 3*NI)=P
SE(36+ 3*NI)=D

ENDIF
C

IF (BUG) WRITE (6,*) ' STIFF= ' , SE ( 1) , ' A=',SE(4)
C
C- - - - - - TRANSFER ENERGIES FOR BOTH IOPT=3 AND 4 .
400 EESE=SE(30)
EPSE=SE(33)
C
C- - - - - - TRANSFER DUCTILITIES AND EXCRUSION RATIOS FOR BOTH IOPT=3 AND 4 .
DO 410 1 = 1,3
DUCT ( I ) =MAX ( SE ( 17+1 ), SE ( 20+1 ))
EXCR(I+3)=SE (23+1+3)

410 EXCR(I)=SE(23+I)
C
RETURN

C
C=========================== DAMAGE INDEX =============================
500 EESE =SE(30)
EPSE =SE(33)
NSEGS=SMAT(1)
NI =SMAT(2)
DMAX =SMAT(5+2*NSEGS)
DY =SMAT(4)
BDAM =SMAT(5)
P =SE(35+ 3*NI)
D =SE(36+ 3*NI)

Dl =SMAT(6+NSEGS)
IF (DY.LE.D1) THEN
PY=SMAT(6)*DY/D1

ELSE
DO 510 I=2,NSEGS
P1=SMAT(4+I)
P2=SMAT(5+I)
D1=SMAT ( 4+I+NSEGS )
D2=SMAT(5+I+NSEGS)
IF (DY.GE.D1 .AND. DY.LE.D2) THEN
PY=P1+(DY-D1)*(P2-P1)/(D2-D1)
GO TO 520
ENDIF

510 CONTINUE
ENDIF

520 DAMAGE =ABS(D) /DMAX + BDAM / (PY*DMAX) * EPSE
C
RETURN
END

C DEBUG UNIT (6) , TRACE , SUBCHK , INIT , SUBTRACE
C END DEBUG
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C== BENDING HYSTERESIS MODEL ...... HYST03 ...........................
C============================================================
C
C INPUT VARIABLES
C P = CURRENT LOAD
C D = CURRENT DISPLACEMENT
C PL = LAST LOAD
C VEL = PRODUCT OF LAST AND CURRENT VELOCITY
C NB = NUMBER OF BACKBONE CURVE POINTS
C NI = MAXIMUN NUMBER OF SECONDARY LOOPS
C PC = CRACKING LOAD
C DC = CRACKING DISPLACEMENT
C PB(j) = BACKBONE CURVE LOADING POINT j , j=l,NB
C DB(j) = BACKBONE CURVE DISPLACEMENT POINT j,l,NB
C SI = INITIAL STIFFNESS, PC/DC
C
C OUTPUT VARIABLES
C ......AN INITIAL VALUE OF ZERO , OR FALSE
C IS REQUIRED FOR ALL OUTPUT VARIABLES . . .
C K = STIFFNESS
C RULE = RULE NUMBER, STORED IN THE FORMAT RN.DIR UPON EXIT OF
C THIS SU_BROU_TINE
C A = LOAD LIMIT BEFORE NEXT RULE CHANGE, IN THE CURRENT DIR
C PMG = MAXIMUN PAST LOAD IN THE POSITIVE DIRECTION
C PMH = MAXIMUN PAST LOAD IN THE NEGATIVE DIRECTION
C DMG = MAXIMUN PAST DISPLACEMENT IN THE POSITIVE DIRECTION
C DMH = MAXIMUN PAST DISPLACEMENT IN THE NEGATIVE DIRECTION
C PR(I) = SECONDARY LOOP LOADING POINT, I
C DR(I) = SECONDARY LOOP DISPLACEMENT POINT, I
C FR(I) = SECONDARY LOOP FLAG
C IR = NUMBER OF SECONDARY LOOPS ACTIVE
C ALPHA1 = POSITIVE LOAD DEGRADING STIFFNESS FACTOR
C ALPHA2 = NEGATIVE LOAD DEGRADING STIFFNESS FACTOR
C BACKS = BACKBONE LOADING FLAG
C
C INTERNAL VARIABLES
C J = BACKBONE CURVE POINT # IN THE CURRENT DIRECTION
C JO = TEMPORARY VARIABLE
C I, IT = SECONDARY LOOP NUMBER
C DIR = CURRENT DIRECTION
C DIR=1, POSITIVE LOADING
C DIR=2, POSITIVE UNLOADING
C DIR=3 , NEGATIVE LOADING
C DIR=4, NEGATIVE UNLOADING
C DIRL = LAST DIRECTION
C IRULE = INTEGER VALUE OF RULE #
C LRULE = INTEGER VALUE OF LAST RULE #
C REVRSL = LOAD REVERSAL FLAG
C PRINT = PRINT FLAG, USED FOR DEBU_GGING
C AP = ABSOLUTE VALUE OF THE LOAD, P.
C PM = MAXIMUN PAST LOAD IN THE CURRENT DIRECTION
C DM = MAXIMUN PAST DISPLACEMENT IN THE CURRENT DIRECTION
C DMAX = MAXIMUN PAST DISPLACEMENT IN BOTH DIRECTIONS
C Ql = ONE QUARTER OF PM , USED BY UNLOADING CURVES
C Q3 = THREE QUARTERS OF PM , USED BY UNLOADING CURVES
C DQ1 = DISPLACEMENT AT Ql ON UNLOADING BRANCH
C DQ3 = DISPLACEMENT AT Q3 ON UNLOADING BRANCH
C D01 = INTERMEDIATE DISPLACEMENT INTERCEPT OF UNLOADING BRANCH
C D02 = INTERMEDIATE DISPLACEMENT INTERCEPT OF UNLOADING BRANCH
C DO = DISPLACEMENT INTERCEPT OF UNLOADING BRANCH
C DP = DIFFERANCE IN LOAD, USED FOR CALCULATING K
C DD = DIFFERANCE IN DISPLACEMENT, USED FOR CALCULATING K
C PX = LOAD INTERCEPT OF LOADING AND BACKBONE CURVE
C DX = DISPLACEMENT INTERCEPT OF LOADING AND BACKBONE CURVE
C PC3 = PC/3
C DC3 = DISPLACEMENT AT PCS
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C P2,D2 = INTERSECTION OF LOADING AND UNLOADING CURVES
C PI,DI = SMALL LOOP UNLOADING POINTS
C X = MAXIMUN DISPLACEMENT
C K8 = STIFFNESS FROM RULE 8
C FLAG1 = UPPER SECONDARY LOOP FLAG
C FLAG2 = LOWER SECONDARY LOOP FLAG
C ALPHAA = DEGRADING FACTOR FOR FIRST CYCLE
C ALPHAB = DEGRADING FACTOR FOR SUBSEQUENT CYCLES
C S = TEMPORARY STIFFNESS
C SI = UNLOADING STIFFNESS FROM FS1
C S2 = UNLOADING STIFFNESS FROM FS2
C S3 = UNLOADING STIFFNESS FROM FS3
C SU = STIFFNESS BETWEEN CURRENT AND RELOADING POINT
C S02 = STIFFNESS BETWEEN PA AND DO
C 303 = STIFFNESS BETWEEN PB AND DO
C
C INTERNAL FUNCTIONS
C FD2 = DISPLACEMENT INTERCEPT OF LOADING AND UNLOADING CURVE
C FS1= UNLOADING STIFFNESS WHEN P>.75 PMAX
C FS2 = UNLOADING STIFFNESS WHEN .75 PMAX > P > .25 PMAX
C FS3 = UNLOADING STIFFNESS WHEN .25 PMAX > P
C FSL = LOADING STIFFNESS WHEN .P < PC/3 WITHOUT REVERSAL. . .
C
C SU_BROU_TINES CALLED
C DIRECT = DETERMINES THE VALUES OF DIR AND DIRL
C INTSCT = DETERMINES THE INTERSECTION OF TWO LINES IN POINT-SLOPE
C FORM
C KMIN = DETERMINES THE STIFFNESS BASED ON DP,DD AND K_DEFULT
C

SUBROUTINE HYSTO3(P,D,PL,DL,VEL,NB,NI,PC,DC,PB,DB,SI,CSE,
& K,RULE,RDIR,A,PMG,PMH,DMG,DMH,BACKB,ALPHA1,ALPHA2,
& IR,SRI,SR2,SR3,SRM,PR,DR,FR,PRINT,
5 SE,DY,ESE,PSE,PSEOLD,UPOS,UNEG,EXCR)

C
IMPLICIT REAL(A-H,K,O-Z)
IMPLICIT INTEGER(I,J,L-N)
INTEGER DIR,DIRL
CHARACTER*4 FR(1)
LOGICAL BACKB,REVRSL,PRINT,BTEST
DIMENSION PB(1),DB(1),PR(1),DR(1),UPOS(3),UNEG(3),EXCR(6),ESE(3)
DATA ALPHAA/1.129/,ALPHAB/1.029/

C
FS1(X)= SI *(DC/X)**.294
FS2(X)= SI *(0.8344*(DC/X-1) +1)
FS3(X)= SI *(0.9092*(DC/X-1) +1)
FSL(X)= SI *(DC/X)**.285
FD2(X)= DM-.05*PM/(FS1(X))

C
C
1000 IF (PRINT) WRITE (6,1010) P,D,PL,DL,NB,NI,PC,DC,SI,K,
6 RULE,A,PMG,PMH,DMG,DMH,BACKB,IR,DIR,
S SE,DY,ESE(1),PSE,PSEOLD,UPOS,CSE,UNEG,EXCR,VEL

1010 FORMAT(
&' Bl- P=',G13.5,' D=',G13.5,' PL=',G13.5,' DL=',G13.5/
S' Bl- NB=',G13.5,' NI=',G13.5,' PC=',G13.5,' DC=',G13.5/
&' Bl- SI=',G13.5,' K=',G13.5,' RULE=',G13.5,' A=',G13.5/
&' Bl- PMG=',G13.5,' PMH=',G13.5,' DMG= ',G13.5,' DMH=',G13.5/
S' B1-BACKB=',G13.5,' IR=',G13.5,' DIR=',G13.5,' SE=',G13.5/
&' Bl- DY=',G13.5,' ESE=',G13.5,' PSE=',G13.5,' PSEO=',G13.5/
S' Bl- UP1=',G13.5,' UP2=',G13.5,' UP3=',G13.5,' CSE=',G13.5/
S' Bl- UN1=',G13.5,' UN2=',G13.5,' UN3=',G13.5/
&' Bl- EX1=',G13.5,' EX2=',G13.5,' EX3=',G13.5/
S' Bl- EX4=',G13.5,' EX5=',G13.5,' EX6=',G13.5/' VEL=',G13.5)
IF (IR.GT.O.AND.PRINT) WRITE (6,1020) (I,PR(I),DR(I),FR(I),1=1,IR)

1020 FORMAT
S (' Bl- 1=',G13.5,' PR=',G13.5,' DR=',G13.5,' FR=',A )

C
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AP=ABS(P)
C...... DETERMINE IF ELASTIC

IF (RULE.EQ.O .AND. AP.LT.PC ) THEN
K=SI
SE=K
RETURN

ENDIF
C
C...... DETERMINE IF WALL IS INACTIVE, IF SO RETURN
IF (RULE.LT.0.0) RETURN
C
C...... DETERMINE CURRENT DIRECTION
LRULE=INT(RULE)
DIR =RDIR
CALL DIRECTfDIR,DIRL,P,PL,VEL)
RDIR =DIR
IF (PRINT) WRITE (6,1030) DIR,DIRL

1030 FORMAT
& ( ' Bl- DIR=' ,18 , ' DIRL=' ,18)

C
C...... DETERMINE MAXIMUN AND MINIMUN VALUES

PMG=MAX(P,PMG, PC)
DMG=MAX(D,DMG, DC)
PMH=MIN(P,PMH,-PC)
DMH=MIN(D,DMH,-DC)
DMAX=MAX(DMG,-DMH)
PMAX=MAX(PMG,-PMH)

C
C......... SET MAXIMUN AND MINIMUN VALUES...

IF (DIR.EQ.l .OR. DIR.EQ.2 ) THEN
PM=PMG
DM=DMG

ELSE IF (DIR.EQ.3 .OR. DIR.EQ.4) THEN
PM=PMH
DM=DMH

ENDIF
C
C......... CALCULATE EQUIVALENT UNLOADING STIFFNESS FOR ENERGY. . .

IF (BACKB .OR. RULE.EQ.1.0) THEN
S1=FS1(DMAX)
S2=FS2(DMAX)
S3=FS3(DMAX)
DO =DM - PM*(DMH-DMG)/(PMH-PMG)
Ql=PM/4
Q3=3*Q1
DQ3=DM -0.25*PM/S1
S02=KMIN((DQ3-DO),Q3,SI)
DQ1=DQ3-0.50*PM/MAX(S2,S02)
S03=KMIN((DQ1-DO),Q1,SI)
SE= 0.5 * PM**2 / (

& (PM+Q3)*0.5*(DM-DQ3)
& +(Q3+Q1)*0.5*(DQ3-DQ1)
S +( Ql)*0.5*( Q1)/MAX(S3,S03) )
ENDIF

C
C......... CHECK TO SEE IF LAST RULE IS STILL IN EFFECT

IF (DIR.EQ.DIRL .AND.
5 ((DIR.EQ.l .AND. P.LT.A) .OR. (DIR.EQ.2 .AND. P.GT.A) .OR.
6 (DIR.EQ.3 .AND. P.GT.A) .OR. (DIR.EQ.4 .AND. P.LT.A))) THEN
RETURN

ENDIF
C
C...... CALC EXCURSION RATIO AT EVERY ZERO CROSSING. . .
C IF (P*PL.LE.O) CALL ONE(0,UPOS,EXCR, DY,DLI,ESE,PSE,PSEOLD,CSE)
C
C...... ERASE SMALL LOOP FLAGS

IF (IR.GT.O) THEN
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IT=IR
DO 10 1=1,IT
IF ( (FR(I) .EQ. 'L' .AND. ( P . LE . PR (I) .OR. D . LE . DR (I) )) .OR.
& (FR(I) .EQ. '7' .AND. ( P . GE . PR (I) .OR. D . GE . DR (I) ))) THEN

IR=I-1
GO TO 15

ENDIF
10 CONTINUE
ENDIF
15 I=IR+1

C
IF (DIR.EQ.l .OR. DIR.EQ.3 ) THEN

C...... LOADING RULES ..................................... RULES 1,6-11
C
C...... LOADING ON BACKBONE RULE 1

1 IF (BACKB .OR. RULE.EQ.0.0) THEN
K=0.
DO 18 J=2,NB
DD=DB(J)-ABS(D)
DP=PB(J)-AP
IF (AP.LT.PB(J) .AND. (DD*DP).GT.0.) THEN
S=DP/DD
IF (S.GT.K) THEN
K=S
A=SIGN(PB(J),P)

ENDIF
ENDIF

18 CONTINUE
RULE=1
BACKB=.TRUE.
IR=0
IF (DIR.EQ. 1) THEN
ALPHA1=ALPHAA

ELSE
ALPHA2=ALPHAA

ENDIF
C
C...... LOADING AFTER UNLOADING

ELSE
C......... RELOADING INSIDE SMALL LOOPS RULE 11
20 1=1-1
IF (I.GT.O ) THEN
IF ( .NOT. ( ( FR(I).EQ.'7' .AND. DIR.EQ.l ) .OR.

& (FR(I).EQ.'L' .AND. DIR.EQ.3 ) ) ) GO TO 20
K=KMIN((D-DR(I)),(P-PR(I)),SI)
A=PR(I)
RULE=11+I/1000.

C
C......... INITIAL RELOADING BELOW PC/3
C............... WITH REVERSAL RULE 8

ELSE IF (AP.LT. (PC/3) )THEN
BACKB=.FALSE.
IF ((DIR.EQ.l .AND. DIRL.EQ.4) .OR.
& (DIR.EQ.3 .AND. DIRL.EQ.2)) THEN

P2=.95*PM
D2=FD2(DMAX)
K=KMIN((D-D2),(P-P2),SI)
K8=K
A= P2
RULE=8

C
PC3=SIGN(PC/3,PM)
D01=DM-PM*(l./FSl(DMAX)+2./FS2(DMAX)+1./FS3(DMAX))/4.
D02=DM - PM*(DMH-DMG)/(PMH-PMG)
IF (DIR.EQ.l) DO=MAX(D01,D02)
IF (DIR.EQ.3) DO=MIN(D01,D02)
DC3=DO+PC3/FSL(DMAX)
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S=KMIN((D-DC3),(P-PC3),SI)
IF (S.GT.K) THEN

K=S
A= PCS
RULE=8.1

ENDIF
C
C......... WITH REVERSAL, FAR SIDE LOADING RULE 9

IF ((DIR.EQ.l .AND. D.LT.O) .OR.
& (DIR.EQ.3 .AND. D.GT.0)) THEN

K=K8
DO 40 J=2,NB
IF ( PB(J) .LT.ABS(PM) ) GO TO 40
DD= -SIGN(DB(J),D)-D
DP= -SIGN(PB(J),D)-P

IF ( (DD*DP).LE.O.) GO TO 40
S=DP/DD
IF (S.GT.K .AND. S.LE.SI) THEN
K=S
A=SIGN(PB(J),PM)
RULE=9
BACKB=.TRUE.

ENDIF
40 CONTINUE

ENDIF
C
C......... WITHOUT REVERSAL RULE 6

ELSE
K=FSL(DMAX)
A= SIGN((PC/3),PM)
RULE=6

ENDIF
C
C......... MIDRANGE RELOADING CURVE RULE 7

ELSE IF (AP.LT.ABSt .95*PM) ) THEN
BACKB=.FALSE.
P2=.95*PM
D2=FD2(DMAX)
K=KMIN((D-D2),(P-P2),SI)
A=P2
RULE=7

C
C......... LOADING TOWARDS THE BACKBONE CURVE RULE 10

ELSE
BACKB=.TRUE.
IF (AP.GE.ABS(PM) .OR. (ABS ( DM) ) . LE . DC ) GO TO 1
IR=0

IF (DIR.EQ.l) THEN
IF (ALPHAl.NE.ALPHAA .AND. ALPHA1.NE.ALPHAB)

& ALPHA1=ALPHAA
DD=ALPHA1*DM-D

ELSE
IF (ALPHA2.NE.ALPHAA .AND. ALPHA2.NE.ALPHAS)

S ALPHA2=ALPHAA
DD=ALPHA2*DM-D

ENDIF
DP=PM-P
IF ( (DP*DD) .GT.O) THEN
K=MIN( (DP/DD),SI)

ELSE
K=SI

ENDIF
DO 50 J=2,NB
IF ( PB( J) .LE.ABS(PM) ) GO TO 50
JO=J-1
DD=DB(J)-DB(JO)
DP=PB(J)-PB(JO)
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IF ( (DP*DD) .LE.O. ) GO TO 50
CALL INTSCT(DX,PX,D,P,K,SIGN(DB(J),P),

5 SIGN(PB(J),P),(DP/DD) )
PX=PX
DX=DX
IF (ABS(DX).GE.DB(JO) .AND. ABS(DX).LE.DB(J).AND.

6 ABS(PX).GT.ABS(PM) .AND. PM*PX.GT.O) THEN
IF (AP.GT.ABS(PX) ) GO TO 1
A= PX
RULE=10
IF (DIR.EQ.l) THEN
ALPHA1=ALPHAB

ELSE
ALPHA2=ALPHAB

ENDIF
GO TO 100

ENDIF
50 CONTINUE

GO TO 1
ENDIF

ENDIF
C
C

ELSE
C... UNLOADING RULES .................................................................. RULES 2-5
C
C......... INITILIZE VALUES

BACKB=.FALSE.
S1=FS1(DMAX)
S2=FS2(DMAX)
S3=FS3(DMAX)
DO =DM - PM*(DMH-DMG)/(PMH-PMG)
Ql=PM/4
Q3=3*Q1
DQ3=DM -0.25*PM/S1
S02=KMIN((DQ3-DO),Q3,SI)
DQ1=DQ3-0.50*PM/MAX(S2,S02)
S03=KMIN((DQ1-DO),Q1,SI)
SU=0.

C
C
C............ UNLOADING INSIDE SMALL POSITIVE LOOPS RULE 5

I=IR+1
70 1=1-1

IF (I.GT.O) THEN
IF ( .NOT. ( (DIR.EQ.2 .AND. FR (I) .EQ. 'L ' ) .OR.

S (DIR.EQ.4 .AND. FR (I) .EQ. ' 7 ' ) ) ) GO TO 70
IF ((DIR.EQ.2 .AND.( (P.GT.Q3 .AND. PR(I).GT.Q3) .OR.

S (Q3.GE.P .AND. P.GT.Q1 .AND. PR(I).GT.Ql) .OR.
5 (Ql.GE.P .AND. PR(I).GT.O ))) .OR.
6 (DIR.EQ.4 .AND.( (P.LT.Q3 .AND. PR(I).LT.Q3) .OR.
5 (Q3.LE.P .AND. P.LT.Q1 .AND. PR(I).LT.Ql) .OR.
6 (Ql.LE.P .AND. PR(I).LT.O ))) ) THEN

K=(PR(I)-P)/(DR(I)-D)
IF (K.LE.O .OR. K.GT.SI) GO TO 70
A=PR(I)
RULE=5+I/1000.
GO TO 100

ELSE
SU=KMIN((DR(I)-D),(PR(I)-P),SI)

ENDIF
ENDIF

C
C......... CALC DUCTILITY AND EXCURSION RATIO...

IF (RULE.EQ.l .OR. RULE.GT.5) THEN
IF (DIR.EQ.2) THEN
DLI= MAX( D , DL )
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C CALL DNE(1,UPOS,EXCR, DY,DLI,ESE(2),PSE,PSEOLD,CSE)
ELSE IF (DIR.EQ.4) THEN
DLI= MIN( D , DL )

C CALL DNE(1,UNEG,EXCR,-DY,DLI,ESE(3),PSE,PSEOLD,CSE)
ENDIF

ENDIF
C
C......... UNLOADING ON THE TOP SEGMENT RULE 2

IF(AP.GT.ABS(Q3)) THEN
K=MAX(S1,SU)
A=Q3
RULE=2

C......... UNLOADING ON THE MIDDLE SEGMENT RULE 3
ELSE IF(AP.GT.ABS(Q1) ) THEN
K=MAX(S2,S02,SU)
A=Q1
RULE=3

C......... UNLOADING ON THE BOTTOM SEGMENT RULE 4
ELSE
K=MAX(S3,S03,SU)
A=0.
RULE=4

ENDIF
ENDIF

C......... SAVE REVERSAL POINTS FOR SMALL LOOPS..................
100 IRULE=INT(RULE)
REVRSL=IRULE.EQ.1.OR.IRULE.EQ.10.OR.LRULE.EQ.1.OR.LRULE.EQ.10
IF ((DIRL.EQ.l .AND. DIR.EQ.2 .AND. .NOT. REVRSL)
& .OR. (DIRL.EQ.4 .AND. DIR.EQ.3) ) THEN

IF (IR.LT.NI) THEN
IR=IR+1
PR(IR)=P
DR(IR)=D
FR(IR)='7'

ENDIF
ELSE IF ((DIRL.EQ.3 .AND. DIR.EQ.4 .AND. .NOT. REVRSL)
& .OR. (DIRL.EQ.2 .AND. DIR.EQ.l) ) THEN

IF (IR.LT.NI) THEN
IR=IR+1
PR(IR)=P
DR(IR)=D
FR(IR)='L'

ENDIF
ENDIF
IF (PRINT) WRITE (6,1040) S1,S2,S3

1040 FORMAT(
S' Bl- Sl=',G13.5, ' S2=',G13.5, ' S3=',G13.5,' =',G13.5)

IF ((1.05*SI).GT.K .AND. K.GT.O ) RETURN
C

K=0
RULE=-RULE

RETURN
C
END

C
c=======================================================================

C - DIRECTION OF LOADING .............................................
C DEBUG UNIT(6),SUBCHK,SUBTRACE
C END DEBUG
C P = CURRENT LOAD
C PL = LAST LOAD
C D = CURRENT DISPLACEMENT
C DIR = CURRENT DIRECTION
C DIR=1, POSITIVE LOADING
C DIR=2, POSITIVE UNLOADING
C DIR=3, NEGATIVE LOADING
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C DIR=4, NEGATIVE UNLOADING
C DIRL = LAST DIRECTION
C VEL = PRODUCT OF LAST AND CURRENT VELOCITIES

SUBROUTINE DIRECT(DIR,DIRL,P,PL,VEL)
IMPLICIT REAL(A-H,O-Z)
IMPLICIT INTEGER(I-N)
INTEGER DIR,DIRL
LOGICAL BTEST

IF (P.GT.O) THEN
IF (P.GT.PL .AND. PL.GT.O) THEN

DIRL=1
ELSE IF (P.GT.PL .AND. PL.LT.O) THEN

DIRL=4
ELSE IF (P.LT.PL) THEN

DIRL=2
ELSE

DIRL=DIR
ENDIF

ELSE IF (P.LT.O) THEN
IF (P.LT.PL .AND. PL.LT.O) THEN

DIRL=3
ELSE IF (P.LT.PL .AND. PL.GT.O) THEN

DIRL=2
ELSE IF (P.GT.PL) THEN

DIRL=4
ELSE

DIRL=DIR
ENDIF

ELSE
IF (PL.LT.O) THEN

DIRL=4
ELSE IF (PL.GT.O) THEN

DIRL=2
ELSE

DIRL=DIR
ENDIF

ENDIF

IF (DIRL.EQ.l .OR.DIRL.EQ.O) THEN
IF (VEL.GT.O) THEN

DIR=1
ELSE

DIR=2
ENDIF

ELSE IF (DIRL.EQ.2) THEN
IF (VEL.GT.O) THEN

IF (P.GT.O) THEN
DIR=2

ELSE
DIR=3

ENDIF
ELSE
DIR=1

ENDIF

ELSE IF (DIRL.EQ.3) THEN
IF (VEL.GT.O) THEN

DIR=3
ELSE

DIR=4
ENDIF

ELSE IF (DIRL.EQ.4) THEN
IF (VEL.GT.O) THEN
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IF (P.LT.O) THEN
DIR=4

ELSE
DIR=1

ENDIF
ELSE

DIR=3
ENDIF

ELSE
WRITE (6,5)

5 FORMAT(5X,'ER','ROR IN SUBROUTINE DIRECT, DIRL.NE. 1,2,3,OR 4')
WRITE (6,10) DIR,DIRL,P,PL,VEL

ENDIF
IF (DIR.EQ.O) DIR=1

C WRITE (6,10) DIR,DIRL,P,PL,VEL
10 FORMAT (5X, '*** IN DIRECT ' , IX ,
& ' DIR=',I4,' DIRL=',I4,' P=',F8.3,' PL=',F8.3 , ' VEL=',F10.3)

RETURN
END

C=======================================================================
C
C - INTERSECTION OF TWO LINES IN POINT SLOPE FORM .....................
C DEBUG UNIT(6),SUBCHK,SUBTRACE
C END DEBUG
C X = X COORDINATE OF INTERSECTION
C Y = Y COORDINATE OF INTERSECTION
C XI = X COORDINATE OF LINE 1
C Yl = Y COORDINATE OF LINE 1
C SI = SLOPE OF LINE 1
C X2 = X COORDINATE OF LINE 2
C Y2 = Y COORDINATE OF LINE 2
C S2 = SLOPE OF LINE 2

SUBROUTINE INTSCT(X,Y,X1,Y1,S1,X2,Y2,S2)
IMPLICIT REAL(A-H,O-Z)
IMPLICIT INTEGER(L-N)
LOGICAL BTEST
IF (S1.NE.S2) THEN

Bl= Yl - S1*X1
B2= Y2 - S2*X2
X=(B1-B2)/(S2-S1)
Y=(B1*S2-B2*S1)/(S2-S1)

ELSE
WRITE (6,10) X1,Y1,S1,X2,Y2,S2

10 FORMAT (/' ****** ER', 'ROR IN INTSCT......' , IX,
S 'S1=S2, NO SOLN, THUS SET X=Y=0.',/
S ' Xl=',1P,G15.5,' Y1=',G15.5,' S1=',G15.5/
S ' X2=',1P,G15.5,' Y2=',G15.5,' S2=',G15.5/)

Y=0
C CALL ERRTRA
ENDIF

CC WRITE (6,5) X1,Y1,S1,B1,X2,Y2,S2,B2,X,Y
CC 5 FORMAT (/'IN INTSCT......',/
CC S ' Xl=',1P,G15.5, ' Y1=',G15.5,' S1=',G15.5,' B1=',G15.5/
CC S ' X2=',1P,G15.5,' Y2=',G15.5,' S2=',G15.5,' B2=',G15.5/
CC S ' X=',1P,G15.5,' Y=',G15.5/)
RETURN
END

C
C - KMIN - CALCULATES STIFFNESS BASED ON DX AND DY ..................
C DEBUG UNIT(6),SUBCHK,SUBTRACE
C END DEBUG
C KMIN =
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C DD = CHANGE IN DISPLACMENT
C DP = CHANGE IN LOAD
C SI = MAXIMUN AND DEFULT STIFFNESS

REAL FUNCTION KMIN(DD,DP,SI)
LOGICAL BTEST
IF ((DD*DP).GT. 0.00) THEN

KMIN=MIN((DP/DD), SI)
ELSE

KMIN=SI
ENDIF

RETURN
END

Input Data:

1 1 | IELNO MAT
'BENDING' 8 10 0.160 0.2 | TYPE NSEG NI DY EDAM

6.120 8.080 9.950 12.010 13.670 15.490 15.910 30. |SMAT
0.065 0.120 0.181 0.485 0.731 1.069 1.155 10. |SMAT

0. 1.0
1.0 -1.0
-1.0 1.10
1.10 -0.5
-0.5 1.2
1.2 1.10

50 | DM IN DMAX NUMB
100 | DMIN DMAX NUMB
100 | DMIN DMAX NUMB
50 | DMIN DMAX NUMB
100 | DMIN DMAX NUMB
10 | DMIN DMAX NUMB

Output Data:

BEND1 HYSTERESIS MODEL DATA - UNIT LENGTH MEMBER

BACKBONE CURVE POINTS - MATL NI DY
1 10 0.160000

BETA MOMENT ROTATION
0.200000 6.12000 0.650000E-01
8.08000 0.120000
9.95000 0.181000
12.0100 0.485000
13.6700 0.731000
15.4900 1.06900
15.9100 1.15500
30.0000 10.0000

STIFFNESS LOAD DISP. RULE
63.99350 1.39350 0.02000 4.0
53.14461 2.45639 0.04000 11.0
53.14461 3.51928 0.06000 11.0

4.85335 15.51975
39.78865 15.12186

1.21700
1.19000

10.0
2.0
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1 '(SMAT(21)=10, SMAT(13)=30)

(SMAT(20)=1.155, SMAT(12)=15.910)
' (SMAT(19)=1.069, SMAT(11)=15.490)

'(SMAT(18)=0.731,SMAT(10)=13.670)
' (SMAT(17)=0.485, SMAT(9)=12.010)

' (SMAT(16)=0.181, SMAT(8)=9.950)
P(SMAT(15)=0.120, SMAT(7)=8.080)i

/(SMAT(14)=0.065, SMAT(6)=6.120)

DY=0.160 Rotation

/\ /T^V y
51 101\ 151 /2m\y

TV ————— -f\ /
251 3M/ 351 40

Incremental Steps

Diagrams Represent Input Data for Appendix L (Bending)

Diagram Represents Output Solution for Appendix L (Bending)
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SHEAR: Low-Rise Shear Wall Cheng-Mertz
Hysteresis Model

THIS IS A TYPICAL MAIN PROGRAM FOR CALLING CHENG-MERTZ SHEAR
HYSTERESIS MODEL SUBROUTINE NAMED "MAT04". THE PARAMETERS

C TRANSFERRED INTO SUBROUTINE MAT04 ARE SHOWN AS FOLLOWS.
SINCE MAT04 IS A GENERAL PURPOSE SUBROUTINE, SOME PARAMETERS
HAVE BEEN RESERVED AND NOT USED. THEREFORE THEY ARE ASSIGNED

C WITH A NUMBER "1" IN THIS DEMONSTRATION AS A MAIN PROGRAM.
C========================================================:

C VARIABLES:
C MAT = USER DEFINED MATERIAL ID NUMBER
C IELNO = USER DEFINED ELEMENT ID NUMBER
C P = CURRENT LOAD
C PL = PREVIOUS STEP LOAD
C D = CURRENT DISPLACEMENT
C DL = PREVIOUS STEP DISPLACEMENT
C V = DUMMY VARIABLE
C VL = DUMMY VARIABLE
C
C
DUCT = RESERVED DUCTILITY ARRAY (NOT USED)
EXCR = RESERVED EXCURSION ARRAY (NOT USED)

C DAMAGE= RESERVED VARIABLE FOR DAMAGE INDEX (NOT USED)
C EESE = RESERVED VARIABLE FOR ELASTIC STRAIN ENERGY(NOT USED)
C EPSE = RESERVED VARIABLE FOR PLASTIC STRAIN ENERGY(NOT USED)
C LELEM = 32+3*NI+2, WHERE NI=NUMBER OF SMALL AMPLITUDE LOOPS
C LMAT = 5+2*NSEG, WHERE NSEG=NUMBER OF BACKBONE SEGMENTS
C SMAT = MATERIAL ARRAY, SMAT(LMAT)
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C SE = ELEMENT ARRAY, SE(LELEM)
C IOPT = 1 INITIALIZE MATERIAL
C 2 GET INITIAL STIFFNESS
C 3 GET MEMBER STIFFNESS
C ERR = DUMMY LOGICAL VARIABLE
C FIRST = LOGICAL VARIABLE. If FIRST= . TRUE . , THE MATERIAL
C PROPERTIES OF SHEAR HYSTERESIS MODEL ARE PRINTED.
C PRINT = DUMMY LOGICAL VARIABLE
C BUG = LOGICAL VARIABLE. If BUG=.TRUE. , THE HYSTERESIS
C ENVELOPE CONTROL POINTS ARE PRINTED.
C EDAM = RESERVED PARAMETER FOR ANG ' s DAMAGE INDEX
c=====================================================================

LOGICAL ERR, FIRST, PRINT, BUG
DIMENSION SE(IOO) , SMAT(9) , DUCT (3) , EXCR(6)
CHARACTER*80 TYPE

C=========================================================
C DEFINE EXTERNAL FILE UNITS FOR INPUT DATA AND OUTPUT

OPEN(UNIT=5,FILE=STRING(8) )
OPEN ( UNIT=6 , FILE = STRING ( 9 ) )

C
C==========================================
C

IOPT=1
ERR=. FALSE.
FIRST=.TRUE.
PRINT = .FALSE.
BUG=. FALSE.
READ(5,*)IELNO, MAT

C
C INPUT MATERIAL PROPERTIES
C CALL MAT04
C & (IOPT ,IELNO ,ERR , FIRST , PRINT , BUG ,
C S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
C S SMAT,EESE,EPSE, DUCT, EXCR, DAMAGE)
CALL MAT04
S (IOPT ,IELNO ,ERR , FIRST , PRINT ,BUG,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT , DUMMY , DUMMY , DUCT , EXCR , DUMMY )

C
C INITIALIZE ELEMENT STIFFNESS

IOPT=2
BUG=. FALSE.

C
CALL MAT04

S (IOPT ,IELNO ,ERR , FIRST , PRINT , BUG ,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT , DUMMY , DUMMY , DUCT , EXCR , DUMMY )

C
STIF=SE ( 1)
BUG=. FALSE.

C
WRITE (6,*)' STIFFNESS LOAD DISP. RULE'

C READ DISPLACEMENT
F=0.
FL=0.
D=0.
DL=0.

C
800 READ(5,*, END=5000)DMIN, DMAX , NUMB

DD= ( DMAX-DMIN ) /NUMB
700 DL=D
D=D+DD

FL=F
F=F+STIF*DD
P=F
PL=FL
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IOPT=3
CALL MAT04

5 (IOPT ,IELNO ,ERR ,FIRST ,PRINT , BUG ,
6 MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

C
F=P
STIF=SE(1)
WRITE(6,98)SE(1), F, D, SE(2)

98 FORMAT (3F15. 5, 3X, F4.1)
IF (DMAX .GT. 0) THEN
IF (D .LE. DMAX) THEN
GO TO 700
ELSE IF (D .GT. DMAX) THEN
D=DMAX
GO TO 800

ENDIF
ELSE IF (DMAX .LE. 0) THEN
IF (D .GE. DMAX) THEN
GO TO 700

ELSE IF (D .LT. DMAX) THEN
D=DMAX
GO TO 800

ENDIF
ENDIF

C
5000 CLOSE(5)

CLOSE(6)
STOP
END

C DEBUG UNIT (6) , TRACE , SUBCHK , INIT , SUBTRACE
C END DEBUG

SUBROUTINE MAT04
5 (IOPT ,IELNO ,ERR , FIRST , PRINT , BUG ,
6 MAT ,SE , P, PL, D,DL,V,VL, LELEM, LMAT,
& SMAT , EE SE , EPSE , DUCT , EXCR , DAMAGE )

C
IMPLICIT REAL(A-H,O-Z)
LOGICAL ERR, FIRST, PRINT, BUG
LOGICAL BTEST
DIMENSION SE(IOO) , SMAT (20) ,DUCT(3) ,EXCR(6)

C
DIMENSION COPY (100)
CHARACTER* 4 SSE(IOO)

C
CHARACTER*80 TYPE

C
EQUIVALENCE ( SSE ( 1) , COPY ( 1 ) )

C
IF (IOPT.NE.1) LELEM=32+3*SMAT(2) +2
IF (IOPT.EQ.O) RETURN

C
c ———————————————————————————————————————————————— .

C VARIABLES:
c ———————————————————————————————————————————————— .

C —————————— GLOBAL VARIABLES
C IOPT = 1, INITIALIZE MATERIAL
C =2, GET STIFFNESS
C RINPUT = INPUT DATA
C SMAT = INTERNAL STORAGE
C SE = OUTPUT STIFFNESS
c ———————————————————————————————————————————————— .

C ——— SHEAR1 DATA — —
C SMAT(1)= NSEGS, NUMBER OF BACKBONE SEGMENTS
C SMAT(2)= NI, NUMBER OF SMALL AMPLITUDE LOOPS
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C SMAT(3)= CSE, CONSTAINT STRAIN ENERGY...
C SMAT(4)= DY, YEILD DISPLACEMENT
C SMAT(4+1)= PP, BACKBONE SHEAR FOR POINT I
C SMAT(4+I+NSEG)= DP, BACKBONE DISPLACEMENT FOR POINT I
C SMAT(5+2*NSEG)= EDAM BETA FOR DAMAGE INDEX
C
GOTO (100,200,300,400,500) , IOPT

C
100 CONTINUE
C
C - - - - - - - - - - - - - - - - - - INPUT DATA FOR SHEAR1 HYSTERESIS MODEL - - - - - - - - - - - - C
C C
C NSEG = NUMBER OF BACKBONE SEGEMENTS C
C NI = NUMBER OF SMALL LOOP POINTS C
C PP = BACKBONE LOAD C
C DP = BACKBONE DISPLACEMENT C
C- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -C
READ (5,*) TYPE ,NSEG ,NI, DY , BDAM
READ (5,*) ( SMAT(4+I ),!=!,NSEG)
READ (5,*) ( SMAT(4+I+NSEG),1=1,NSEG)
LELEM = 32 + 3*NI +2
LMAT = 5+2*NSEG
SMAT(1)=NSEG
SMAT(2)=NI
SMAT(4)=DY
SMAT(5 + 2 *NSEG)=BDAM

C- - - - - - - - - - - - - - CALC CONSTANT STRAIN ENERGY....
DL=0
PL=0
DO 10 1 = 1,NSEG
P=SMAT(4+I)
D=SMAT(4+I+NSEG)
IF (D.LE.DY) THEN
CSE=CSE + 0.5*(P+PL)*(D-DL)
PL=P
DL=D

ELSE IF (D.EQ.DL) THEN
GO TO 20

ELSE
PY=PL+ (DY-DL)*(P-PL)/(D-DL)
CSE=CSE + 0.5*(PY+PL)*(DY-DL)
GO TO 20

ENDIF
10 CONTINUE
20 SMAT(3)=CSE

C
C

IF (FIRST .OR. BUG) WRITE (6,65)
WRITE (6,67) MAT,NI,DY,BDAM,(SMAT(4+K),SMAT(4+K+NSEG),K=1,NSEG)
WRITE (6,*) ' '
65 FORMAT;///' SHEARI HYSTERESIS MODEL DATA - UNIT LENGTH MEMBER'
s / ' =================================================> t
& /' BACKBONE CURVE POINTS - MAT. NI DY ' ,
& 5X,'BETA',6X, 3X,' STRESS',8X,' STRAIN')
67 FORMAT ( (28X,214,2X,4G15.6)/(68X,2G15.6))

C
RETURN

C========================= GET STIFFNESS TERMS =========================
200 CONTINUE
C - - - - SHEARI MODEL DATA STORAGE FOR MEMBER - - - -
C SE( 1)= K
C SE ( 2 ) = RULE
C SE( 3)= DIR
C SE( 4)= A
C SE( 5)= PMG
C SE( 6)= PMH
C SE ( 7 ) = DMG
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C SE( 8)= DMH
C SE ( 9)= BACKB
C SE(10)= SRI
C SE(11)= SR2
C SE(12)= SR3
C SE(13)= SRM
C SE(14)= IR
C SE(15)= S_EQ_UNLOAD
C SE(16)= UPOS(l)
C SE(17)= UPOS(2)
C SE(18)= UPOS(3)
C SE(19)= UNEG(l)
C SE(20)= UNEG(2)
C SE(21)= UNEG(3)
C SE(22)= EXCR(l)
C SE(23)= EXCR(2)
C SE(24)= EXCR(3)
C SE(25)= EXCR(4)
C SE(26)= EXCR(5)
C SE(27)= EXCR(6)
C SE(28)= ESE
C SE(29)= ESE
C SE(30)= ESE
C SE(31)= PSE
C SE(32)= PSE_OLD
C SE(32+1 )=PR( 1)
C SE(32+ NI)=PR(NI)
C SE(32+1+ NI)=DR( 1)
C SE(32+ 2*NI)=DR(NI)
C SE(32+1+2*NI)=FR( 1)
C SE(32+ 3*NI)=FR(NI)
C SE(33+ 3*NI)=P_MAX
C SE(34+ 3*NI)=D_MAX
C
NSEG=SMAT(1)
NI =SMAT(2)
SI = SMAT(5)/SMAT(5+NSEG)
Jl=NSEG+5
J3=NI+33
J4=2*NI+33
J5 = 3*NI + 33-l +2
DO 210 1 = 1, J5

210 SE(I)=0
C
DO 189 I=J4, J4+NI-1

COPY(I)=SE(I)
189 CONTINUE
C
CALLHYST04( P, D , PL , DL , V ,NSEG ,NI , BUG ,
5 SMAT( 5) ,SMAT(J1) ,SMAT( 5 ) , SMAT(Jl) ,SI,SMAT(3) ,SMAT(4) ,
6 SE( 1) ,SE( 2) ,SE( 3) ,SE( 4) , SE ( 5) , SE ( 6) ,
5 SE( 7) ,SE( 8) ,SE( 9) , SE (10) ,SE(11) ,SE(12) ,
6 SE(13) ,SE(14) ,SE(15) ,SE(16) ,SE(19) ,SE(22) ,
& SE(28) ,SE(31) ,SE(32) ,SE(33) ,SE(J3) ,SSE(J4) )

C
DO 89 I=J4, J4+NI-1

SE(I)=COPY(I)
89 CONTINUE

C
RETURN

C
ĉ =̂ =̂ =̂ =̂̂ =̂ =̂ =̂  QET STIFFNESS TERMS =========================

300 CONTINUE
C SE( 4)= A
NSEG=SMAT(1)
NI =SMAT(2)
SI = SMAT(5)/SMAT(5+NSEG)
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Jl=NSEG+5
J3=NI+33
J4=2*NI+33
DVEL=V*VL

C SET VELOCITY FLAG TO 1 TO REMOVE INFL OF HIGH FREQ VELOC
DVEL = 1
ICYC=0
IF (BUG) THEN
WRITE ( 6 , * ) ' - - - - - - - - - - - - - IN MAT04 - - - - - - - - - - - - - - - - - - - - - - - - - '
WRITE (6,*) 'P,D',P,D
WRITE (6,*) 'PL,DL=' ,PL,DL

ENDIF
310 STIFF=SE(1)
P=PL+(D-DL)*STIFF
A=SE(4)
IF (A.EQ.O .AND. SE(2).EQ.O) THEN
A=SIGN(SMAT(5) ,P)
IF (P.LT.PL .AND. PL.GT.O .AND. P.GT.O) A=0
IF (P.GT.PL .AND. PL.LT.O .AND. P.LT.O) A=0

ENDIF
ICYC=ICYC+1
IF (BUG) THEN
WRITE (6,*) 'STIFF=' , STIFF, ' A=',A
WRITE (6,*) ' P=',P , 'ICYC=' , ICYC

ENDIF
C
C- - - - - IS P WITHIN LIMITS ?

IF (ICYC. GT. 10) THEN
WRITE (6,*) 'MORE THAN 10 CYCLES IN MAT04, IELNO: ' , IELNO

ELSE IF ((PL.LE.P .AND. P.LT.A) .OR. (PL.GE.P .AND. P.GT.A) .OR.
& (DL.EQ.D) ) THEN

IF (BUG) WRITE (6,*) ' C - - - - - I S P WITH IN LIMITS ? '
C CALL STRENG (SE(28) ,SE(31) ,SE(32) , P , PL , D , DL , SE ( 1) , SE ( 15 ) )
C
DO 199 I=J4, J4+NI-1

COPY(I)=SE(I)
199 CONTINUE
C

CALLHYST04( P, D,PL ,DL ,DVEL,NSEG ,NI ,BUG ,
5 SMAT ( 5 ) , SMAT ( Jl ) , SMAT ( 5 ) , SMAT ( Jl ) , SI , SMAT ( 3 ) , SMAT ( 4 ) ,
6 SE( 1) ,SE( 2) ,SE( 3) , SE ( 4) , SE ( 5) , SE ( 6) ,
S SE( 7) ,SE( 8) ,SE( 9) ,SE(10) ,SE(11) ,SE(12) ,
S SE(13) ,SE(14) ,SE(15) ,SE(16) ,SE(19) ,SE(22) ,
S SE(28) ,SE(31) ,SE(32) ,SE(33) ,SE(J3) ,SSE(J4) )

C
DO 99 I=J4, J4+NI-1

SE(I)=COPY(I)
99 CONTINUE

C
C- - - - - IS P GREATER THAN LIMITS ?
ELSE IF ( ( (PL.LE.A .AND. A.LE.P) .OR. (PL . GE . A . AND . A. GE . P ) ) . AND .
S (STIFF. NE.O. 00) ) THEN

D1=DL+ ( A-PL) /STIFF
P1=A

C CALL STRENG (SE(28) ,SE(31) ,SE(32) , PI, PL, D1,DL,SE(1) , SE ( 15 ) )
DL=D1
PL=P1

C PI=PL+(P-PL)*.001
C DI=DL+(D-DL)* .001

IF (ABS(P-PL) .GT. 0.0005*ABS(P+PL) ) THEN
PI=PL+(P-PL)*.001
DI=DL+(D-DL)* .001

ELSE

ENDIF
IF ( B U G ) THEN
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WRITE (6,*) ' C - - - - - IS P GREATER THAN LIMITS ? '
WRITE (6,*) 'PL,DL=',PL,DL
WRITE (6,*) 'PI,DI=',PI,DI

ENDIF
C
DO 179 I=J4, J4+NI-1

COPY(I)=SE(I)
179 CONTINUE
C

CALL HYST04(PI,DI,PL,DL,1.00,NSEG,NI,BUG,
& SMAT( 5) ,SMAT(J1) ,SMAT( 5 ) , SMAT(Jl) ,SI,SMAT(3) ,SMAT(4) ,
& SE( 1) ,SE( 2) ,SE( 3) ,SE( 4) , SE ( 5) , SE ( 6) ,
& SE( 7) ,SE( 8) ,SE( 9) ,SE(10) ,SE(11) ,SE(12) ,
& SE(13) ,SE(14) ,SE(15) ,SE(16) ,SE(19) ,SE(22) ,
& SE(28) ,SE(31) ,SE(32) ,SE(33) ,SE(J3) ,SSE(J4) )

C
DO 79 I=J4, J4+NI-1

SE(I)=COPY(I)
79 CONTINUE

C
GO TO 310

C- - - - - IS P LESS THAN LIMITS ?
ELSE IF ((P.LT.PL .AND. PL.LE.A) .OR. (P.GT.PL .AND. PL.GE.A))THEN

C PI=PL+(P-PL)*.001
C DI=DL+(D-DL)*.001

IF (ABS(P-PL) .GT. 0.0005*ABS(P+PL) ) THEN
PI=PL+(P-PL)*.001
DI=DL+(D-DL)*.001

ELSE
PI=P
DI=D

ENDIF
IF (BUG) THEN
WRITE (6,*) 'C-- - - - IS P LESS THAN LIMITS ? '
WRITE (6,*) 'PI,DI=',PI,DI

ENDIF
C
DO 169 I=J4, J4+NI-1

COPY(I)=SE(I)
169 CONTINUE
C

CALL HYST04(PI,DI,PL,DL,1.00,NSEG,NI,BUG,
& SMAT( 5) ,SMAT(Jl) ,SMAT( 5) ,SMAT(Jl) ,SI,SMAT(3) ,SMAT(4) ,
& SE( 1) ,SE( 2) ,SE( 3) ,SE( 4) , SE( 5) , SE( 6) ,
& SE( 7) ,SE( 8) ,SE( 9) ,SE(10) ,SE(11) ,SE(12) ,
& SE(13) ,SE(14) ,SE(15) ,SE(16) ,SE(19) ,SE(22) ,
& SE(28) ,SE(31) ,SE(32) ,SE(33) ,SE(J3) ,SSE(J4) )

C
DO 69 I=J4, J4+NI-1
SE(I)=COPY(I)

69 CONTINUE
C

GO TO 310
ENDIF

C
IF (BUG) WRITE (6,*) 'STIFF=',STIFF,' A=',SE(4)

C
C- - - - - - SAVE MAXIMUN DISPL AND LOAD

IF (ABS(D).GT.ABS(SE(34+3*NI))) THEN
SE(33+ 3*NI)=P
SE(34+ 3*NI)=D

ENDIF
C
C- - - - - - TRANSFER ENERGIES FOR BOTH IOPT=3 AND 4 .
400 EESE=SE(28)
EPSE=SE(31)

C
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C- - - - - - TRANSFER DUCTILITIES AND EXCRUSION RATIOS FOR BOTH IOPT=3 AND 4.
DO 410 1=1,3
DUCT(I)=MAX(SE(15+1),SE(18+1))
EXCR(I)=SE(21+I)

410 EXCR(I+3)=SE(21+I+3)
RETURN

C
C=========================== DAMAGE INDEX =============================
500 EESE =SE(28)
EPSE =SE(31)
NSEGS=SMAT(1)
NI =SMAT(2)
DMAX =SMAT(4+2*NSEGS)
DY =SMAT(4)
BDAM =SMAT(5+2*NSEG)
P=SE(33+ 3*NI)
D=SE(34+ 3*NI)
IF (DY.LE.SMATt5+NSEGS)) THEN
PY=SMAT(5)*DY/SMAT(5+NSEGS)

ELSE
DO 510 I=2,NSEGS
P1=SMAT(3+I)
P2=SMAT(4+I)
D1=SMAT(3+I+NSEGS)
D2=SMAT(4+I+NSEGS)
IF (DY.GE.D1 .AND. DY.LE.D2) THEN
PY=P1+(DY-D1)*(P2-P1)/(D2-D1)
GO TO 520

ENDIF
510 CONTINUE
ENDIF

520 DAMAGE=ABS(D)/DMAX + BDAM / (PY*DMAX) * EPSE
C
RETURN

Cllll FORMAT (IP,
C S' S1A- P=',G13.5, ' D=',G13.5, ' K=',G18.9,' RULE=' ,G13.5,
C S ' DIR=',F6.3, ' A=',G13.5,' IR=',I3)
C1112 FORMAT (IP,
C S' SIB- P=',G13.5, ' D=',G13.5,' K=',G18.9, ' RULE=',G13.5,
C S ' DIR=',F6.3, ' A=',G13.5,' IR=',I3)
C1113 FORMAT (IP,
C S' SIC- P=',G13.5, ' D=',G13.5, ' K=',G18.9,' RULE=' ,G13.5,
C S ' DIR=',F6.3, ' A=',G13.5,' IR=',I3)
END

CC=======================================================================

C=== SHEAR HYSTERESIS MODEL..... HYST04 ................................
C=======================================================================
C DEBUG UNIT(6),TRACE,SUBCHK,INIT,SUBTRACE
C END DEBUG
C=======================================================================
C
C INPUT VARIABLES
C P = CURRENT LOAD
C D = CURRENT DISPLACEMENT
C PL = LAST LOAD
C VEL = PRODUCT OF LAST AND CURRENT VELOCITY
C NS = NUMBER OF BACKBONE CURVE POINTS
C NI = MAXIMUN NUMBER OF SECONDARY LOOPS
C PC = CRACKING LOAD
C DC = CRACKING DISPLACEMENT
C SI = INITIAL STIFFNESS PC/DC
C PS = BACKBONE CURVE LOADING POINTS
C DS = BACKBONE CURVE DISPLACEMENT POINTS
C
C OUTPUT VARIABLES
C AN INITIAL VALUE OF ZERO IS REQUIRED FOR ALL OUTPUT VARIABLES...
C K = STIFFNESS
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C RULE = RULE NUMBER, STORED IN THE FOR_MAT RN.DIR UPON EXIT OF
C THIS SU_BROU_TINE
C A = LOAD LIMIT BEFORE NEXT RULE CHANGE
C PMG = MAXIMUN PAST LOAD IN THE POSITIVE DIRECTION
C PMH = MAXIMUN PAST LOAD IN THE NEGATIVE DIRECTION
C DMG = MAXIMUN PAST DISPLACEMENT IN THE POSITIVE DIRECTION
C DMH = MAXIMUN PAST DISPLACEMENT IN THE NEGATIVE DIRECTION
C PR = SECONDARY LOOP LOADING POINT
C DR = SECONDARY LOOP DISPLACEMENT POINT
C FR = SECONDARY LOOP FLAG
C IR = SECONDARY LOOP NUMBER
C BACKS = BACKBONE LOADING FLAG
C SRI = RELOADING STIFFNESS FROM RULE 8 - USED BY RULE 11
C SR2 = RELOADING STIFFNESS FROM RULE 9 - USED BY RULE 11
C SR3 = RELOADING STIFFNESS FROM RULE 7 - USED BY RULE 11
C SRM = RELOADING STIFFNESS FROM RULES 8 & 9 - USED BY RULE 11
C
C INTERNAL VARIABLES
C J = BACKBONE CURVE POINT # IN THE CURRENT DIRECTION
C DIR = CURRENT DIRECTION
C DIR=1, POSITIVE LOADING
C DIR=2, POSITIVE UNLOADING
C DIR=3, NEGATIVE LOADING
C DIR=4, NEGATIVE UNLOADING
C DIRL = LAST DIRECTION
C IRULE = INTERGER VALUE OF RULE
C LRULE = INTEGER VALUE OF LAST RULE #
C CRACKD = CRACKED WALL FLAG
C REVRSL = LOAD REVERSAL FLAG
C PRINT = PRINT FLAG, USED FOR DEBU_GGING
C PC2 = PC/2, USED BY LOADING CURVES
C DC2 = DISPLACEMENT CORRESPONDING TO PC2 ON THE LOADING BRANCH
C S = INTERMEDIATE STIFFNESS
C SR = RELOADING STIFFNESS
C SRP = MINIMUN RELOADING STIFFNESS
C DO = DISPLACEMENT INTERSEPT OF PEAK DISPLACEMENTS
C OOP = DISPLACEMENT INTERSEPT OF THE UNLOADING BRANCH
C AP = ABSOLUTE VALUE OF CURRENT LOAD P.
C PM = MAXIMUN PAST LOAD IN THE CURRENT DIRECTION
C DM = MAXIMUN PAST DISPLACEMENT IN THE CURRENT DIRECTION
C DMAX = MAXIMUN PAST DISPLACEMENT IN EITHER DIRECTION
C PMAX = MAXIMUN PAST LOAD IN EITHER DIRECTION
C PA = PM-PC, USED BY UNLOADING CURVES
C PB = PC/2, USED BY UNLOADING CURVES
C DA = DISPLACEMENT AT PA, USED BY UNLOADING CURVES
C DB = DISPLACEMENT AT PB , USED BY UNLOADING CURVES
C DP = DIFFERANCE IN LOAD, USED FOR CALCULATING K
C DD = DIFFERANCE IN DISPLACEMENT, USED FOR CALCULATING K
C PX = LOAD INTERCEPT OF LOADING AND BACKBONE CURVE
C DX = DISPLACEMENT INTERCEPT OF LOADING AND BACKBONE CURVE
C P2,D2 = POINT ON THE LOADING CURVE BETWEEN RULES 7 AND 10
C X = MAXIMUN DISPLACEMENT
C = DISPLACEMENT INTERCEPT FOR RULE 11
C XI = 75% PC DISPLACEMNT FOR RULE 11
C X2 = 25% PC DISPLACEMNT FOR RULE 11
C I, IT = TEMPORARY LABEL FOR SMALL LOOP LOADING AND UNLOADING PTS
C JO = J-l
C ALPHA = DEGRADING STIFFNESS FACTOR
C ALPHAP = DEGRADING STIFFNESS FACTOR USED BY RULE 10
C SI = STIFFNESS FROM FUNCTION FS1
C S2 = STIFFNESS FROM FUNCTION FS2
C S3 = STIFFNESS FROM FUNCTION FS3
C SU = STIFFNESS BETWEEN CURRENT AND RELOADING POINT
C S02 = STIFFNESS BETWEEN PA AND DO
C 303 = STIFFNESS BETWEEN PB AND DO
C
C INTERNAL FUNCTIONS
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C FD2 = DISPLACEMENT INTERCEPT OF LOADING AND UNLOADING CURVE
C FS1 = UNLOADING STIFFNESS WHEN P>(PM-PC)=PA
C FS2 = UNLOADING STIFFNESS WHEN PA>P>(PC/2)=PB
C FS3 = UNLOADING STIFFNESS WHEN P>PB
C FSR = LOADING BELOW PC/2, WITH PINCHING
C
C SU_BROU_TINES CALLED
C DIRECT = DETERMINES THE VALUES OF DIR AND DIRL
C INTSCT = DETERMINES THE INTERSECTION OF TWO LINES IN POINT-SLOPE
C FORM
C KMIN = DETERMINES THE STIFFNESS BASED ON DP,DD AND K_DEFULT
C
C

SUBROUTINE HYST04(P,D,PL,DL,VEL,NS,NI,PRINT,
& PC ,DC ,PS ,DS ,SI ,CSE , DY ,
& K ,RULE ,RDIR ,A , PMG , PMH ,
& DMG ,DMH ,BACKB ,SRI ,SR2 ,SR3 ,
S SRM ,IR ,SE ,UPOS ,UNEG ,EXCR ,
S ESE ,PSE ,PSEOLD,PR , DR , FR )

C
IMPLICIT REAL(A-H,K,O-Z)
IMPLICIT INTEGER(I,J,L-N)
INTEGER DIR,DIRL
LOGICAL BACKS,CRACKD,REVRSL,PRINT,BTEST
CHARACTER*4 FR(NI)
DIMENSION PS(NS),DS(NS),PR(NI),DR(NI)
DIMENSION UPOS(3),UNEG(3),EXCR(6),ESE(3)
DATA ALPHA/1.04/

C
C SYMMETRIC COIEFFICIENTS
CC FS1(X)= SI *MIN( (1.03 *(DC/X)**.388 ) ,1. )
CC FS2(X)= SI *MIN( (1.036 *(DC/X)**.458 ) ,1. )
CC FS3(X)= SI *MIN((0.789 * (DC/X)**.692 ) ,1. )
C UNSYMMETRIC COIEFFICIENTS

FS1(X)= SI *MIN((1.4675*(DC/X)**.343 ),1.)
FS2(X)= SI *MIN((0.7761*(DC/X)**.3195) ,1. )
FS3(X)= SI *MIN((0.0707+(DC/X)*1.369 ),1.)

FSR(X)= SI *MIN(( (ABS(DC/X))**1.02),1.)
FD2(X)= SIGN(DMAX,PM)-.05*SIGN(PMAX,PM)/(FS1(X))

C
1000 IF (PRINT) WRITE (6,1010) P,D,PL,DL,NS,NI,PC,DC,SI,K,RULE,A,
S PMG,PMH,DMG,DMH,SRI,SR2,SR3,SRM,BACKB,IR,PSEOLD,VEL,
S SE,DY,ESE(1),PSE,UPOS,CSE,UNEG,EXCR

1010 FORMAT (
S' SI- P=',G13.5,' D=',G13.5,' PL=',G13.5,' DL=',G13.5/
S' SI- NS=',G13.5, ' NI=',G13.5,' PC=',G13.5,' DC=' ,G13.5/
S' SI- SI=',G13.5, ' K=',G13.5, ' RULE=',G13.5, ' A=',G13.5/
S' SI- PMG=',G13.5,' PMH=',G13.5,' DMG= ',G13.5,' DMH= ',G13.5/
S' SI- SR1=',G13.5,' SR2=',G13.5,' SR3=',G13.5,' SRM=',G13.5/
S' S1-BACKB=' ,G13.5,' IR=',G13.5,' PSEO=',G13.5 , ' VEL=',G13.5/
S' SI- SE=',G13.5,' DY=',G13.5,' ESE=',G13.5, ' PSE=',G13.5/
S' SI- UP1=' ,G13.5, ' UP2=',G13.5, ' UP3=',G13.5, ' CSE=',G13.5/
S' SI- UN1=',G13.5,' UN2=',G13.5,' UN3=',G13.5/
S' SI- EX1=',G13.5,' EX2=',G13.5,' EX3=',G13.5/
S' SI- EX4=' ,G13.5,' EX5=',G13.5, ' EX6=',G13.5)

IF (IR.GT.O.AND.PRINT) WRITE (6,1020) (I,PR(I),DR(I),FR(I),1=1,IR)
1020 FORMAT
S (' 1=',G13.5, ' PR=',G13.5, ' DR=',G13.5, ' FR=' ,A )

C
AP=ABS(P)

C
C......... DETERMINE IF ELASTIC

IF (RULE.EQ.O .AND. AP .LT.PC ) THEN
K=SI
SE=K
GO TO 9999

ENDIF
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c
C......... DETERMINE IF WALL IS INACTIVE, IF SO RE_TURN

IF (RULE. LT. 0.0) GO TO 9999
C
C......... DETERMINE CURRENT DIRECTION
LRULE=INT(RULE)
DIR =RDIR
CALL DIRECT(DIR,DIRL,P,PL,VEL)
RDIR =DIR
IF (PRINT) WRITE (6,1030) DIR,DIRL

1030 FORMAT(' DIR=',I8 ,' DIRL=',I8 )
C
C......... DETERMINE MAXIMUN AND MINIMUN VALUES

PMG=MAX(PMG, PC,P)
DMG=MAX(DMG, DC,D)
PMH=MIN(PMH,-PC,P)
DMH=MIN(DMH,-DC,D)
DMAX=MAX(DMG,-DMH)
PMAX=MAX(PMG,-PMH)

C
C......... SET MAXIMUN AND MINIMUN VALUES...

IF (DIR.EQ.l .OR. DIR.EQ.2 ) THEN
PM=PMG
DM=DMG

ELSE IF (DIR.EQ.3 .OR. DIR.EQ.4) THEN
PM=PMH
DM=DMH

ENDIF
C
C......... CALCULATE EQUIVALENT UNLOADING STIFFNESS FOR ENERGY...

IF (BACKB .OR. RULE.EQ.0.0) THEN
S1=FS1(DMAX)
S2=FS2(DMAX)
S3=FS3(DMAX)
DO=DM-PM*(DMG-DMH)/(PMG-PMH)
PA=PM-SIGN(PC,PM)
DA=DM-SIGN(PC,PM)/S1
PB=SIGN( (MIN(ABS(PA),(PC/2)) ),PM)
S02=KMIN((DA-DO),PA,SI)
DB=DA-(PA-PB)/MAX(S2,302)
S03=KMIN((DB-DO),PB,SI)
SE= 0.5 * PM**2 / (

& (PM+PA)*0.5*(DM-DA)
& +(PA+PB)*0.5*(DA-DB)
& +( PB)*0.5*( PB)/MAX(S3,S03) )
ENDIF

C
C......... CHECK TO SEE IF LAST RULE IS STILL IN EFFECT

IF (DIR.EQ.DIRL .AND.
& ((DIR.EQ.l .AND. P.LT.A) .OR. (DIR.EQ.2 .AND. P.GT.A) .OR.
& (DIR.EQ.3 .AND. P.GT.A) .OR. (DIR.EQ.4 .AND. P.LT.A))) THEN
RETURN

ENDIF
C
C......... CALC EXCURSION RATIO AT EVERY ZERO CROSSING...
C IF (P*PL.LE.O) CALL DNE(0,UPOS,EXCR, DY,DLI,ESE,PSE,PSEOLD,CSE)
C
C......... ERASE SMALL LOOP FLAGS

IF (IR.GT.O) THEN
IT=IR
DO 10 1=1,IT

IF ( (FR(I) .EQ. 'L' .AND. ( P . LE . PR (I) .OR. D . LE . DR (I) )) .OR.
S (FR(I) .EQ. '7' .AND. ( P.GE.PR(I) .OR. D.GE.DR(I) ))) THEN

IR=I-1
GO TO 15

ENDIF
10 CONTINUE
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ENDIF
15 I=IR+1

C
IF (DIR.EQ.l .OR. DIR.EQ.3 ) THEN

C......... LOADING RULES .............................. RULES 1,5-11
PC2=SIGN((PC/2),PM)

C
C......... LOADING ON BACKBONE RULE 1
30 IF (BACKS .OR. RULE.EQ.0.0) THEN

K=0.
DO 40 J=2,NS
DD=DS(J)-ABS(D)
DP=PS(J)-AP
IF (AP.LT.PS(J) .AND. (DD*DP).GT.0.) THEN
S=DP/DD
IF (S.GT.K .AND. S.LE.SI) THEN
K=S
A=SIGN(PS(J),P)

ENDIF
ENDIF

40 CONTINUE
RULE=1
BACKB=.TRUE.
IR=0

C
C......... LOADING AFTER UNLOADING RULES 6-11
ELSE
CRACKD=(ABS(DM).GT.DC)
REVRSL=((DIR.EQ.l .AND. DIRL.EQ.4) .OR. LRULE.EQ.8

& .OR. (DIR.EQ.3 .AND. DIRL.EQ.2) .OR. LRULE.EQ.9
& .OR. LRULE.EQ.5 .OR. LRULE.EQ.ll)

IF (CRACKD) THEN
P2=.95*SIGN(PMAX,PM)
D2=FD2(DMAX)

ELSE
P2=PM
D2=DM

ENDIF
S=KMIN((D2-D),(P2-P),SI)

20 1=1-1
C
C......... RELOADING INSIDE SMALL LOOPS RULE 11

IF (I.GT.O ) THEN
IF (.NOT.(( FR(I).EQ.'7' .AND. DIR.EQ.l ) .OR.

S ( FR(I) .EQ. 'L' .AND. DIR.EQ.3 ) ) ) GO TO 20
IF (SR1.LE.O .OR. SR2.LE.O .OR. SR3.LE.O .OR.

S SRM.LE.O ) THEN
1 = 1
GO TO 20

ENDIF
IF (AP.LT.ABS(PC2) .AND. S.GT.SRM) THEN
REVRSL=.FALSE.
1 = 1
GO TO 20

ENDIF
IF (ABS(PR(I) ) .LE. PC/4) THEN
K=KMIN((D-DR(I)),(P-PR(I)),SI)
A=PR(I)
RULE=11.1+I/1000.

ELSE IF (ABS(PR(I)).LE.3*PC/4) THEN
X2=D2-(P2-1.5*PC2)/SR3
X1=X2-PC2/SR2
X=D+(PC2/2-P) /SR2
IF (AP.LT.PC/4 .AND. ((DIR.EQ.l .AND. X.LT.XI).OR.

S (DIR.EQ.3 .AND. X.GT.X1))) THEN
K=KMIN((Xl-D),(PC2/2-P),SI)
A=SIGN((PC/4),PM)
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RULE=11.2+1/1000.
ELSE
K=KMIN((DR(I)-D),(PR(I)-P),SI)
A=PR(I)
RULE=11.3+1/1000.

ENDIF
ELSE
X2=DR(I)-(PR(I)-1.5*PC2)/SRM
X1=X2-PC2/SR2
X=D+(PC2/2-P) /SR2
IF (AP.LT.PC/4 .AND. ((DIR.EQ.l .AND. X.LT.XI).OR.

& (DIR.EQ.3 .AND. X.GT.X1))) THEN
K=KMIN((Xl-D),(PC2/2-P),SI)
A=SIGN((PC/4),PM)
RULE=11.4+1/1000.

ELSE
X=D+(1.5*PC2-P) /SR3
IF (AP.LT. 3*PC/4 .AND.

5 ((DIR.EQ.l .AND. X.LT.X2)
6 .OR. (DIR.EQ.3 .AND. X.GT.X2))) THEN

K=KMIN((X2-D),(1.5*PC2-P),SI)
A=SIGN((3*PC/4),PM)
RULE=11.5+1/1000.

ELSE
SR3=SRM
K=KMIN((DR(I)-D),(PR(I)-P),SI)
A=PR(I)
RULE=11.6+I/1000.

ENDIF
ENDIF

ENDIF
C
C......... INITIAL RELOADING BELOW PC/2 W/O REVERSAL RULE 6

ELSE IF (AP.LT.ABS(PC2) .AND. .NOT.REVRSL ) THEN
K=FS1(DMAX)
A=PC2
RULE=6

C
C......... RELOADING TO P2 RULE 7

ELSE IF (AP.LT.ABS(P2) .AND.
S (.NOT.REVRSL .OR. AP.GE.PC*0.75)) THEN

K=S
A=P2
RULE=7

C
C......... RELOADING BELOW PC WITH REVERSAL RULES 8 S 9

ELSE IF (AP.LT.PC*0.75 ) THEN
SR=FSR(DMAX)
S1=FS1(DMAX)
S2=FS2(DMAX)
S3=FS3(DMAX)
PA=SIGN(PMAX,PM)-SIGN(PC,PM)
DA=SIGN(DMAX,PM)-SIGN(PC,PM)/S1
PB=SIGN( (MIN(ABS(PA),(PC/2)) ),PM)
DB=DA-(PA-PB)/S2
DOP=DB-(PB)/S3
DO=DM-PM*(DMG-DMH)/(PMG-PMH)
IF (DIR.EQ.l) DOP=MAX(DOP,DO)
IF (DIR.EQ.3) DOP=MIN(DOP,DO)

DC2=DOP+PC2/S1
SRM=KMIN((DC2-D2),(PC2-P2),S1)
IF (S.GT.SRM) THEN
REVRSL=.FALSE.
GO TO 20

ENDIF
SRP=KMIN((DC2-D),(PC2-P),S1)
SR1=MAX(SRP,MIN(SR,S))
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DC2P=D+(PC2-P)/SR1
SR3=KMIN((D2-DC2P),(P2-PC2),SI)
SR2=2.00/( 1./SR1 + 1./SR3 )
IF (AP.LT. (PC/4) ) THEN
K=SR1
A=SIGN((PC/4),PM)
RULE=8

ELSE
K=SR2
A=SIGN(PC,PM)*0.75
RULE=9

ENDIF
C
C......... LOADING TOWARDS THE BACKBONE CURVE RULE 10

ELSE
BACKB=.TRUE.
IF ( .NOT. CRACKD) GO TO 30
IR=0
ALPHAP=1.0
IF (ABS(DM).EQ.ABS(DMAX)) ALPHAP=ALPHA
K=KMIN((ALPHAP*SIGN(DMAX,D2)-D2),(SIGN(PMAX,P2)-P2)

& ,SI)
DO 50 J=2,NS
IF ( PS(J) .LE.ABS(PMAX) ) GO TO 50
JO=J-1
DD=DS(J)-DS(JO)
DP=PS(J)-PS(JO)
IF ( (DP*DD) .LE .0. ) GO TO 50
CALL INTSCT(DX,PX,D,P,K,SIGN(DS(J),P),

S SIGN(PS(J),P),(DP/DD) )
IF (ABS(DX).GE.DS(JO) .AND. ABS(DX).LE.DS(J).AND.

S ABS(PX).GT.ABS(PMAX).AND. PM*PX.GT.O) THEN
IF (AP.GE.ABS(PX) ) GO TO 30
K=KMIN((DX-D),(PX-P),SI)
A= PX
RULE=10
GO TO 100

ENDIF
50 CONTINUE

GO TO 30
ENDIF
ENDIF

C
C
ELSE

C...... UNLOADING RULES ...........................
C
C......... INITILIZE VALUES RULES 2-5

BACKB=.FALSE.
S1=FS1(DMAX)
S2=FS2(DMAX)
S3=FS3(DMAX)
DO=DM-PM*(DMG-DMH)/(PMG-PMH)
PA=PM-SIGN(PC,PM)
DA=DM-SIGN(PC,PM)/S1
PB=SIGN( (MIN(ABS(PA) , (PC/2) ) ),PM)
S02=KMIN((DA-DO),PA,SI)
DB=DA-(PA-PB)/MAX(S2,S02)
S03=KMIN((DB-DO),PB,SI)
SU=0.

C
C......... UNLOADING INSIDE SMALL POSITIVE LOOPS RULE 5

I
70

IF (I.GT.O) THEN
IF ( .NOT. ( (DIR.EQ.2 .AND. FR (I) .EQ. ' L ' ) .OR.

S (DIR.EQ.4 .AND. FR (I) . EQ . ' 7 ' ) ) ) GO TO 70
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IF ((DIR.EQ.2 .AND.( (P.GT.PA .AND. PR(I).GT.PA) .OR.
5 (PA.GE.P .AND. P.GT.PB .AND. PR(I).GT.PB) .OR.
6 (PB.GE.P .AND. PR(I).GT.O ))) .OR.
5 (DIR.EQ.4 .AND.( (P.LT.PA .AND. PR(I).LT.PA) .OR.
6 (PA.LE.P .AND. P.LT.PB .AND. PR(I).LT.PB) .OR.
& (PB.LE.P .AND. PR(I).LT.O ))) ) THEN

K=(PR(I)-P)/(DR(I)-D)
IF (K.LE.O .OR. K.GT.SI) GO TO 70
A=PR(I)
RULE=5+I/1000.
GO TO 100

ELSE
SU=KMIN((DR(I)-D),(PR(I)-P),SI)

ENDIF
C

ENDIF
C
C......... CALC DUCTILITY AND EXCURSION RATIO...

IF (RULE.EQ.l .OR. RULE.GT.5) THEN
C IF ((RULE.EQ.l .OR. RULE.GT.5) .AND. AP.GE.0.95*PMAX) THEN

IF (DIR.EQ.2) THEN
DLI= MAX( D , DL )

C CALL DNE(1,UPOS,EXCR, DY,DLI,ESE(2),PSE,PSEOLD,CSE)
ELSE IF (DIR.EQ.4) THEN
DLI= MIN( D , DL )

C CALL DNE(1,UNEG,EXCR,-DY,DLI,ESE(3),PSE,PSEOLD,CSE)
ENDIF

ENDIF
C
C......... UNLOADING ON THE TOP SEGMENT RULE 2

IF(AP.GT.ABS(PA)) THEN
K=MAX(S1,SU)
A=PA
RULE=2

C......... UNLOADING ON THE MIDDLE SEGMENT RULE 3
ELSE IF(AP.GT.ABS(PB)) THEN
K=MAX(S2,S02,SU)
A=PB
RULE=3

C......... UNLOADING ON THE BOTTOM SEGMENT RULE 4
ELSE
K=MAX(S3,S03,SU)
A=0.
RULE=4

ENDIF
C
ENDIF

C
C......... SAVE REVERSAL POINTS FOR SMALL LOOPS........................
100 IRULE=INT(RULE)
REVRSL=IRULE.EQ.1.0R.IRULE.EQ.10.0R.LRULE.EQ.1.0R.LRULE.EQ.10
IF ((DIRL.EQ.l .AND. DIR.EQ.2 .AND. .NOT. REVRSL)
& .OR. (DIRL.EQ.4 .AND. DIR.EQ.3) ) THEN
IF (IR.LT.NI) THEN

IR=IR+1
PR(IR)=P
DR(IR)=D
FR(IR)='7'

ENDIF
ELSE IF ((DIRL.EQ.3 .AND. DIR.EQ.4 .AND. .NOT. REVRSL)
& .OR. (DIRL.EQ.2 .AND. DIR.EQ.l) ) THEN
IF (IR.LT.NI) THEN

IR=IR+1
PR(IR)=P
DR(IR)=D
FR(IR)='L'
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ENDIF
ENDIF
IF ((1.05*SI).GT.K .AND. K.GT.O ) GO TO 9999

C
K=0
RULE=-RULE

9999 CONTINUE
C WRITE (6,1111) P,D,K,RULE,DIR,A
Cllll FORMAT (IP,
C &' SI- P=',G13.5, ' D=',G13.5,' K=',G18.9,' RULE=',G13.5,
C &' DIR=',I5,' A=',G13.5)
RETURN

C
END

C
C=======================================================================
C - DIRECTION OF LOADING ..............................
C DEBUG UNIT(6),SUBCHK,SUBTRACE
C END DEBUG
C P = CURRENT LOAD
C PL = LAST LOAD
C D = CURRENT DISPLACEMENT
C DIR = CURRENT DIRECTION
C DIR=1, POSITIVE LOADING
C DIR=2, POSITIVE UNLOADING
C DIR=3, NEGATIVE LOADING
C DIR=4, NEGATIVE UNLOADING
C DIRL = LAST DIRECTION
C VEL = PRODUCT OF LAST AND CURRENT VELOCITIES

SUBROUTINE DIRECT(DIR,DIRL,P,PL,VEL)
IMPLICIT REAL(A-H,O-Z)
IMPLICIT INTEGER!I-N)
INTEGER DIR,DIRL
LOGICAL BTEST

IF (P.GT.O) THEN
IF (P.GT.PL .AND. PL.GT.O) THEN
DIRL=1

ELSE IF (P.GT.PL .AND. PL.LT.O) THEN
DIRL=4

ELSE IF (P.LT.PL) THEN
DIRL=2

ELSE
DIRL=DIR

ENDIF
ELSE IF (P.LT.O) THEN
IF (P.LT.PL .AND. PL.LT.O) THEN
DIRL=3

ELSE IF (P.LT.PL .AND. PL.GT.O) THEN
DIRL=2

ELSE IF (P.GT.PL) THEN
DIRL=4

ELSE
DIRL=DIR

ENDIF
ELSE
IF (PL.LT.O) THEN
DIRL=4

ELSE IF (PL.GT.O) THEN
DIRL=2

ELSE
DIRL=DIR

ENDIF
ENDIF

IF (DIRL.EQ.l .OR.DIRL.EQ.O) THEN
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IF (VEL.GT.O) THEN
DIR=1

ELSE
DIR=2

ENDIF

ELSE IF (DIRL.EQ.2) THEN
IF (VEL.GT.O) THEN
IF (P.GT.O) THEN
DIR=2

ELSE
DIR=3

ENDIF
ELSE
DIR=1

ENDIF

ELSE IF (DIRL.EQ.3) THEN
IF (VEL.GT.O) THEN
DIR=3

ELSE
DIR=4

ENDIF

ELSE IF (DIRL.EQ.4) THEN
IF (VEL.GT.O) THEN
IF (P.LT.O) THEN
DIR=4

ELSE
DIR=1

ENDIF
ELSE
DIR=3

ENDIF
ELSE
WRITE (6,5)

5 FORMAT(5X,'ER','ROR IN SUBROUTINE DIRECT, DIRL.NE. 1,2,3,OR 4')
WRITE (6,10) DIR,DIRL,P,PL,VEL
ENDIF
IF (DIR.EQ.O) DIR=1

C WRITE (6,10) DIR,DIRL,P,PL,VEL
10 FORMAT (5X,'*** IN DIRECT ' , IX ,
& ' DIR=',I4,' DIRL=',I4,' P=',F8.3,' PL= ' ,F8.3, ' VEL=' ,F10.3)

RETURN
END

c=======================================================================

C
C - INTERSECTION OF TWO LINES IN POINT SLOPE FORM ..................
C DEBUG UNIT(6),SUBCHK,SUBTRACE
C END DEBUG
C X = X COORDINATE OF INTERSECTION
C Y = Y COORDINATE OF INTERSECTION
C XI = X COORDINATE OF LINE 1
C Yl = Y COORDINATE OF LINE 1
C SI = SLOPE OF LINE 1
C X2 = X COORDINATE OF LINE 2
C Y2 = Y COORDINATE OF LINE 2
C S2 = SLOPE OF LINE 2

SUBROUTINE INTSCT(X,Y,XI,Yl,SI,X2,Y2,S2)
IMPLICIT REAL(A-H,O-Z)
IMPLICIT INTEGER(L-N)
LOGICAL BTEST
IF (S1.NE.S2) THEN
Bl= Yl - S1*X1
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B2= Y2 - S2*X2
X=(B1-B2)/(S2-S1)
Y=(B1*S2-B2*S1)/(S2-S1)

ELSE
WRITE (6,10) X1,Y1,S1,X2,Y2,S2

10 FORMAT (/' ****** ER' , 'ROR IN INTSCT......' , IX,
& 'S1=S2, NO SOLN, THUS SET X=Y=0. ' ,/
& ' Xl=' ,1P,G15.5, ' Y1=',G15.5,' S1=',G15.5/
& ' X2=',1P,G15.5, ' Y2=',G15.5,' S2=',G15.5/)
X=0
Y=0

C CALL ERRTRA
ENDIF

CC WRITE (6,5) X1,Y1,S1,B1,X2,Y2,S2,B2,X,Y
CC 5 FORMAT (/'IN INTSCT....',/
CC & ' Xl=',1P,G15.5,' Y1=',G15.5,' S1=',G15.5,' B1=',G15.5/
CC S ' X2=',1P,G15.5,' Y2=',G15.5,' S2=',G15.5,' B2=',G15.5/
CC S ' X=',1P,G15.5,' Y=',G15.5/)
RETURN
END

- KMIN - CALCULATES STIFFNESS BASED ON DX AND DY
C DEBUG UNIT(6),SUBCHK,SUBTRACE
C END DEBUG
C KMIN =
C DD = CHANGE IN DISPLACMENT
C DP = CHANGE IN LOAD
C SI = MAXIMUN AND DEFULT STIFFNESS
REAL FUNCTION KMIN(DD,DP,SI)
LOGICAL BTEST
IF ((DD*DP).GT. 0.00) THEN
KMIN=MIN((DP/DD),SI)

ELSE
KMIN=SI

ENDIF
RETURN
END

Input Data:

1 1 | IELNO MAT
'SHEAR' 8 10 0.160 0.2 | TYPE NSEG NI DY BDAM

6.120 8.080 9.950 12.010 13.670 15.490
0.065 0.120 0.181 0.485 0.731

0. 1.0 50 IDMIN DMAX NUMB
| DMIN DMAX NUMB
IDMIN DMAX NUMB
| DMIN DMAX NUMB
| DMIN DMAX NUMB

15.910 30. | SMAT
1.069 1.155 10. ISMAT

1.0 -1.0 100
-1.0 1.10
1.10 -0.5
-0.5 1.2
1.2 1.10

100
50
100
10 IDMIN DMAX NUMB

Output Data:

SHEAR1 HYSTERESIS MODEL DATA - UNIT LENGTH MEMBER

BACKBONE CURVE POINTS - MAT.
1

NI DY BETA STRESS STRAIN
10 0.160000 0.200000 6.12000

8.08000
9.95000
12.0100
13.6700
15.4900
15.9100
30.0000

0.650000E-01
0.120000
0.181000
0.485000
0.731000
1.06900
1.15500
10.0000

STIFFNESS LOAD DISP. RULE
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6.77632 0.13553 0.02000 1.0
6.77632 0.27105 0.04000 1.0
6.77632 0.40658 0.06000 1.0

9.59639 11.04017 1.21700 10.0
50.58140 10.53436 1.19000 2.0

APPENDIX L
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(SMAT(20)=10, SMAT(12)=30)

t§MAT(19)=1.155, SMAT(11)=15.910)
' (SMAT(18)=1.069, SMAT(10)=15.490)

'(SMAT(17)=0.731, SMAT(9)=13.670)
" (SMAT(16)=0.485, SMAT(8)=12.010)

'(SMAT(15)=0.181, SMAT(7)=9.950)
P(iSMAT( 14)=0.120, SMAT(6)=8.080)i

SMAT(13)=0.065, SMAT(5)=6.120)

DY=0.160 Displacement

51 10f\ 151 /201 251 3ftK 351

\/
Incremental Steps

Diagrams Represent Input Data for Appendix L (Shear)

Displacement

Diagram Represents Output Solution for Appendix L (Shear)
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AXIAL: Low-Rise Shear Wall Cheng-Mertz
Hysteresis Model

(2Dyc, -2Fy)

THIS IS A TYPICAL MAIN PROGRAM FOR CALLING CHENG-MERTZ AXLMOD
HYSTERESIS MODEL SUBROUTINE NAMED "MAT02". THE PARAMETERS
TRANSFERRED INTO SUBROUTINE MAT02 ARE SHOWN AS FOLLOWS.
SINCE MAT02 IS A GENERAL PURPOSE SUBROUTINE, SOME PARAMETERS
HAVE BEEN RESERVED AND NOT USED. THEREFORE THEY ARE ASSIGNED
WITH A NUMBER "1" IN THIS DEMONSTRATION AS A MAIN PROGRAM.

C VARIABLES:
C MAT = USER DEFINED MATERIAL ID NUMBER
C IELNO = USER DEFINED ELEMENT ID NUMBER
C P = CURRENT LOAD
C PL = PREVIOUS STEP LOAD
C D = CURRENT DISPLACEMENT
C DL = PREVIOUS STEP DISPLACEMENT
C V = DUMMY VARIABLE
C VL = DUMMY VARIABLE
C DUCT = RESERVED DUCTILITY ARRAY (NOT USED)
C EXCR = RESERVED EXCURSION ARRAY (NOT USED)
C DAMAGE^ RESERVED VARIABLE FOR DAMAGE INDEX (NOT USED)
C EESE = RESERVED VARIABLE FOR ELASTIC STRAIN ENERGY(NOT USED)
C EPSE = RESERVED VARIABLE FOR PLASTIC STRAIN ENERGY(NOT USED)
C LELEM = 33
C LMAT = 11
C SMAT = MATERIAL ARRAY, SMAT(LMAT)
C SE = ELEMENT ARRAY, SE(LELEM)
C IOPT = 1 INITIALIZE MATERIAL
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C 2 GET INITIAL STIFFNESS
C 3 GET MEMBER STIFFNESS
C ERR = DUMMY LOGICAL VARIABLE
C FIRST = LOGICAL VARIABLE. If FIRST= . TRUE . , THE MATERIAL
C PROPERTIES OF AXIAL HYSTERESIS MODEL ARE PRINTED.
C PRINT = DUMMY LOGICAL VARIABLE
C BUG = LOGICAL VARIABLE. If BUG=.TRUE. , THE HYSTERESIS
C ENVELOPE CONTROL POINTS ARE PRINTED.
C BDAM = RESERVED PARAMETER FOR ANG ' S DAMAGE INDEX
c=====================================================================

LOGICAL ERR, FIRST, PRINT, BUG
DIMENSION SE(IOO) , SMAT(23) , DUCT(3) , EXCR(6)
CHARACTER*80 TYPE

C=========================================================
C DEFINE EXTERNAL FILE UNITS FOR INPUT DATA AND OUTPUT
C=========================================================

OPEN(UNIT=5,FILE=STRING(8) )
OPEN ( UNIT=6 , FILE = STRING ( 9 ) )

C

IOPT=1
ERR=. FALSE.
FIRST=.TRUE.
PRINT = .FALSE.
BUG=. FALSE.
READ(5,*)IELNO, MAT

C
C INPUT MATERIAL PROPERTIES
C CALL MAT02
C & (IOPT ,IELNO ,ERR , FIRST , PRINT , BUG ,
C S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
C S SMAT,EESE,EPSE, DUCT, EXCR, DAMAGE)
CALL MAT02
S (IOPT ,IELNO ,ERR , FIRST , PRINT ,BUG,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT , DUMMY , DUMMY , DUCT , EXCR , DUMMY )

C
C INITIALIZE ELEMENT STIFFNESS

IOPT=2
BUG=. FALSE.

C
CALL MAT02

S (IOPT ,IELNO ,ERR , FIRST , PRINT , BUG ,
S MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT , DUMMY , DUMMY , DUCT , EXCR , DUMMY )

C
STIF=SE(1)
BUG=. FALSE.

C
WRITE (6,*)' STIFFNESS LOAD DISP. RULE'

C READ DISPLACEMENT
F=0.
FL=0.
D=0.
DL=0.

C
800 READ(5,*, END=5000)DMIN, DMAX , NUMB

DD= ( DMAX-DMIN ) /NUMB
700 DL=D
D=D+DD

FL=F
F=F+STIF*DD

IOPT=3
CALL MAT02
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& (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
& MAT , SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
& SMAT,DUMMY,DUMMY,DUCT,EXCR,DUMMY)

C
F=P
STIF=SE(1)
WRITE(6,98)SE(1), F, D, SE(2)

98 FORMAT (3F15. 5, 3X, F4.1)
IF (DMAX .GT. 0) THEN
IF (D .LE. DMAX) THEN
GO TO 700
ELSE IF (D .GT. DMAX) THEN
D=DMAX
GO TO 800
ENDIF
ELSE IF (DMAX .LE. 0) THEN
IF (D .GE. DMAX) THEN
GO TO 700
ELSE IF (D .LT. DMAX) THEN
D=DMAX
GO TO 800
ENDIF
ENDIF

C
5000 CLOSE(5)

CLOSE(6)
STOP
END

c=======================================================================

C DEBUG UNIT(6 ) ,TRACE,SUBCHK,INIT,SUBTRACE
C END DEBUG
C=======================================================================

SUBROUTINE MAT02
& (IOPT ,IELNO ,ERR ,FIRST ,PRINT ,BUG,
& MAT ,SE ,P,PL,D,DL,V,VL,LELEM,LMAT,
S SMAT,EESE,EPSE,DUCT,EXCR,DAMAGE)

C
IMPLICIT REAL(A-H,O-Z)
LOGICAL ERR,FIRST,PRINT,BUG
LOGICAL BTEST
DIMENSION SE(IOO),SMAT(23),DUCT(3),EXCR(6)
CHARACTER*80 TYPE

C
C- - - - - - - - - - LENGTH OF ELEMENT DATA REQUIRED...

LELEM=33
IF (IOPT.EQ.O) RETURN

C
C- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ..---....--
C VARIABLES:
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C- - - - - - - - - - GLOBAL VARIABLES
C IOPT = 1, INITIALIZE MATERIAL
C =2, GET STIFFNESS
C RINPUT = INPUT DATA
C SMAT = INTERNAL STORAGE
C SE = OUTPUT STIFFNESS
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C - - - - AXLMOD DATA - - - -
C SMAT(1)=SC, COMPRESSION STIFFNESS
C SMAT(2)= ST1, INITIAL TENSILE STIFFNESS
C SMAT(3)= ST2, POST YEILD TENSILE STIFFNESS
C SMAT(4)= PY, YEILD POINT
C SMAT(5)= ALPHA, AXLMOD PARAMETER
C SMAT(6)= BETA, AXLMOD PARAMETER
C SMAT(7)= DYT, AXLMOD PARAMETER
C SMAT(8)= DYC , AXLMOD PARAMETER
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C SMAT(9)= CSE, CONSTANT STRAIN ENERGY
C SMAT(10)=DMAX, ULTIMATE DISPLACEMENT
C SMAT(11)=BDAM, BETA FOR DAMAGE INDEX
C
C- - - - - - - - - - - - - - - - - - INPUT DATA FOR AXLMOD HYSTERESIS MODEL - - - - - - - - - - - - C
C THE FOLLOWING DATA IS INPUT ONCE FOR EACH MODEL C
C C
C SC = SOMPRESSION STIFFNESS C
C ST1 = INITIAL TENSILE STIFFNESS C
C ST2 = POST YEILD TENSILE STIFFNESS C
C PY = YEILD LOAD C
C ALPHA = MODEL COIEFICIENTS C
C BETA = MODEL COIEFICIENTS C
C C
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - C
C
C
GOTO (100,200,300,400,500) , IOPT

C
100 CONTINUE
C
READ (5,*) TYPE ,( SMAT(I),1=1,6),DUCMAX,BDAM
LMAT =11
SMAT(7)= SMAT(4)/SMAT(2)
SMAT(8)= -SMAT(4)/SMAT(1)
SMAT(9)= SMAT(4)**2/(2*SMAT(2))
SMAT(10)=DUCMAX*SMAT(7)
SMAT(11)=BDAM

C
IF (FIRST .OR. BUG) WRITE (6,192)
WRITE (6,191) MAT, (SMAT(K) ,K=l,6) ,DUCMAX,BDAM

C
191 FORMAT (1X,I5,8G15.6/)
192 FORMAT (///' AXLMOD HYSTERESIS MODEL- FOR UNIT LENGTH MEMBER'/
s , ===============================================,//

&' MAT.',6X,' SC',10X,' ST1',10X,' ST2',10X,' PY',
& 10X, 'ALPHA',10X, ' BETA', 6X, 'MAX DUCT. ',7X, 'BETA-DI')

C
GO TO 9999

c------------------------- GET STIFFNESS TERMS =========================

200 CONTINUE
C - - - - AXLMOD MODEL DATA STORAGE FOR MEMBER - - - -
C SE( 1)= S
C SE ( 2 ) = HRN
C SE ( 3 ) = FMAX
C SE ( 4 ) = DMAX
C SE( 5)= FX
C SE( 6)= DX
C SE( 7)= FP
C SE( 8)= DP
C SE( 9)= KR
C SE(10)= KS
C SE(11)= KT
C SE(12)= NRL
C SE(13)= A
C SE(14)= S_EQ_UNLOAD - EQUIVALENT UNLOADING STIFFNESS
C SE(15)= UPOS(l)
C SE(16)= UPOS(2)
C SE(17)= UPOS(3)
C SE(18)= UNEG(l)
C SE(19)= UNEG(2)
C SE(20)= UNEG(3)
C SE(21)= EXCR(l)
C SE(22)= EXCR(2)
C SE(23)= EXCR(3)
C SE(24)= EXCR(4)
C SE(25)= EXCR(5)
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C SE(26)= EXCR(6)
C SE(27)= ESE(l)
C SE(28)= ESE(2)
C SE(29)= ESE(3)
C SE(30)= PSE
C SE(31)= PSE_OLD
C SE(32)= POS_DMAX
C SE(33)= POS_PMAX
C
DO 210 I=1,LELEM

210 SE(I)=0
CALLHYST02(P ,D ,PL,DL,V , VL , SE ( 1 ) , SE ( 2 ) ,
& SMAT(l) ,SMAT(2) ,SMAT(3) ,SMAT(4) ,SMAT(5) ,SMAT(6) ,SMAT(7) ,SMAT(8) ,
& SMAT(9) ,
& SE(3) ,SE(4) ,SE(5) ,SE(6) , SE ( 7 ) ,SE(8) ,SE(9) ,SE(10) ,SE(11) , SE ( 12 ) ,
S SE(13) ,BUG, SE(14) ,SE(27) ,SE(30) ,SE(31) , SE ( 15 ) ,SE(18) ,SE(21) ,
S IDR)
IF (BUG) WRITE (6,*) ' STIFF= ', STIFF ,' A=',A
GO TO 9999

C
0========================= GET STIFFNESS TERMS =========================
300 CONTINUE
C SE( 1)= A
C SE(13)= A

ICYC=0
IF (BUG) THEN
WRITE (6,*) ' - - - - - - - - - - - - - IN MAT02 - - - - IELNO: ' ,IELNO,

WRITE (6,*) 'A: ' ,SE(13)
WRITE (6,*) ' P,D=',P,D ,' V=',V
WRITE (6,*) 'PL,DL=' , PL , DL , ' VL=',VL
ENDIF
IDR=999

310 STIFF=SE (1)
P=PL+(D-DL)*STIFF
A=SE(13)
IF (A.EQ.O .AND. SE(2).EQ.O) A=P
ICYOICYC+1
IF (BUG) THEN
WRITE (6,*) 'STIFF=' , STIFF, ' A=',A,' IDR=',IDR
WRITE (6,*) ' P=',P , 'ICYC=' , ICYC

ENDIF
C
C- - - - - IS P WITHIN LIMITS ?

IF (ICYC.GT.5) THEN
WRITE (6,*) 'MORE THAN 5 CYCLES IN MAT02, IELNO :', IELNO
ELSE IF ((PL.LE.P .AND. P.LT.A) .OR. ( PL . GE . P .AND. P.GT.A) .OR.
& (DL.EQ.D) ) THEN

C CALL STRENG (SE(27) ,SE(30) ,SE(31) , P , PL, D , DL , SE ( 1 ) ,SE(14) )
IF (BUG) WRITE (6,*) 'C- - - - - IS P WITH IN LIMITS ? '
CALLHYST02(P ,D ,PL,DL,V , VL , SE ( 1 ) , SE ( 2 ) ,
5 SMAT(l) ,SMAT(2) ,SMAT(3) ,SMAT(4) ,SMAT(5) ,SMAT(6) ,
6 SMAT ( 7 ) , SMAT ( 8 ) , SMAT ( 9 ) , SE ( 3 ) , SE ( 4 ) , SE ( 5 ) , SE ( 6 ) , SE ( 7 ) , SE ( 8 ) ,
& SE(9) ,SE(10) ,SE(11) ,SE(12) ,SE(13) ,BUG,
5 SE(14) ,SE(27) ,SE(30) ,SE(31) ,SE(15) ,SE(18) ,SE(21) ,IDR )
V=VL

C- - - - - IS P GREATER THAN LIMITS ?
ELSE IF (((PL.LE.A .AND. A.LE.P) .OR. (PL.GE.A .AND. A . GE . P ) ) . AND .
6 (STIFF. NE.O. 00) ) THEN
D1=DL+(A-PL) /STIFF
P1=A

C CALL STRENG ( SE ( 27 ) , SE ( 30 ) , SE ( 31 ) , PI , PL ,D1 ,DL , SE ( 1 ) , SE ( 14 ) )
DL=D1
PL=P1

IF (ABS(P-PL) .GT. 0.005*ABS(P+PL) ) THEN
PI=PL+(P-PL) *.01
DI=DL+(D-DL)*.01
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ELSE
PI=P
DI=D

ENDIF
IF (BUG) THEN
WRITE (6,*) 'C-----ISP GREATER THAN LIMITS ? '
WRITE (6,*) 'PL,DL=' ,PL,DL
WRITE (6,*) 'PI,DI=' ,PI,DI

ENDIF
CALL HYST02(PI,DI,PL,DL,1. , 1 . , SE ( 1) , SE ( 2 ) ,
& SMAT ( 1 ) , SMAT ( 2 ) , SMAT ( 3 ) , SMAT ( 4 ) , SMAT ( 5 ) , SMAT ( 6 ) ,
& SMAT ( 7 ) , SMAT ( 8 ) , SMAT ( 9 ) , SE ( 3 ) , SE ( 4 ) , SE ( 5 ) , SE ( 6 ) , SE ( 7 ) , SE ( 8 ) ,
& SE(9) , SE(10) ,SE(11) ,SE(12) ,SE(13) , BUG ,
S SE(14) ,SE(27) ,SE(30) ,SE(31) , SE ( 15 ) , SE ( 18 ) ,SE(21) ,IDR )

V=VL
GO TO 310

C- - - - - IS P LESS THAN LIMITS ?
ELSE IF ((P.LT.PL .AND. PL.LE.A) .OR. (P.GT.PL .AND. PL .GE . A) ) THEN
IF (ABS(P-PL) .GT. 0.005*ABS(P+PL) ) THEN

PI=PL+(P-PL)*.01
DI=DL+(D-DL)*.01

ELSE

ENDIF
IF (BUG) THEN
WRITE (6,*) 'C- - - - - IS P LESS THAN LIMITS ? '
WRITE (6,*) 'PI,DI=' ,PI,DI

ENDIF
CALL HYST02(PI,DI,PL,DL,1. , 1 . , SE ( 1) , SE ( 2 ) ,
S SMAT ( 1 ) , SMAT ( 2 ) , SMAT ( 3 ) , SMAT ( 4 ) , SMAT ( 5 ) , SMAT ( 6 ) ,
S SMAT ( 7 ) , SMAT ( 8 ) , SMAT ( 9 ) , SE ( 3 ) , SE ( 4 ) , SE ( 5 ) , SE ( 6 ) , SE ( 7 ) , SE ( 8 ) ,
S SE(9) , SE(10) ,SE(11) ,SE(12) ,SE(13) , BUG ,
S SE(14) ,SE(27) ,SE(30) ,SE(31) , SE ( 15 ) ,SE(18) ,SE(21) ,IDR )

V=VL
GO TO 310
ENDIF

C
C- - - - - - SAVE MAXIMUM PEAK POSITIVE DISPL

IF (D.GT.SE(32) ) THEN
SE(32)=D
SE(33)=P
ENDIF

C
IF (BUG) WRITE (6,*) ' STIFF= ', STIFF, ' A=',SE(13)

C
C- - - - - - TRANSFER ENERGIES FOR BOTH IOPT=3 AND 4 .
400 EESE=SE(27)
EPSE=SE(30)

C
C- - - - - - TRANSFER DUCTILITIES AND EXCRUSION RATIOS FOR BOTH IOPT=3 AND 4.
DO 410 1=1,3
DUCT ( I ) =MAX ( SE ( 14+1 ) , SE ( 17+1 ) )
EXCR(I)=SE(20+I)

410 EXCR(I+3)=SE(20+I+3)
C
RETURN

C
0===================== DAMAGE INDEX ================================
500 CONTINUE

EESE=SE(27)
EPSE=SE(30)
BDAM=SMAT(11)
D =SE(32)
P =SE(33)
DAMAGE=ABS(D)/SMAT( 10) + BDAM / ( SMAT ( 4 ) *SMAT ( 10 ) ) * EPSE
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9999 CONTINUE
C
RETURN
END

C
c__________ HYST02 ========================

C DEBUG UNIT ( 6 ) , TRACE , SUBCHK , INIT , SUBTRACE
C END DEBUG

C SU_BROUTINE AXLMOD - AXIAL HYSTERESIS MODEL
C REFERANCE: ANALYSIS OF THE FULL SCALE SEVEN
C STORY R/C TEST STRUCTURE.
C
C P = CURRENT LOAD, POSITIVE IS TENSION
C D = CURRENT DISPLACMENT, POSITIVE IS ELONGATION
C S = STIFFNESS
C KC = VIRGIN COMPRESSION STIFFNESS, EC
C KT1 = PRE-YEILD VIRGIN TENSILE STIFFNESS, 0.9*KC
C KT2 = POST-YEILD VIRGIN TENSILE STIFFNESS, 0.001*KC
C PY = TENSILE YEILD POINT, PHO*FY
C FMAX = MAXIMUN TENSILE FORCE BEFORE UNLOADING
C DMAX = MAXIMUN TENSILE DISPLACMENT BEFORE UNLOADING
C FX = FORCE AT STIFFNESS CHANGE POINT ON THE UNLOADING CURVE
C DX = DISPL. AT STIFFNESS CHANGE POINT ON THE UNLOADING CURVE
C PI,DI = INTERSECTION OF TWO LINES
C DYT = TENSILE YEILD DISPLACMENT = PY/KT1
C DYC = COMPRESSION YEILD DISPLACMENT = PY/KC
C FP = FORCE AT COMPRESSION STIFFNESS CHANGE POINT
C DP = COMPRESSION AT COMPRESSION STIFFNESS CHANGE POINT
C KR = UNLOADING STIFFNESS = KC/ (DMAX/DYT) ** ( . 20 )
C KS = LOADING STIFFNESS, LINE BETWEEN (FX,DX) AND (FP,DP)
C KT = LOADING STIFFNESS, LINE BETWEEN (FP,DP) AND (-2PY,-2DY)
C
C

SUBROUTINE HYSTO 2 ( P , D , PL , DL , V , VL , S , HRLN , KC , KT1 , KT2 , P Y , ALPHA , BETA ,
& DYT , DYC , CSE , FMAX , DMAX , FX , DX , FP , DP , KR , KS , KT , NRL , A , PRINT ,
& SEQ,ESE,PSE,PSEOLD,UPOS,UNEG,EXCR,IDR)

C
REAL*4 KC,KT1,KT2,KR,KS,KT,NRL
DIMENSION UPOS (3) ,UNEG(3) ,EXCR(6) ,ESE(3)
INTEGER RULEI
LOGICAL LT, PRINT, PGTPL , PLTPL

C
8000 IF (PRINT) WRITE (6,8010) P , D , PL , DL , V, VL , S , HRLN , KC , KT1 , KT2 , PY ,

& ALPHA , BETA , DYT , DYC , FMAX , DMAX , FX , DX , FP , DP , KR , KS , KT , NRL , A ,
S SEQ,ESE(3) ,PSE,PSEOLD, CSE, UPOS, UNEG,EXCR

8010 FORMAT (

&' AX- V=',G13.5,' VL=' ,G13.5,' S=',G13.5,' HRLN=',G13.5,/
&' AX- KC=',G13.5,' KT1=',G13.5,' KT2=',G13.5,' PY=',G13.5,/
&' AX-ALPHA=',G13.5, ' BETA=' ,G13.5,' DYT=',G13.5, ' DYC=',G13.5,
S' AX- FMAX=',G13.5,' DMAX=',G13.5,' FX=',G13.5,' DX=',G13.5,/
&' AX- FP=',G13.5,' DP=',G13.5,' KR=',G13.5,' KS=',G13.5,/
&' AX- KT=',G13.5,' NRL=',G13.5,' A=',G13.5,' SEQ=',G13.5,/
S' AX- ESE=',G13.5,' PSE=',G13.5,' PSEO=',G13.5,' CSE=',G13.5,/
&' AX- UP1=',G13.5,' UP2=',G13.5,' UP3=',G13.5/
&' AX- UN1=',G13.5,' UN2=',G13.5,' UN3=',G13.5/
S' AX- EX1=',G13.5,' EX2=',G13.5,' EX3=',G13.5/
&' AX- EX4=',G13.5,' EX5=',G13.5,' EX6=',G13.5)

C...... SET INITIAL STIFFNESS AND RETURN
IF (NRL.EQ.O) THEN
IF (P.LE.O) THEN

NRL=1
HRLN=1.1
S=KC
SEQ=KC
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ELSE
NRL=2
HRLN=2 . 1
S=KT1
SEQ=KC
A=P

ENDIF
RETURN
ENDIF

C...... RETURN IF NO STEP HAS BEEN TAKEN
IF (P.EQ.PL .OR. D.EQ.DL ) RETURN

C...... SET LOADING FLAGS
PGTPL=P.GT.PL
PLTPL=P.LT.PL

C
C...... CALC EXCURSION RATIO AT EVERY ZERO CROSSING. . .
C IF (P*PL.LE.O .AND. PL . GT . 0 )
C & CALL ONE ( 0 , UPOS ,EXCR,DYT,D,ESE ,PSE ,PSEOLD, CSE )

IF (P*PL.LE.O .AND. PL.LE.O) THEN
EXCR(4)=0
EXCR(5)=0
EXCR(6)=0

ENDIF
C
C...... CALC DUCTILITY IF LOAD GT PAST LOAD
C
C DUCTILITY FOR POSITIVE LOADS ONLY
C IF (P.GT.O .AND. PGTPL)
C S CALL DNE (1, UPOS, EXCR,DYT,D ,ESE ( 2 ) , PSE , PSEOLD , CSE )

999 CALL IDRECT(IDR,IDRV,IDRVO,P,PL,V,VL)
IDR=IDR

1 IF (NRL.EQ.O) NRL=1
C

RULEI=NRL
C
GO TO (100,200,300,400,500,600,700,800,900,
S 1000,1100,1200,1300) ,RULEI

C
C RULE 1 - LOADING AND UNLOADING ON THE COMPRESSION BRANCH BEFORE YEILD
C
100 SEQ=KC

IF (P.GT.O) GO TO 200
S=KC
NRL=1
HRLN=1. 1
IF (PLTPL) A=MIN(10.*P,-2.*PY)
IF (PGTPL) A=0.
RETURN

C
C RULE 2 - TENSION LOADING BEFORE YEILD
C
200 IF (IDR) 230,230,210
210 IF (P.GE.PY) GO TO 600

S=KT1
NRL=2
HRLN=2 . 1
A=PY
RETURN

230 IF (PL.LE.O) GO TO 210
FMAX=AMAX 1 ( P , FMAX )
DMAX= AMAX 1 ( D , DMAX )
FX =FMAX-PY
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DX =DMAX-PY/KC
S=KC
NRL=3
HRLN=2.2
A=FX
RETURN

C
C RULE 3 - UNLOADING ON TENSION BEFORE YEILD
C
300 IF (PGTPL) GO TO 500
IF (P.GT.O) GO TO 330

310 IF (KC.NE.KT1) THEN
CALL INTSCT(DI,PI,D,P,KC,DX,FX,KT1)
ELSE
PI=P
DI=D
ENDIF
IF (P.LE.PI) GO TO 320
S=KC
NRL=3
RLN=3.11
A=PI
RETURN

320 S=KT1
NRL=4
HRLN=3.12
A=PY
RETURN

330 IF (P.GE.FMAX) GO TO 200
S=KC
NRL=3
HRLN=3.2
A=FX
RETURN

C
C RULE 4 - LOADING TOWARDS Y' FROM FX.
C
400 IF (IDR) 500,500,410
410 IF (ABS(P) .GE.PY) GO TO 100
S=KT1
NRL=4
HRLN=4.1
A=-PY
RETURN

C
C RULE 5 - LOADING AND UNLOADING BETWEEN BRANCHES O-Y AND FX-Y'
C
500 IF (KC.NE.KT1) THEN

CALL INTSCT(DITENS,PITENS,D,P,KC,DYT,PY,KT1)
CALL INTSCT(DICOMP,PICOMP,D,P,KC,DX ,FX,KT1)

ELSE
PITENS=P
DITENS=D
PICOMP=P
DICOMP=D
ENDIF
IF (P.LE.PICOMP) GO TO 330
IF (P. GE. PITENS) GO TO 210
S=KC
NRL=5
HRLN=5.1
IF (PGTPL ) A=PITENS
IF (PLTPL ) A=PICOMP
RETURN

C
C RULE 6 - LOADING AFTER TENSION YEILD
C
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600 IF (IDR) 630,630,610
610 S=KT2
NRL=6
HRLN=6.1
A=5*P

C......... CALC UNLOADING CURVE FOR ENERGY INFO
FMAX=AMAX1(P,FMAX)
DMAX=AMAX1(D,DMAX)
KR=KC*(DMAX/DYT)**(-!. * ALPHA)
FX =FMAX-PY
DX =DMAX-PY/KR
KS =(PY+FX)/(DX-DYC)

C- - - - - - - - FORCE KR GE KS , TO PREVENT UNSTABLE LOOPS...
IF (KS.GT.KR) KR=(FMAX+PY)/(DMAX-DYC)
SEQ=KR

RETURN
630 FMAX=AMAX1(P,FMAX)
DMAX=AMAX1(D,DMAX)
KR=KC*(DMAX/DYT)**(-1. * ALPHA)
FX =FMAX-PY
DX =DMAX-PY/KR
KS =(PY+FX)/(DX-DYC)

C- - - - - - - - FORCE KR GE KS, TO PREVENT UNSTABLE LOOPS...
IF (KS.GT.KR) THEN
KR=(FMAX+PY)/(DMAX-DYC)
KS=KR
DX=DMAX-PY/KR

ENDIF
DP =DYC + BETA*(DX-DYC)
FP =FX - (DX-DP)*KS
KT =(2*PY+FP)/(DP-2*DYC)
DQ =DYC + PY/KR
S=KR
NRL=7
HRLN=6.2
A=FX
RETURN

C
C RULE 7 - UNLOADING AFTER YEILD
C
700 SEQ=KR
IF (IDR) 730,730,710

710 IF (P.GE.FMAX) GO TO 600
S=KR
NRL=7
HRLN=7.1
A=FMAX
RETURN

730 IF (P.LE.FX) GO TO 800
S=KR
NRL=7
HRLN=7.2
A=FX
RETURN

C
C RULE 8 - ON BRANCH BETWEEN DX & DP
C
800 IF (PGTPL) THEN

IF (KR.EQ.KS) GO TO 1200
GO TO 1300
ENDIF
IF (P.LE.FP) GO TO 900
S=KS
NRL=8
HRLN=8.1
A=FP
RETURN
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c
C RULE 9 - ON BRANCH FP-Y"
C
900 IF (PGTPL) GO TO 1300
IF (P.LE. (-2*PY) ) GO TO 1000
S=KT
NRL=9
HRLN=9.1
A=-2*PY
RETURN

C
C RULE 10 - ON THE COMPRESSION CURVE AFTER YELDING
C
1000 SEQ= 1. / ( l./KC + (4./KR - 4./KC)*(PY/P)**2 )
C

IF (IDR) 1030,1030,1010
1010 S=KC
NRL=10
HRLN=10.1
A=10*P
RETURN

1030 IF (ABS(P) .LE.PY) GO TO 1100
S=KC
NRL=10
HRLN=10.2
A=-PY
RETURN

C
C RULE 11 - UNLOADING BETWEEN Y' & Q
C
1100 SEQ=KR

IF (ABS(P) .GT.PY ) GO TO 1000
IF ( P .GE. 0. ) GO TO 1200
S=KR
NRL=11
HRLN=11.1
IF (PGTPL) A=0
IF (PLTPL) A=-PY
RETURN

C
C RULE 12 - LOADING FORM Q TO M
C
1200 IF (PLTPL) THEN

IF (KS.EQ.KR .AND. P.GT.FP) GO TO 800
GO TO 1300
ENDIF
IF ( P .GE.FMAX) GO TO 600
S=KS
NRL=12
HRLN=12. 1
A=FMAX
RETURN

C
C RULE 13 - LOADING AND UNLOADING INSIDE Q-M-D-P-Y"-Y'
C
1300 IF (KR.NE.KS) THEN

CALL INTSCT(DITENS,PITENS,D,P,KR,DMAX,FMAX,KS)
CALL INTSCT(DICOMP,PICOMP,D,P,KR,DX ,FX,KS )

ELSE
IF (PGTPL) GO TO 1200
PITENS=P
DITENS=D
PICOMP=P
DICOMP=D

ENDIF

C- - - - - - - -IS POINT WITHIN PY'-FP-PY" ?
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IF (PICOMP.LE.FP) THEN
IF (KC.NE.KT) THEN
CALL INTSCT(DICOMP,PICOMP,D,P,KC,DP,FP,KT )

ELSE
IF (PLTPL) GO TO 900
PICOMP=P
DICOMP=D

ENDIF
IF (KR.EQ.KS .AND. PLTPL) GO TO 800
S2=KT

ELSE
S2=KR

ENDIF
IF (PGTPL) THEN
IF (P.GT.PITENS) GO TO 1200
A=PITENS
HRLN=13.1

ENDIF
IF (PLTPL) THEN
IF (P.LT.PICOMP) GO TO 800
A=PICOMP
HRLN=13.2

ENDIF
S=MAX(KR,S2)
NRL=13
RETURN

C
END
C
C=======================================================================
C
C - INTERSECTION OF TWO LINES IN POINT SLOPE FORM .....................
C DEBUG UNIT(6 ) ,SUBCHK,SUBTRACE
C END DEBUG
C X = X COORDINATE OF INTERSECTION
C Y = Y COORDINATE OF INTERSECTION
C XI = X COORDINATE OF LINE 1
C Yl = Y COORDINATE OF LINE 1
C SI = SLOPE OF LINE 1
C X2 = X COORDINATE OF LINE 2
C Y2 = Y COORDINATE OF LINE 2
C S2 = SLOPE OF LINE 2

SUBROUTINE INTSCT(X,Y,X1,Y1,S1,X2,Y2,S2)
IMPLICIT REAL(A-H,O-Z)
IMPLICIT INTEGER(L-N)
LOGICAL BTEST
IF (S1.NE.S2) THEN
Bl= Yl - S1*X1
B2= Y2 - S2*X2
X=(B1-B2)/(S2-S1)
Y=(B1*S2-B2*S1)/(S2-S1)

ELSE
WRITE (6,10) X1,Y1,S1,X2,Y2,S2

10 FORMAT (/' ****** ER', 'ROR IN INTSCT. . . . ' , IX ,
& 'S1=S2, NO SOLN, THUS SET X=Y=0. ' ,/
& ' X1=',1P,G15.5, ' Y1=',G15.5,' S1=',G15.5/
& ' X2=',1P,G15.5,' Y2=',G15.5,' S2=',G15.5/)
X=0
Y=0

C CALL ERRTRA
ENDIF

CC WRITE (6,5) X1,Y1,S1,B1,X2,Y2,S2,B2,X,Y
CCS FORMAT (/'IN INTSCT. ...',/
CCS ' Xl=',1P,G15.5,' Y1=',G15.5,' S1=',G15.5,' B1=',G15.5/
CCS
CCS
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RETURN
END

C=======================================================================
C
C@PROCESS SDUMP OPT(O) GOSTMT XREF MAP
c***********************************************************************

C DEBUG UNIT(6),TRACE,SUBCHK,INIT,SUBTRACE
C END DEBUG
C

SUBROUTINE IDRECT (IDR,IDRV,IDRVO,PI,PS,VI,VS)
C
LOGICAL A,NA,B,NB,C,NC,D,ND,E
LOGICAL BTEST

C
C WRITE (6,*) 'IDR,IDRV,IDRVO,PI,PS,VI,VS'
C WRITE (6,*) IDR,IDRV,IDRVO,PI,PS,VI,VS
C

1 A = ABS(PI).GE.ABS(PS)
B = PI*PS .GE.O

C B = PI*PS .GT.O
C = PI.EQ.O
D = VS*VI.GE.0
NA= .NOT. A
NB= .NOT. B
NC= .NOT. C
ND= .NOT. D

C
IF ( A .AND. B .AND. NC .AND. D ) IDR=1
IF ( NB .AND. NC .AND. ND ) IDR=1
IF (NA .AND. B .AND. NC .AND. ND ) IDR=1
IF ( C .AND. D ) IDR=0
IF ( NB .AND. NC .AND. D ) IDR=0
IF ( A .AND. B .AND. NC .AND. ND ) IDR=-1
IF ( C .AND. ND ) IDR=-1
IF (NA .AND. B .AND. NC .AND. D ) IDR=-1

E = PI .GE. PS
IDRV=1
IDRVO=2

IF (E) IDRV=2
IF (E) IDRVO=1

RETURN
END

Input Data:

1 1 | IELNO MAT
'AXLMOD' 111.1 33.3 0.01111 5.00 0.9 0.2 20 0.2 | TYPE SMAT DUCMAX BDAM
0. 0.25 50 IDMIN DMAX NUMB
0.25 -0.25 100 IDMIN DMAX NUMB
-0.25 0.2 100 IDMIN DMAX NUMB
0.2 -0.2 100 IDMIN DMAX NUMB
-0.2 0.1 100 IDMIN DMAX NUMB
0.1 0. 50 IDMIN DMAX NUMB

Output Data:

AXLMOD HYSTERESIS MODEL- FOR UNIT LENGTH MEMBER

MAT. SC ST1 ST2 PY ALPHA BETA MAX DUCT. BETA-DI
1 111.100 33.3000 0.111100E-01 5.00000 0.900000 0.200000 20.0000 0.200000
STIFFNESS LOAD DISP. RULE
33.30000 0.16650 0.00500 2.1
33.30000 0.33300 0.01000 2.1
33.30000 0.49950 0.01500 2.1

66.29627 -4.03274 0.00000 9.1
66.29627 -4.16533 -0.00200 9.1
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Appendix M—Cheng-Lou Axial Hysteresis Model
for RC Columns and Walls and Computer Program

Compressive Stress
A

o Compression

C THIS PROGRAM IS FOR SHEAR WALL UNDER AXIAL LOAD REVERSALS.
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
PROGRAM HYSAXIAL
IMPLICIT REAL*8 (A-H,O-Z)

C DISPL-----AXIAL DISPLACEMENT OF SHEAR WALL (mm)
C PLOAD -----AXIAL LOADING (N)
C STRAN - - - - - AXIAL STRAIN OF SHEAR WALL
C SIGNC -----CONCRETE STRESS (MPa)
C SIGNS - - - - - STEEL STRESS (MPa)
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - . . . . . . . . . . . . . .
DIMENSION DISPL(1200),PLOAD(1200),STRAN(1200),

967



968 APPENDIX M

* SIGNCCL200) ,SIGNS(1200)
C -....------....----....------....----.....------...----...
C EXPLANATION OF INPUT DATA
C XWALL - - - - - THE LENGTH OF SHEAR WALL (mm)
C WWALL - - - - - THE WIDTH OF SHEAR WALL (mm)
C HWALL - - - - - THE HEIGHT OF SHEAR WALL (mm)
C FCCON -----COMPRESSIVE STRESS OF CONCRETE (MPa)
C FTCON -----TENSILE STRESS OF CONCRETE (MPa)
C EICON - - - - - INITIAL ELASTIC MODULUS OF OF CONCRETE (MPa)
C ASTEL - - - - - AREA OF TOTAL REINFORCEMENT (mm)
C FYSTL -----TENSILE STRENGTH OF STEEL(MPa)
C YSTEL - - - - - YIELDING STRAIN OF STEEL
C RATIO - - - - - RATIO OF MODULUS AFTER STEEL YIELDING
C NOINC - - - - - NUMBER OF DISPLACEMENT STEPS
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
READ(1,*) XWALL,WWALL,HWALL,FCCON,FTCON,EICON,ASTEL,FYSTL,
* YSTEL,RATIO,NOINC
WRITE(2,4000)
WRITE(2,5000) XWALL,WWALL,HWALL,FCCON,FTCON,EICON,ASTEL,FYSTL,
* YSTEL,RATIO
DO 1 IOINC=1, NOINC
READ(1,*) DISPL(IOINC)

1 STRAN(IOINC)=DISPL(IOINC)/HWALL
ARCON=XWALL*WWALL
ESTEL=FYSTL/YSTEL
ETCON=FTCON/EICON
IF(STRAN(1).LE.0.DO) THEN
SIGNC(l)=FCCON*(2.DO*STRAN(l)/(-2.D-3)-2.5D5*STRAN(l)*STRAN(1))
ELSE
SIGNC(1)=EICON*STRAN(1)
ENDIF
SIGNS(1)=ESTEL*STRAN(1)
JSIGN=0
ISIGN=0
LSIG1=0
LSIG2=0
MSIG1=0
MSIG2=0
STRND=O.DO
YSTC1=O.DO

C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C INCREMENT OF DISPLACEMENT, CONCRETE STRESS
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
DO 1000 IOINC=2, NOINC
IF(JSIGN.EQ.1.AND.STRND.LE.-8.D-3) THEN
SIGNC(IOINC)=0.DO
GOTO 1000
ENDIF
IF(STRAN(IOINC-1)-STRAN(IOINC)) 100,100,300

C
C POSITIVE INCREMENT
C
100 IF(SIGNC(IOINC-1)) 110,110,130
C
C UNLOADING FROM COMPRESSION, BOTH NEGTIVE DISPLACEMENT
C AND STRESS
C

110 IF(STRNA.GT.STRXA.AND.STRXA.LT.O.DO) THEN
STRNA=STRXA
STRNB=STRXB
STRNC=STRXC
STRND=STRXD
STRNE=STRXE
ECMAX=ECMXX
ENDIF
IF(STRAN(IOINC).LE.0.DO) THEN
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ISIGN=1
ENDIF
LSIG1=0
LSIG2=1
IF(STRAN(IOINC).GE.STRND) GOTO 130

200 IF(LSIG2.EQ.1.AND.LSIG4.EQ.O) THEN
IF(STRAN(IOINC).LE.STRNB) THEN
SIGNC(IOINC)=SIGNC(IOINC-1)+EICON*(STRAN(IOINC)-STRAN(IOINC-1))
JSIG1=1
JSIG2=0
ELSE
IF(STRAN(IOINC).LE.STRNC) THEN
SIGNC(IOINC)=ECMAX*(STRAN(IOINC)-STRNC)
JSIG1=0
JSIG2=1
ELSE
SIGNC(IOINC)=0.DO
JSIG1=0
JSIG2=1
ENDIF
ENDIF
ENDIF
IF(LSIG4.EQ.l) THEN
IF(STRAN(IOINC).LE.STRMA) THEN
LSIG4=0
GOTO 200
ELSE
SIGMX=SIGNC(IOINC-1)+EICON*(STRAN(IOINC)-STRAN(IOINC-1))
SIGMY=ECMAX*(STRAN(IOINC)-STRNC)
SIGNC(IOINC)=DMIN1(SIGMX,SIGMY)
IF(STRAN(IOINC).LE.STRND.AND.STRAN(IOINC).GE.STRNC) THEN
SIGNC(IOINC)=0.DO
ENDIF
JSIG1=0
JSIG2=1
ENDIF
ENDIF
GOTO 1000

C
C LOADING, RELOADING, OR UNLOADING FROM COMPRESSION
C ZERO OR POSITIVE STRESS
C
130 IF(LSIG1.EQ.O.AND.LSIG2.EQ.O) THEN
IF((STRAN(IOINC)-STRND).LE.EICON) THEN
SIGNC(IOINC)=EICON*(STRAN(IOINC)-STRND)
USTC1=STRND
ELSE
IF((STRAN(IOINC)-STRND).LE.2.D-3) THEN
SIGNC(IOINC)=FTCON*(1.DO-((STRAN(IOINC)-STRND)-EICON)/I.9D-3)
YSTC1=STRAN(IOINC)-STRND
USTC1=YSTC1-SIGNC(IOINC)/EICON
ELSE
SIGNC(IOINC)=0.DO
YSTC1=STRAN(IOINC)-STRND
USTC1=YSTC1
ENDIF
ENDIF
ENDIF
IF(LSIGl.GE.l.OR.LSIG2.EQ.l) THEN
IF(USTCl.EQ.STRND.OR.USTCl.EQ.O.DO) THEN
LSIG1=0
LSIG2=0
GOTO 130
ELSE
IF((STRAN(IOINC)-STRND).LE.USTC1) THEN
SIGNC(IOINC)=0.DO
ELSE
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IF( ( STRAN (IOINO-STRND) .LE.YSTC1) THEN
SIGNC(IOINC)=EICON*(STRAN(IOINC)-STRND-USTC1)
ELSE
IF( (STRAN (IOINO-STRND) .LE.2.D-3) THEN
SIGNC(IOINC)=FTCON*(1.DO-(STRAN(IOINC)-STRND-ETCON)/I.9D-3)
YSTC2=STRAN(IOINC)-STRND
USTC2=YSTC2-SIGNC(IOINC)/EICON
ELSE
SIGNC(IOINC)=O.DO
YSTC2=STRAN(IOINC)-STRND
USTC2=YSTC2
ENDIF
ENDIF
ENDIF
ENDIF
ENDIF
GOTO 1000

C
C NEGTIVE INCREMENT
C
300 IF(-SIGNC(IOINC-1)) 350,350,400
C
C LOADING, RELOADING, OR UNLOADING FROM COMPRESSION
C
350 LSIG1=1
LSIG2=0
IF(YSTC1.LT.YSTC2) THEN
YSTC1=YSTC2
USTC1=USTC2
ENDIF
IF(STRAN(IOINC).LT.STRND) GOTO 400
IF(USTC1.EQ.STRND) THEN
SIGNC(IOINC)=SIGNC(IOINC-1)+EICON*(STRAN(IOINC)-STRAN(IOINC-1))
ELSE
IF((STRAN(IOINC)-STRND).GE.2.D-3) THEN
SIGNC(IOINC)=0.DO
ELSE
IF((STRAN(IOINC)-STRND).LE.YSTC1.AND.(STRAN(IOINC)-STRND)
* .GE.USTC1) THEN
SIGNC(IOINC)=SIGNC(IOINC-1)+EICON*(STRAN(IOINC)-STRAN(IOINC-1))
ELSE
SIGNC(IOINC)=0.DO
ENDIF
ENDIF
ENDIF
GOTO 1000

C
C LOADING, RELOADING, OR UNLOADING FROM TENSION
C
400 IF(LSIG1.EQ.O.AND.LSIG2.EQ.O) THEN
LSIG4=0
IF(STRAN(IOINC).GE.-2.D-3) THEN
SIGNC (IOINC ) =FCCON* ( 2 . DO*STRAN (IOINC ) / ( -2 . D-3 )

* -2.5D5*STRAN(IOINC)*STRAN(IOINC))
STRNA=STRAN(IOINC)
STRNB=STRAN(IOINC)-SIGNC(IOINC)/2.DO/EICON
SIGMB=.5DO* SIGNC(IOINC)
STRNC=.478DO*STRAN(IOINC)+0.087DO*STRAN(IOINC)*

* STRAN(IOINC)/(-2.D-3)-.4DO*SIGNC(IOINC)/EICON
STRND=.145DO*(STRAN(IOINC))**2/(-2.D-3)+.13DO*STRAN(IOINC)
STRNE=STRAN(IOINC)-SIGNC(IOINC) /6 .DO/EICON
SIGNERS.DO* SIGNC(IOINC)/6.DO
ECMAX=DABS(SIGME/(STRNE-STRND))
IF(ECMAX.GT.EICON) THEN
ECMAX=EICON
STRAND=STRAN(IOINC)-SIGNC(IOINC)/EICON
STRNB=SIGMB/EICON+STRND
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STRNE=SIGME/EICON+STRND
STRNC=STRND
ENDIF
ELSE
IF(STRAN(IOINC).GE.-8.D-3) THEN
SIGNC(IOINC)=FCCON*(19.DO-4.DO*STRAN(IOINC)/(-2.D-3))/15.DO
STRNA=STRAN(IOINC)
STRNB=DMIN1(STRAN(IOINC)-FCCON/3.DO/EICON,

* STRAN(IOINC)-2.DO*SIGNC(IOINC)/3.DO/EICON)
ECMAX=DMAX1((SIGNC(IOINC)-FCCON/6.DO)/(.87DO*STRAN(IOINC)

* -.145DO*STRAN(IOINC)*STRAN(IOINC)/(-2.D-3)
* -FCCON/6.DO/EICON), 2.DO*SIGNC(IOINC)/(2.61DO
* *STRAN(IOINC)-.435DO*STRAN(IOINC)*STRAN(IOINC)
* /(-2.D-3)-SIGNC(IOINC)/6.DO/EICON))
STRNC=DMAX1(STRAN(IOINC)-FCCON/3.DO/EICON-(SIGNC(IOINC)

* -FCCON/3.DOJ/ECMAX, STRAN(IOINC)-2.DO*SIGNC(IOINC)
* /3.DO/EICON-SIGNC(IOINC)/3.DO/ECMAX)
STRND= . 145DO* ( STRAN (IOINC ) ) **2/ ( -2 . D-3 ) + . 13DO*STRAN (IOINC )
STRNE=DMIN1(STRAN(IOINC)-FCCON/6.DO/EICON, STRAN(IOINC)

* -SIGNC(IOINC)/3.DO/EICON)
ENDIF
EPSLO=2.D-3*ECMAX/FCCON+2.DO
VALUE=EPSLO*EPSLO+4.DO*ECMAX*STRND/FCCON
IF(VALUE.GE.O.DO) THEN
STRMA=-1.D-3*(EPSLO+DSQRT(EPSLO*EPSLO+4.DO*ECMAX*STRND/FCCON))
ELSE
STRMA=-2.D-3*(19.DO+15.DO*ECMAX*STRND/FCCON)

* /(4.DO-15.DO*2.D-3*ECMAX/FCCON)
ENDIF
IF(STRMA.LT.-2.D-3) THEN
STRMA=-2.D-3*(19.DO+15.DO*ECMAX*STRND/FCCON)

* /(4.DO-15.DO*2.D-3*ECMAX/FCCON)
ENDIF
IF(STRAN(IOINC).LT.-8.D-3) THEN
SIGNC(IOINC)=0.DO
STRND=STRAN(IOINC)
STRNC=STRND
JSIGN=1
ENDIF
ENDIF
ENDIF
IF(LSIG1.EQ.1.AND.LSIG2.EQ.O) THEN
IF(ISIGN) 500,500,600

500 LSIG1=0
GOTO 400

600 IF(STRAN(IOINC).GE.STRND) THEN
SIGNC(IOINC)=0.DO
ELSE
EPSLO=2.D-3*ECMAX/FCCON+2.DO
VALUE=EPSLO*EPSLO+4.DO*ECMAX*STRND/FCCON
IF(VALUE.GE.O.DO) THEN
STRMA=-1.D-3*(EPSLO+DSQRT(EPSLO*EPSLO+4.DO*ECMAX*STRND/FCCON))
ELSE
STRMA=-2.D-3*(19.00+15.DO*ECMAX*STRND/FCCON)

* /(4.DO-15.DO*2.D-3*ECMAX/FCCON)
ENDIF
IF(STRMA.LT.-2.D-3) THEN
STRMA=-2.D-3*(19.DO+15.DO*ECMAX*STRND/FCCON)

* /(4.DO-15.DO*2.D-3*ECMAX/FCCON)
ENDIF
IF(STRAN(IOINC).LE.STRMA) THEN
LSIG1=0
GOTO 400
ELSE
LSIG4=1
SIGNC(IOINC)=SIGNC(IOINC-1)+ECMAX*(STRAN(IOINC)-STRAN(IOINC-1))
IF(STRMA.GE.-2.D-3) THEN
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IF(STRAN(IOINC).LE.STRNE) THEN
EPSL1=2.D-3*ECMAX/FCCON+2.DO
STRXA=-1.D-3*(EPSL1+DSQRT(EPSL1*EPSL1+4.DO*(EICON*

* STRAN(IOINC)-SIGNC(IOINC))/FCCON))
SIGXA=FCCON*(2.DO*STRXA/(-2.D-3)-2.5D5*STRXA*STRXA)
STRXB=STRXA-SIGXA/2.DO/EICON
STRXC=.478DO*STRXA+0.087DO*STRXA*

* STRXA/(-2.D-3)-.4DO*SIGXA/EICON
STRXD=-.145DO*STRXA**2/(-2.D-3)+.13DO*STRXA
STRXE=STRXA-SIGXA/6.DO/EICON
ENDIF
ELSE
IF(STRAN(IOINC).LE.STRNE) THEN
STRXA=-2.D-3*(19.DO+15.DO*(EICON*STRAN(IOINC)-SIGNC(IOINC))

* /FCCON)/(4.DO-15.DO*2.D-3*EICON/FCCON)
SIGXA=FCCON*(19.DO-4.DO*STRXA/(-2.D-3)J/15.DO
STRXB=DMIN1(STRXA-FCCON/3.DO/EICON,STRXA-2.DO*SIGXA/3.DO/EICON)
ECMXX=DMAX1((SIGXA-FCCON/6.DO)/(.87DO*STRXA

* -.145DO*STRXA*STRXA/(-2.D-3J-FCCON/6.DO/EICON),
* 2.DO*SIGXA/(2.61DO*STRXA-.435DO*STRXA*STRXA
* /(-2.D-3)-SIGXA/6.DO/EICON))
STRXC=DMAX1(STRXA-FCCON/3.DO/EICON-(SIGXA-FCCON/3.DO)/ECMXX,

* STRXA-2.DO*SIGXA/3.DO/EICON-SIGXA/3.DO/ECMXX)
STRXD=.145DO*STRXA**2/(-2.D-3)+.13DO*STRXA
STRXE=DMINl(STRXA-FCCON/6.DO/EICON, STRXA-SIGXA/3.DO/EICON)
ENDIF
ENDIF
ENDIF
ENDIF
ENDIF
IF(LSIG1.EQ.O.AND.LSIG2.GE.1) THEN
IF(JSIG1.EQ.1) THEN
IF(STRAN(IOINC).GE.STRNA) THEN
SIGNC(IOINC)=SIGNC(IOINC-1)+EICON*(STRAN(IOINC)-STRAN(IOINC-1))
ELSE
LSIG2=0
GOTO 400
ENDIF
ELSE
IF(JSIG2.EQ.l) THEN
IF(STRAN(IOINC).GE.STRMA) THEN
STRS1=SIGNC(IOINC-1)+EICON*(STRAN(IOINC)-STRAN(IOINC-1))
STRS2=ECMAX*(STRAN(IOINC)-STRND)
SIGNC(IOINC)=DMAX1(STRS1,STRS2)
IF(STRAN(IOINC).LE.STRNE) THEN
STRXA=-2.D-3*(19.DO+15.DO*(EICON*STRAN(IOINC)-SIGNC(IOINC))

* /FCCON)/(4.DO-15.DO*2.D-3*EICON/FCCON)
SIGXA=FCCON*(19.DO-4.DO*STRXA/(-2.D-3))/15.DO
STRXB=DMIN1(STRXA-FCCON/3.DO/EICON,STRXA-2.DO*SIGXA/3.DO/EICON)
ECMXX=DMAX1((SIGXA-FCCON/6.DO)/(.87DO*STRXA

* -.145DO*STRXA*STRXA/(-2.D-3)-FCCON/6.DO/EICON),
* 2.DO*SIGXA/(2.61DO*STRXA-.435DO*STRXA*STRXA
* /(-2.D-3)-SIGXA/6.DO/EICON))
STRXC=DMAX1(STRXA-FCCON/3.DO/EICON-(SIGXA-FCCON/3.DO)/ECMXX,

* STRXA-2.DO*SIGXA/3.DO/EICON-SIGXA/3.DO/ECMXX)
STRXD=.145DO*STRXA**2/(-2.D-3)+.13DO*STRXA
STRXE=DMINKSTRXA-FCCON/6.DO/EICON, STRXA-SIGXA/3 .DO/EICON)
ENDIF
ELSE
LSIG2=0
GOTO 400
ENDIF
ENDIF
ENDIF
ENDIF

1000 CONTINUE
C .......................................
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C INCREMENT OF DISPLACEMENT, STEEL STRESS
C .----...-------....---.....------....--
DO 2000 IOINC=2, NOINC
IF(STRAN(IOINC-1)-STRAN(IOINC)) 700,700,800

700 IF(-STRAN(IOINC)) 710,710,720
C
C LOADING, RELOADING, OR UNLOADING FROM COMPRESSION
C POSITIVE DISPLACEMENT
C
710 IF(MSIG1.EQ.O.AND.MSIG2.EQ.O) THEN
IF(STRAN(IOINC).LE.YSTEL) THEN
SIGNS(IOINC)=ESTEL*STRAN(IOINC)
YSTN1=-YSTEL
USTN1=-YSTN1
ELSE
SIGNS(IOINC)=FYSTL+RATIO*ESTEL*(STRAN(IOINC)-YSTEL)
YSTN1=STRAN(IOINC)-2.DO*YSTEL
USTN1=STRAN(IOINC)
ENDIF
YSTN2=USTN1
USTN2=YSTN1
ENDIF
IF(MSIG1.GE.1.AND.MSIG2.EQ.O) THEN
IF(STRAN(IOINC).LE.YSTN2) THEN
SIGNS(IOINC)=SIGNS(IOINC-1)+ESTEL*(STRAN(IOINC)-STRAN(IOINC-1))
YSTN1=USTN2
ELSE
SIGNS(IOINC)=FYSTL+RATIO*ESTEL*(STRAN(IOINC)-YSTEL)
YSTN1=STRAN(IOINC)-2.DO*YSTEL
USTN1=STRAN(IOINC)
ENDIF
ENDIF
IF(MSIG1.EQ.0.AND.MSIG2.GE.1) THEN
IF(STRAN(IOINC).LE.YSTN2) THEN
SIGNS(IOINC)=SIGNS(IOINC-1)+ESTEL*(STRAN(IOINC)-STRAN(IOINC-1))
ELSE
SIGNS(IOINC)=FYSTL+RATIO*ESTEL*(STRAN(IOINC)-YSTEL)
YSTN1=STRAN(IOINC)-2.DO*YSTEL
USTN1=STRAN(IOINC)
ENDIF
ENDIF
GOTO 2000

C
C UNLOADING FROM COMPRESSION, NEGTIVE DISPLACEMENT
C
720 IF(YSTN2.EQ.YSTEL) THEN
MSIG2=1
ELSE
MSIG2=2
ENDIF
MSIG1=0
IF(MSIG4.EQ.O) THEN
IF(MSIG2.EQ.l) THEN
SIGNS(IOINC)=ESTEL*STRAN(IOINC)
ELSE
IF(STRAN(IOINC).LE.YSTN2) THEN
SIGNS(IOINC)=SIGNS(IOINC-1)+ESTEL*(STRAN(IOINC)-STRAN(IOINC-1))
YSTN1=USTN2
ELSE
SIGNS(IOINC)=FYSTL+RATIO*ESTEL*(STRAN(IOINC)-YSTEL)
YSTN1=STRAN(IOINC)-2.DO*YSTEL
USTN1=STRAN(IOINC)
ENDIF
ENDIF
ELSE
SIGNS(IOINC)=SIGNS(IOINC-1)+ESTEL*(STRAN(IOINC)-STRAN(IOINC-1))
ENDIF
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GOTO 2000
C
C LOADING, RELOADING, OR UNLOADING FORM TENSION
C NEGTIVE DISPLACEMENT
C
800 IF(STRAN(IOINC).LE.O.DO) THEN
IF(MSIG1.EQ.O.AND.MSIG2.EQ.O) THEN
IF(STRAN(IOINC).GE.-YSTEL) THEN
SIGNS(IOINC)=ESTEL* STRAN(IOINC)
YSTN2=YSTEL
USTN2=-YSTN2
ELSE
SIGNS(IOINC)=-FYSTL+RATIO*E STEL*(STRAN(IOINC)+YSTEL)
YSTN2=STRAN(IOINC)+2.DO*YSTEL
USTN2=STRAN(IOINC)
ENDIF
YSTN1=USTN2
USTN1=YSTN2
ELSE
IF(MSIG2.GE.1.AND.MSIG1.EQ.O) THEN
IF(STRAN(IOINC).GE.YSTN1) THEN
SIGNS(IOINC)=SIGNS(IOINC-1)+ESTEL*(STRAN(IOINC)-STRAN(IOINC-1))
YSTN2=USTN1
ELSE
SIGNS(IOINC)=-FYSTL+RATIO*E STEL*(STRAN(IOINC)+YSTEL)
YSTN2=STRAN(IOINC)+2.DO*YSTEL
USTN2=STRAN(IOINC)
ENDIF
ELSE
IF(MSIG2.EQ.O.AND.MSIGl.GE.l) THEN
IF(STRAN(IOINC).GE.YSTN1) THEN
SIGNS(IOINC)=SIGNS(IOINC-1)+ESTEL*(STRAN(IOINC)-STRAN(IOINC-1))
ELSE
SIGNS(IOINC)=-FYSTL+RATIO*ESTEL*(STRAN(IOINC)+YSTEL)
YSTN2=STRAN(IOINC)+2.DO*YSTEL
USTN2=STRAN(IOINC)
ENDIF
ENDIF
ENDIF
ENDIF
ELSE

C
C UNLOADING FROM TENSION, POSITVE DISPLACEMENT
C
IF(YSTN1.GT.-YSTEL) THEN
MSIG1=2
ELSE
MSIG1=1
ENDIF
MSIG2=0
IF(MSIG3.EQ.O) THEN
IF(MSIGl.LE.l) THEN
SIGNS(IOINC)=ESTEL* STRAN(IOINC)
ELSE
IF(STRAN(IOINC).GE.YSTN1) THEN
SIGNS(IOINC)=SIGNS(IOINC-1)+ESTEL*(STRAN(IOINC)-STRAN(IOINC-1))
YSTN2=USTN1
ELSE
SIGNS(IOINC)=-FYSTL+RATIO*ESTEL*(STRAN(IOINC)+YSTEL)
YSTN2=STRAN(IOINC)+2.DO*YSTEL
USTN2=STRAN(IOINC)
ENDIF
ENDIF
ELSE
SIGNS(IOINC)=SIGNS(IOINC-1)+ESTEL*(STRAN(IOINC)-STRAN(IOINC-1))
ENDIF
ENDIF
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2000 CONTINUE
c _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
C AXIAL LOADING DUE TO CONCRETE AND STEEL FORCES

DO 3000 IOINC=1,NOINC
3000 PLOAD (IOINC ) =ARCON* SIGNC (IOINC ) +ASTEL*SIGNS (IOINC )
4000 FORMAT(1H /
* 59H **********************************************************/
* 59H * */
* 59H * AN ALGORITHM FOR SHEAR WALL UNDER AXIAL LOAD REVERSALS */
* 59H * */
* 59H **********************************************************/

* 1H /
* 1H )
5000 FORMAT(1H /
* 43H THE LENGTH OF SHEAR WALL(mm) : F15.3/
* 43H THE WIDTH OF SHEAR WALL(mm): F15.3/
* 43H THE HEIGHT OF SHEAR WALL(mm): F15.3/
* 43H COMPRESSIVE STRENGTH OF CONCRETE(MPa): F15.3/
* 43 H TENSIL STRENGTH OG CONCRETE(MPa): F15.3/
* 43H INITIAL MODULUS OF CONCRETE(MPa): F15.3/
* 43H AREA OF TOTAL STEEL (mm) : F15.3/
* 43H TENSILE STRENGTH OF STEEL(MPa): F15.3/
* 43H YIELDING STRAIN OF STEEL: F15.5/
* 43H RATIO OF MODULUS AFTER STEEL YIELDING: F15.5/
* 1H /
* 1H )
WRITE(2,'C' STEP INCREMENT CONCRETE STRESS'',

* ' ' STEEL STRESS AXIAL LOADING' ') ')
WRITE(2, ' (IX) ' )
DO 6000 IOINC=1,NOINC
WRITE(2,'(IX,I5,IX,F10.4,3(IX,E15.8))') IOINC,DISPL(IOINC),

* SIGNC(IOINC),SIGNS(IOINC), PLOAD(IOINC)
6000 CONTINUE
STOP
END

Input Data:

1000. 100. 500. -25. 2.525000. 1000. 414. 0.0020.005534 | XWALL WWALL HWALL FCCON FTCON EICON
IASTEL FYSTL STEL RATIO NOINC

.0500 |DISPL
1.0000|DISPL
3.7500|DISPL
. |DISPL

|DISPL
. |DISPL

3.5550|DISPL
3.9975IDISPL

Output Data:

* AN ALGORITHM FOR SHEAR WALL UNDER AXIAL LOAD REVERSALS *
* *
************************************************
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THE LENGTH OF SHEAR WALL(mm): 1000.000
THE WIDTH OF SHEAR WALL(mm): 100.000
THE HEIGHT OF SHEAR WALL(mm): 500.000
COMPRESSIVE STRENGTH OF CONCRETE(MPa): -25.000
TENSILE STRENGTH OF CONCRETE(MPa)
INITIAL MODULUS OF CONCRETE(MPa):
AREA OF TOTAL STEEL(mm): 1000.000
TENSILE STRENGTH OF STEEL(MPa):
YIELDING STRAIN OF STEEL: .00200
RATIO OF MODULUS AFTER STEEL YIELDING:

2.500
25000.000

414.000

STEP INCREMENT CONCRETE STRESS STEEL STRESS AXIAL LOADING

1 .0500 .25000000E+01
2 1.0000 -.53396957E-16
3 3.7500 .OOOOOOOOE+00

.20700000E+02

.41400000E+03

.41969250E+03

.27070000E+06

.41400000E+06

.41969250E+06

533 3.5550 .OOOOOOOOE+00 .41928885E+03 .41928885E+06
534 3.9975 .OOOOOOOOE+00 .42020483E + 03 .42020483E+06
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Notation

ROMAN SYMBOLS
A

AB

Af

Ax

[A]

[A']

area of cross-section

ground floor area of a structure

amplitude of transmitting force

amplification factor, defined as

amplification factor for the rth
mode

first floor area of a structure

amplification factor for
accidental torsion

equilibrium matrix of a system;
integration approximation
matrix

transformation matrix

[An]

[Ae]

a\

equilibrium matrix for the rth
member

equilibrium matrix for axial
forces

equilibrium matrix for shears

equilibrium matrix for torsional
moments

equilibrium matrix for moments

modified acceleration defined by
Eq. (7.4)

compatibility matrix of a
system; strain-stress relation
matrix

compatibility matrix for the rth
member

979
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[Bs]

[Be]

Cn

[C]

[C]

C

Q

c,

cu

Qr

^eq

Cx; Cy; Cz

cx; cy; c,

D

compatibility matrix for
transverse displacements

compatibility matrix for
rotations

coefficient for upper limit on
calculated period

critical damping

equivalent viscous damping

wave velocities in x, y, z
directions, respectively

direction cosine

work done due to damping
forces; dissipated energy
due to damping; dead
load

reduced stiffness matrix defined
by [KT\M\

reduced dynamic matrix for the
qih mode

modulus of elasticity;
earthquake load

En

generalized damping defined by
Eq. (7.197) E^

damping matrix

[X]T [C] [X], defined by Eq.
(3.23)

coefficient of viscous damping;
numerical coefficient for soil £tc
conditions; seismic coefficient

seismic coefficients for effective
peak acceleration and
velocity-related acceleration,
respectively

e
deflection amplification factor

e&
seismic response coefficient

er,
modal seismic response
coefficient

F

F(f)

Fv

NOTATION

concrete modulus of elasticity

dissipated strain energy

earthquake load due to base
shear

estimated maximum earthquake
force

dissipated energy due to
nonviscous damping

steel modulus of elasticity

total elastic strain energy

load effect due to vertical
earthquake component;
dissipated energy due to viscous
damping

eccentricity

accidental eccentricity

rotation measured from chord
to a tangent line at end /' and j,
respectively

force

forcing function

site coefficients related to
acceleration at short period and
1 sec period, respectively

force transmitted to foundation

the element force

global force

joint force

transverse force at slave joint

transverse force at master joint

force at the master joint in the
JCS ^-direction

force at slave joint in the JCS
x-direction
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Fk

Ft

f

u
fk
G

[G,]

g

[g,]

H

h

hn; hr; hsx

portion of base shear applied at
the top of structure

participation factor of the kih
mode J

force reduction factor

Fm(A) forces acting at the lih and mth K
d.o.f., respectively

K.
force vector

natural frequency K\,

damping force

restoring force

torsional stiffness; shear
modulus

defined by [<t>] [g,-] [O]'1

acceleration of gravity

diagonal matrix whose fth
diagonal element is 1 and
remaining elements are 0

building height

wall height (also defined as
length)

height above the base to level n,
r, or x, respectively

plastic hinge rotation matrix

importance factor; moment of
inertia

polar moment of inertia

cross-sectional moment of
inertia about the x and y axes,
repsectively

influence coefficient matrix

influence coefficient matrix
corresponding to the rth
structural reference axis

Kx;Ky

[K\

[Kr]

[1C]

L

L,,

-J-\, imaginary unit

unit vectors in GCS

torsional inertia; Jacobian;
wall's four corners, Jl, J2, J3
and J4

stiffness

axial stiffness of unit-height
wall

bending stiffness of unit-height
wall

axial stiffness coefficient

stiffness of the member in
the x and y directions,
respectively

generalized stiffness

stiffness matrix

beam-column stiffness matrix

bracing stiffness matrix

element stiffness matrix

element geometric stiffness
matrix

geometric stiffness matrix

stiffness matrix of the ;th
member

shear stiffness of unit-height
wall

span length; floor live load

roof live load

length of rigid zone in the Xe— Ye
plane

length of rigid zone in the Ze- Ye
plane

length vector at the Mth mode
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Ma;Mb

Mc

MD

ME

ME/

Mr

MO

Mr

Mn

Mp

Ms

MT;-(0

MC; CM

ML(t)

MU(f)

[M]

[M]

moments at top and bottom of
bending spring, respectively;
magnitude of an earthquake

calculated moment

moment due to dead load

moment due to earthquake

effective mass of rth mode
defined by Eq. (10.10)

foundation mass

moments at end-/ and end-y,
respectively

moments at slave joint

moments at master joint

overturning moment

restoring moment

generalized mass defined by Eq.
(7.196)

ultimate moment; primary
moment

super-structural mass;
secondary moment

moment at the base of the rth
mode

mements at start-joint

moments at end-joint

mass center

lower yield bending moment at
time t

upper yield bending moment at
time t

mass matrix

defined as [X]T [M] [X]

mass matrix of a member

[MS]

m

M

TV

Na; Nv

ND

N-L

NE

TV,

N(x)

NJ

NM

NP

NFJ

NHJ

NPR

NFS

Ni>x

NOTATION

mass coefficient matrix

meter

mass

axial force

near source factor to determine
Ca and Cv, respectively

axial force due to dead load

axial force due to floor live load

axial force due to earthquake

coefficients of shape function

shape function

number of structural joints

number of structural
members

total degrees of freedom

number of fixed supports

number of hinged supports

number of roller supports

largest number of modes at kth
story

d.o.f. in linear displacement;
number of sidesways

interpolation function of a shape
function

dNi/dx; similarly for Niy, Nr^,
Ni'r,

external load

Pa\ PI, axial force at top and bottom of
axial spring, respectively

PCT buckling load

PDL', PL.L, PE dead load, live load, and
earthquake force, respectively
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PEW', />NS

PE

Pn

R

R2

fundamental frequency in
E-W and N-S directions,
respectively

inertia force

generalized loading defined by
Eq. (7.199)

leading principal minor defined
by Eq. (2.162)

equivalent force

vertical design load above level x

Pir(t) effective earthquake force at rth RC; CR
floor of rth mode

{/*E(O}( effective earthquake force at
the rth mode defined by Eq. Rr
(10.7)

{Ps} transverse external load
matrix Rf (PJ)

{Pg} external moment matrix

{/*r(0} time-dependent reactions at R,. (pj)
foundation

{Ps(t)} time-dependent external loads R[ (pj)

p angular frequency

Pi angular frequency r(A)
corresponding to the rth mode

Po frequency to be extracted r, (t)

pv frequency corresponding to the
vth mode 5*

Qe equivalent elastic force

Qy yielding force So', SE; ^

{Q} generalized forces SD$; SDI

{Q}n maximum base shear of
structure due to the nth mode,
defined by Eq. (7.211) Ss; 5,

{2e} generalized forces of a
member

983

spring constant

rth or kih generalized coordinate

radius of gyration; response
modification; numerical
coefficient

distance from epicenter to
structure

distance from epicenter to
instrument station

allowable stress factor

rigidity center

ductility reduction factor

reduction factor

response modification factor

displacement spectral quantity
of they'th mode in the structural
rth reference-axis direction

composite torsional spectral
quantity of the j'th mode

rotational spectral quantity of
thej'th mode in the structural rth
reference-axis direction

spectral radius defined by Eq.
(7.96)

relative displacement in the rth
principal direction

section modulus; site coefficient;
snow load

soil profile type

design spectral response
acceleration coefficients at short
and 1 sec periods, respectively

maximum considered
earthquake spectral response
acceleration at short and 1 sec
periods, respectively
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adjusted maximum considered [Tn
earthquake spectral response
acceleration for short and 1 sec
periods, respectively

elastic pseudo-displacement, Tr
pseudo-velocity and
pseudo-acceleration, [7]
respectively

velocity response spectrum of
the rth mode

f torsional spectrum in the rth
earthquake principal
direction

ay; Svy; S^ inelastic pseudo-displacement,
pseudo-velocity and
pseudo-acceleration,
respectively

SMO; SMY;
SVY

IS)

[Sg]

[SNU]

[57V]

T

flexural dynamic stiffness
coefficients

composite translational
spectrum

composite torsional spectrum

stiffness coefficient matrix

geometric stiffness coefficient
matrix

dynamic axial stiffness
coefficient matrix

dynamic torsional stiffness
coefficient matrix

period; torsional moment;
kinetic energy

approximate fundamental
period

period in E-W and N-S
directions, respectively

rigid-zone transfer matrix

(r)

U

ux; uy; uz

ux\; ux2;

^vertical

ua; ub

V

Va, Vb

KD

V

constraint matrix between the
forces {-fjm} and {Fjs} acting at
master and slave joint,
respectively

transmissibility, A[/F

orthogonal transformation
matrix at the rth iteration
defined by Eq. (2.141)

time

time at maximum response

strain (potential) energy;
longitudinal displacement

displacement functions of
element in x and y directions,
respectively

accelerations of main,
intermediate and minor seismic
principal components,
respectively

accelerations of seismic
components in structural
reference axes, x\, X2, xj,
respectively

acceleration records in E-W,
N-S and vertical directions,
respectively

displacement matrix

axial deformation at top and
bottom of axial spring,
respectively

structural base shear

shears at top and bottom of
shear spring, respectively

design base shear

base shear calculated by elastic
response spectrum analysis
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Ks base shear calculated by
equivalent static procedure

va; vb lateral shear deformation at top
and bottom of shear spring,
respectively

vu relative unit shear
deformation

Vy; Vz unit vectors in element's Ye and
Ze axes, respectively

Vxi vector at wall top

Vxb vector at wall battom

V'y vector along with the average
longitudinal axis of wall

Vi, Vj shears at end-/ and end-j,
respectively

Kp primal wave

Vs secondary wave

V(x,i) time-dependent shear force

W;w weight; work done due to
external forces; wind load

WEI effective weight at the rth mode
denned by Eq. (10.14)

Wx\ wx weight at level x

Wf, wi weight factor

w(x,t) time-dependent load

[X] eigenvector matrix

[X\q eigenvector for the qih mode

r[X\ eigenvector at the rth iteration

x; x; x displacement, velocity and
acceleration, respectively

XQ; XQ initial displacement and velocity
at t = Q, respectively

XIQ; XK, initial displacement and velocity
at t = t0, respectively

xe; xm; xy equivalent elastic, maximum
and yield displacements,
respectively

x^; xp homogeneous and particular
solution, respectively

displacement of the rth mode

*;•;*:•

Xsti

uncoupled displacement and
acceleration of the rth mode,
respectively

pseudo-static displacement of
rth mode

static deflection, F/K

3cg earthquake record in terms of g
(acceleration of gravity)

xt,mi xm,t displacement at l(m)ih dynamic
d.o.f. due to force applied at the
m(€)th dynamic d.o.f.

X'it0'x'ito uncoupled initial displacement
and velocity of the rth mode at
t = to respectively

xfotal displacement of the kih d.o.f.
due to translational and
rotational seismic components

xn +1 displacement at time (n+l)h in
which h is the time interval

Xji normal mode displacement of
yth floor at rth mode

Xm location of mass center

XR Location of rigidity center

x'; x"; x^ 1st, 2nd and mih differentials
of x

3x/d£, and dx/dr]f , -r,

{x}; {x}; {x} displacement, velocity and
acceleration vectors,
respectively

{x'}; {x1} uncoupled displacement and
acceleration vectors,
respectively
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displacement due to elastic
and rigid-body motion,
respectively

displacement and acceleration
of foundation, respectively

displacement and acceleration
of super-structure,
respectively

nth normal mode vector

uncoupled initial displacement
and velocity, respectively

{.x}e(r) elastic displacements due to
initial condition and applied
force, respectively

WavgJ {-*}avg average velocity and
acceleration, respectively

{Ajc} incremental velocity

{Ai^}; {Axg} incremental velocity from t to
? + C and from t to t + OAt,
respectively

Yf, YJ deflections at end-; and end-y

Ym location of mass center

FR location of rigidity center

Fr yield reduction factor

Yslfc pseudo-static displacement at
kih mode

Y(x) shape function

y(x,t) time-dependent deflection

y',; y'n dy/3£, and 3y/3rj

{z} state vector, { x } / { x } , defined by
Eq. (3.35a)

Z seismic zone factor

GREEK SYMBOLS
a,-; y.j

y(x)
5

c5w; 5 A K

"avg

plastic angles at end-; and end-y',
respectively

cross-correlation coefficient
between mode ; and mode y,
defined by Eq. (7.209)

a fraction of the wall's height at
top and bottom, respectively

logarithmic decrement, In
(Xn/Xn + i); shear slope

participation factor of the y'th
mode in the structural rth
reference axis

torsional displacement function

deflection; variation symbol

flexibility matrix

Kronnecker delta

virtual work and virtual
displacement, respectively

average displacement at extreme
points of structure at level x

maximum displacement at level
x

element deformation

deformation of joint-center

displacement of master joint

displacement of slave joint

deflection by elastic analysis

deflection at level x

deflection of level x in the mth
mode at mass center by elastic
analysis



NOTATION 987

$x', dy', Oz displacement at master joint Oya; Oyi,

5xf, byf, Oyj displacement at jth node Oza; Oz/,

A increment symbol; dummy 0U
variable in integral; story drift;
global displacement Ocr

{A}, displacement at the iih story 0'

Aa allowable drift

AM maximum inelastic response
displacement or story drift ).q

Am modal drift in a story /,/

As elastic response displacement or
story drift

Ax story drift at story level x n

AM(t) incremental bending moment
prior to time t p

{At/} unbalanced force

{AZ>},- incremental displacement of pg
member /'

incremental force of member ; [O]

incremental joint displacement {<!>},
of member /'

summation operation (®}u> {̂

multiplication operation

a; {a} stress and stress matrix 4>x; 4>y; <

e;{g} strain and strain matrix

t; natural coordinate

C forced period

0 parameter in Wilson's method

0^, Oj rotations at end /' and end j, \jii (i)
respectively

Oa; O/, flexural rotations at top and
bottom of bending spring, co
respectively

n

rotations in Vy direction

rotations in V^ direction

relative unit rotation

critical seismic input angle

angle from ME-W component to
wx component

eigenvalue

eigenvalue of the qih mode

spectral distribution factor
corresponding to ground
principal translational
component

Poisson's ratio; ductility
factor

viscous damping factor defined
by Eq. (1.31);
redundancy /reliability factor

damping factor of the yth mode
at the ;th d.o.f.

modal matrix

modal displacement of the zth
mode

modal displacement of the
wth and vth modes,
respectively

components of rotational
deformations

ground rotational acceleration
in the rth earthquake principal
direction

torsional frequency parameter;
bending slope

total rotation of oscillator in the
iih earthquake principal
direction

angular frequency of
excitations
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n/ (0 relative rotation in the
rth earthquake principal
direction

seismic force amplification for
overstrength factor

reduction factor

MATRIX SYMBOLS
{ ) column matrix

[0]

[\-\\
det F

zero matrix

unit matrix

inverse of matrix

transpose of matrix

diagonal matrix

determinant of matrix

ABBREVIATIONS
BOCA Basic Building Code

BT backtracking

cm centimeter

CQC complete-quadratic-
combination

cps cycle per second

det determinant

d.o.f. degree of freedom

ECS element coordinate system

EPA effective peak acceleration

EPGA effective peak ground
acceleration

NOTATION

EPV effective peak velocity

FFA floor-by-floor assembly

ft feet

GCS global coordinate system

GSA general system assembly

IBC International Building Code

in inch

JCS joint coordinate system

k 1000 pounds

kg kilogram

kN 1000 Newtons

ksi 1000 lb/in2

Ib pound

LHS left-hand side

N Newton, a unit of force; axial
force

NEHRP National Earthquake Hazard
Reduction Program

OS overshooting

PGA peak ground acceleration

rad radian

RHS right-hand side

SBC Standard Building Code

sec; s second

SRSS square root of the sum of the
squares

UBC Uniform Building Code
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Abcissa, 187
ABSSUM (summation of individual absolute

value of individual modes)
(see Modal combination method)

Acceleration(s), 280, 281
effective, 609
pseudo, 367
spectral value, 394

Acceleration method:
average, 329, 358
linear, 330-332, 358, 560

incremental, 542, 546, 596
Amplification factor, deflection, 17, 20,

22, 64, 207, 210, 639
for accidental torsion, 662
force, 626
spectral, 367, 372

Amplitude, 3, 51, 157
decay, 32,
maximum, 20
method, 43
peak, 30
resonant, 30
of transmitting force, 38

Assembly, floor by floor, 490, 498
general system, 490

ATC-3-06, 607, 682, 705
Average annual risk, 607
Axial displacement transformation

(see Force transformation)

Base shear, 610, 641, 650, 693
maximum, 394

Backtracking (see Yield limit)
Bandwidth method, 43
Bauschinger effect, 528, 534, 564
Bernoulli-Euler equation, 163

compared to Timoshenko theory, 252
with elastic media, 237
with elastic media and P-A effect, 238

Binomial expansion, 44
Bisection procedure, 97
Branch curve (see Stiffness formulation)
Building Code:

IBC-2000, 607, 633, 641, 648, 675, 689
UBC-94, 123, 607, 612, 641, 648, 675, (.
UBC-97, 123, 607, 624, 641, 648, 676, (.

989
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Castigliano's first theorem, 266
Center, geometric, 295-296

mass, 621, 657
rigidity, 621, 657, 672, 673

Centroid, inertia force, 174, 280
Chain rule for differentiation, 298
Choleski's decomposition, 47, 81-83, 98
Coding method, 490
Coefficient, cross correlation, 394

damping, evaluation:
all modes required, 125
two modes required, 121

equivalent damping, 42, 43
mass, 271, 275
numerical, 626
stability, 640
stiffness, 166, 214, 230, 244, 267, 269, 288

coupling flexural and longitudinal, 225
coupling flexural and torsional, 234
matrix, 54, 178, 220, 266, 435, 535
with static stability (two cases), 240
with torsional vibration, 229, 230, 233,

235-237
viscous damping, 8, 13, 42

Cofactor method, 298
Collapse mechanism formation, delay of 628
Compatibility condition, 304-305
Composite response spectrum (see Spectrum)
Composite spectral modal analysis (see Modal

analysis)
Composite torsional spectral quantity

(see Spectra, composite torsional)
Composite translational spectral value

(see Spectra, composite translational)
Conservation of energy method, 375
Constraint matrix (see Matrix)
Coordinate(s), generalized:

in finite element formulation, 262, 286
global, 218, 222, 262
local (see also d.o.f, local and global), 221, 262,

264
natural, in finite element formulation, 262,

286, 291
system, global, 418

element, 418
joint, 418

CQC (see Modal combination method)
Curve-fitting technique, 122

D'Alembert's method, 45
Damping, 7, 283

absolute, 120
coefficient (see Coefficient, damping)
coulumb, 117
critical, 9

[Damping]
equivalent, 42, 43
evaluation of, 42
factor (see also Factor), 9

calculated from damping
coefficient, 125, 126

matrix, nonproportional vs.
proportional, 126-128

nonproportional, 152, 156-157
nonviscous, 42
over, 10
proportional, 120, 126-128, 156
relative, 120
structural, 117
subcritical, 10
supercritical, 10
under, 10
viscous, 7, 8, 43, 117

Dashpot, 8, 37
Deflection, dynamic, 263

large, 527
small, theory, 162, 527
static, 1

Deformation, axial, 581
bending, 213, 240, 312
boundary, 174
capacity, 377
displacement, relationship (see Matrices,

compatibility)
end, 166, 223
force, 476
magnitude of elastic curve (see Elastic curve,

deformation magnitude)
peak, 374
virtual, 178

Degrees of freedom (d.o.f.), for elastic
structure, 175

dummy, 455
global, 220, 221, 426
local, 221
linear displacement, 175
linear inertia force, 306
multiple (see Multiple d.o.f. system)
out-of-plane, 444
rigid frame, 175
rotational, 273, 306
side-sway, 175, 176, 273
single (see Single d.o.f. system)
rotation, 176
truss, 175
two (see Two d.o.f. system)

Determinant method, 50, 99, 101, 107
function, 187, 190
solution, 191, 193
zero, 186, 191, 194, 226, 227, 257
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Design, allowable stress (ASD), 627, 648
strength (LRFD), 627, 648

Design:
ground shaking, 682
response displacement, 632
response spectra, 677
spectral response acceleration

coefficient, 633
at 1-second, 636
at short-period, 636

structural categories, 633
Diaphragms, rigid and flexible, 612
Differential equation, 5, 8, 17, 49, 230, 238

for foundation movement, 185
in matrix, 58
nonhomogeneous, 181
ordinary, 181
of uniform load, 182

Direct element formulation, 218, 220, 223, 233,
490

Direct stiffness method, 179
Displacement:

axial, 264, 303
deformation, relationship (see Matrices,

compatibility)
elastic, 109-111
end, 243
force, relationship (see Rayleigh's dynamic

reciprocal principle)
function, in finite element formulation, 286
linear (see Degrees of freedom, linear)
longitudinal, 214, 263
maximum, 20, 23, 210
pseudo, 367
pseudo-static, 64, 207, 248, 250
response, 65, 66, 112-113, 148, 152, 156
spectral value, 393
strain relationship, 288
transverse, 263
steady-state, 171
virtual, 178

Dot (scalar) product (see Product)
Drift, 632, 645, 664, 697

allowable story, 623, 640
calculated story, 623
design story, 639

Ductility, 315, 377
allowable, 377
capacity, 377
demand, 377
load displacement, 380
moment curvature, 381
moment energy, 381
moment rotation, 381
structural system, 382

Duhamel's integral, 24, 26, 34, 59, 282, 346, 349,
363

Dynamic stiffness, (see Coefficient, dynamic
stiffness):

method, 194, 195
vs. lumped mass method, 196, 197

Earthquake, epicenter, 322
focal depth, 322
ground motion components

rotational, 383, 389
translational, 327, 383

hypocenter, 322
principal components:

main, intermediate and
minor, 327, 385

Eccentricity, 658
Effective earthquake force, 609, 611

mass, 609
peak acceleration, 682
peak velocity, 682

Eigenpair, 95, 98, 402
Eigensolution, 146, 161, 240, 306, 318

Choleski's decomposition, 47
damped vs. undamped, 130-132
determinant, 186
extraction, 47, 80
iteration, 47, 72-74, 101-103
Jocobi method, 47, 87-89
Sturm sequence, 47, 95-96
for symmetric matrix, 47, 107
for unsymmetric matrix, 47, 101-102

Eigenvalue:
comparison of lumped mass, dynamic

stiffness and consistent mass,
283-285

complex, 128, 130
damped vs. undamped, 135-136
multiple, 105
zero and repeating, 105-114

Eigenvector:
complex, 128, 139
iteration, 79
polar form, 153
upper triangle, 189

El Centro earthquake, 35, 328
Elastic curve, 281

frame, 226, 265
media, 238, 252, 258
response parameter, 677
structure, 216
support, 252

Elasticity, fundamental theory, 388
Element coordinate system (ECS)

(see Coordinate system)
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Element(s), finite, 261
isoparametric, 262, 286, 291
quadrilateral, 286, 295-300, 299-300
rectangular, 286, 299-300
subparametric, 292
superparametric, 292
triangular, 286, 299-300

Energy, dissipated, 43
kinetic, 203, 264
potential, 264, 303-304
strain, 179, 204, 266-267

Energy method, 117, 203
Energy theorem, 265
Equilibrium:

condition, 549, 550
equation, 5, 176, 213, 221
position, 1, 2

Equivalent damping coefficient method, 42
Equivalent lateral force procedure, 514
Error, numerical (or computational), 358

characteristics of, 358
truncation, 340

Essential facilities, 612
Euler buckling load, 257

Factor:
allowable stress, 614, 626
damping, 9, 121, 131, 137, 373
design load, 614
ductility, 373-374
ductility reduction, 614
dynamic load (see Amplification

factor)
force reduction, 373
importance, 612
magnification, 298
near source, 624, 625, 684
overstrength, 614
participation, 65, 207, 249, 393
response modification, 613
seismic zone, 612
spectral distribution, 412
weight, 294, 299
yield reduction, 373

Fault rupture, 625
Finite element (see Element, finite)
Fixed-end moments (and shears):

derivation of, 180-183
Fixed-end forces, 186, 256, 276, 278
Floor-by-floor assembly (see Assembly)
Force(s):

axial, 214, 238, 252, 258, 267, 303
compressive, 240, 589

its effect, and use of negative sign, 305
damping, nonlinear, 43

[Force(s)]
deformation, relationship, 166, 183, 255, 476,

566, 581
rotational, 566
shear, 213, 240, 254, 258
bending, 213, 240

displacement, relationship, 267
dynamic, 58, 61
end, 167, 243
equivalent, 18
final, 282
fixed-end (see Fixed-end forces)
harmonic, 29
impulsive, 19
inertia, 186, 193, 216, 262, 280
nodal, due to unit global displacement, 290
rectangular, 19
restoring, 42
tensile, use of positive sign, 305
transformation, 479, 480
transverse inertia, 216, 221
triangular, 21, 511
unbalanced (nodal), 193, 220, 223, 550

technique, 546, 550
Foundation movement, 36, 185
Fourier integral, 387
Frames, moment-resisting, 617
Frequency, angular, 5

complex, 129, 132
coupling, 227, 233-237
damped, 11
damping effect on, 119
equation, 50, 134, 136, 165, 225
flexural, 226, 235
forcing, 17, 198, 199
fundamental, 50, 72, 75, 79
highest, 79
longitudinal and flexural, 224-226
natural, 5
parameter, 187, 199, 252
pseudo-coupling, 227, 228
repeating, 56, 107-108, 111
torsional, 234

Function, determinant, 187-189
displacement, 248, 250, 208-209, 304
shape, 49, 163, 204, 264, 266, 271, 297

bending and shear slope in, 308
sine (see Sine function)
time, 49, 163, 214
trigonometric, 163

Fundamental structural mechanics, 218, 221, 272

Gauss elimination, 191, 194, 541
Gaussian quadrature, 293, 295, 298
Generalized forces and displacements, 175
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General system assembly (see Assembly)
Geometric nonlinearity (see Nonlinearity)
Global coordinate system (GCS) (see Coordinate

system)
Global d.o.f. (see d.o.f.)
Grillage, 231 (see also Plane grid system)

Hooke's law, 288
Housner's average design spectra, 369
Hysteresis model (see Model)

Impulse, rectangular, 21
triangular, 21
(see also Force, rectangular and triangular)

Inelastic analysis (see Nonlinear analysis,
scope of)

Inelastic response displacement, maximum, 632
Inertia force (see Force, inertia)
Inertia: rotatory, 213, 240-242, 258, 311, 315, 317

torsional, 229
transverse, 258, 311, 315-316

Initial condition, 3, 33
Initial yield moment (see Moment)
Integrals (see also Duhamel's integral)

impulse, 27
Integration by parts, 34
Interaction effect, 589
Internal moments due to shears, 600-602
Interpolation function (see also Function,

shape), 291
scheme, 297

Inverse transform, 151
Inversion, 270, 279, 298

matrix (see Matrix)
Irregularities:

extreme torsional, 633
plan structural, 612, 685
torsional, 633
vertical structural, 612, 676, 685

Iteration method/procedure, 74, 76, 79, 82,
101-105

for complex eigensolutions, 137-138, 156

Jacobian, 292, 298
Jacobi method, 47, 87-89, 95
Joint coordinate system (JCS)

(see Coordinate system)
Joint, start, end, 429
Joint plastification, 553

Kinematics, 276
Kronecker delta, 118, 120, 126

Lagrange's equation, 203, 264, 304
interpolation, 292, 297

[Lagrange's equation]
multiplier form, 402

Laplace transform, 45, 150
Lateral force:

horizontal shear distribution, 639, 644
procedure, 624
vertical distribution, 620, 638, 644, 650, 695

Lateral force, dynamic, 633
equivalent, 633, 659

L'Hospital's operations/rule, 173, 561
Load, buckling, 240, 583, 584
Load combination, ASD, 631, 647, 669, 701

LRFD, 627, 646, 671, 703
Local d.o.f. (see d.o.f.)
Logarithmic decrement, 12, 13, 120
Logarithmic plot, tripartite, 36, 363-365

Map, microzonation, 682
regionalization, 682
seismic zone, 682, 683

Mapping concept, 490
Mass, consistent, 68, 70, 269, 318-319

distributed, 68, 161
effective, 608
foundation, 67
inertia effect, 427
lumped, (see also Model, mass lumped):

method vs. dynamic stiffness method, 197
pseudo-dynamic, 250

rotationary (see Inertia, rotary)
superstructure, 67

Matrix (matrices)
band, skyline of, 490
coefficient, 189

mass (see Coefficient)
stiffness (see Coefficient)

compatibility, 177-179, 276
condensation, 490, 541
constraint, 425
damping, 120, (see also Damping matrix)

nonsymmetric, 117
symmetric, 117

diagonal, 81, 505-506
dynamic, equilibrium, 72, 99-100, 108
dynamic load, 179
dynamic, reduced, 72, 74, 76

zero, 77
dynamic system, 184-185, 193, 199
eigensolution (see Eigensolution)
equation, 215, 222
equilibrium, 177, 178
transpose of, 179
flexibility, 81, 508
generalized force, 268, 270, 272, 312, 317
geometric, 303, 305-306, 312, 438



994 INDEX

[Matrix (matrices)]
half band, 490
identity, 78
inertial force (see Force, inertia, matrix)
inversion, 81, 279
kinematic (see Matrices, compatibility)
linear array, 490
load, 193, 201, 278
mass:

consistent (see Mass consistent)
lumped (see Model lumped)

modal, 56, 64, 149
analysis, 281

nonsingular, 77
reduced dynamic, 74, 76
partition, 68
singular, 187
stiffness:

consistent mass model, 266, 271
distributed mass model, 178
lumped mass model, 55, 435, 438

string stiffness (see String stiffness)
sweeping, 74, 105
system, equation, 180, 186
transformation, 87
triangular, 81, 98
unsymmetric, 99

Maxwell's reciprocal theorem, 60
Mean recurrence interval, 683
Mean-value theorem, 336, 340
Modal combination method:

ABSSUM, 514
CQC 67, 394, 404-405, 514, 679
deflection, 681
drift, 681
SRSS,67, 393, 394, 400-402, 514, 676, 678

Modal analysis, 676, 678
composite spectral, 412

Mode, buckling, 240
characteristic, 165
first, 75, 102, 144, 217
fundamental, 72, 101, 137
higher, 73, 101

dynamic stiffness vs.
lumped mass, 197

natural, 49, 50, 67
normal, 49, 50, 203
shape, in relation to torsional vs. flexural

vibration, 237
Model(s), bilinear, 528, 534, 560-561

consistent mass (see Mass, consistent; Matrix,
mass)

coordinate, 100
curvilinear, 528, 555, 560-561
distributed mass (see Mass, distributed)

[Model(s), bilinear]
elastic frame (see Elastic frame)
elasto-plastic, 375, 532-534, 560
hysteresis, 528
lumped mass, 48, 68, 71
mathematical, 100
physical, 99
Ramberg-Osgood (see Ramberg-Osgood)
rigid-body spring, 442
spring mass, 47
string stiffness (see P-A effect)

Modified Mercalli Intensity Scale, 322
Moment, bending, 243, 271, 462

initial yield, 528
overturning, 611, 621, 639, 645, 651
primary, 622
restoring, 631
secondary, 622
second-order, 303
and shear equation, 250
ultimate, 532, 604
unbalanced, 226

Moment-curvature relationship, 238
axial load on, 589

Motion (displacement), elastic, 109, 111
equation 25, 49, 264

uncoupled, 58, 150, 206
harmonic, 6, 52, 199

foundation movement due to 185
periodic, 6, 52
rigid-body, 80, 105, 108-110
time-periodic, 11

Miiller-Breslau principle, 173
Multiple-component seismic input, 397
Multiple d.o.f. system, 55-60, 117, 390, 393

NEHRP, 607, 705
Newmark elastic design spectra, 371-372
Newmark inelastic design spectra, 372-378
Newmark integration method, 329, 337, 346-347,

356-358
in relation to average acceleration and

linear acceleration method,
329-330

in relation to general numerical integration,
334

in relation to numerical stability and error,
350

in relation to trapezoidal rule, 329
Newton's second law, 26
Nonlinear:

analysis, scope of, 527
time-history analysis, 632

Nonlinearity, geometric, 579-581
Normalization (see Vector, normalized)
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Numerical elimination technique, 507
Numerical error:

amplitude decay, 358
periodic elongation, 358

Occupancy categories, 612
Ordinates, spectral, 371
Orthogonality, 55, 73, 101-102, 105-107, 137,

203-205, 392
proof for eigenvectors, 130

Out-of-plane d.o.f. (see d.o.f.)
stiffness (see Stiffness)

Overdamping (see Damping, supercritical)
Overshooting (see Yield limit)

P-A effect, 100, 238, 252, 303, 314, 438, 579,
585-586, 589, 621, 632, 640, 646, 666

string stiffness model (see also String stiffness),
438

Participation factors (see Factor)
Peak ground acceleration, 326-327
Period, elongation (see also Numerical error)

damped, 10
forcing, 20
fundamental, equation, 123, 618, 637
return, 683
natural, 5, 20, 361
undamped, 10

Phase angle, 4, 37, 151, 156
Physical interpretation, 179, 193, 218, 220, 223
Pin-connected member, 216 (see also Coefficient,

stiffness; Dynamic)
Planar constraint, 426
Plane grid system (see also Grillage), 230, 233, 234
Plane strain, 285, 288, 298
Plane stress, 285, 288, 298
Plastic hinge formation, 532, 591

rotation(s), 591
Plastic moment, 591

reduced, 591
Points, infinite, 257

inflectional, 187
sampling, 294, 299
zero, 257

Poisson's ratio, 288
Polar moment of inertia, 269, 659, 672, 673
Polynomial equation, 19, 183
Position:

equilibrium, 2
neutral, 4

Principles, d'Alembert's, 45
Hamilton's, 45
virtual displacement, 45

Pseudo acceleration, 36
displacement, 36

[Pseudo acceleration]
dynamic procedure (based on response

spectra), 514
static displacement, 64
velocity, 36

Pulse, 20
after, 20
during, 20

Quadratic equation, 88

Radius of gyration, 99
Ratio, amplitude, 12, 40

damping, 38, 45, 368
frequencies, 39, 252
natural period to forcing period, 19
Poisson's (see Poisson's ratio)
slenderness, 227, 257

effect on coupling vs.
pseudo-coupling frequencies in higher

modes, 235-236
Ramberg-Osgood:

hysteresis model, 528, 562, 576
moment-curvature, 563
stress-strain, 562

Rayleigh's dynamic reciprocal principle, 171, 173
equation, 619

Reciprocal theorem, 60
Reduced plastic moment (see Plastic moment)
Redundancy/reliability factor, 628
Region of convergence, 187

of divergence, 187 (see also Inflectional points)
Resonance, 16, 168
Response analysis:

displacement (see Displacement, response)
due to forces, initial distrubance, seismic

excitation, 58
maximum (worst-case), 399-400
modal matrix analysis, (see Displacement,

response)
steady-state 15, 198

Richter Magnitude Scale, 322, 324
Rigid-body spring model (see Model)
Rigid zone, 464
Rigid-zone transfer matrix, 465
Root-mean-square (see SSRS)
Runge-Kutta fourth-order method, 338-346

in relation to numerical stability, 358, 360

Scalar product (see Product)
SEAOC, 676
Secant:

modulus, 563
yielding stress, 562-563

Second-order moment, 238
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Seismic:
acceleration, 326
coefficient, 617, 624, 625
dead load, 616
design categories, 634, 635
force amplification, 614
intensity, 323
magnitude, 224
use group, 633

Seismic waves, types of, 322
Separation, element, 624
Separation of variables, 163
Shear:

deformation, 314
maximum base, 394
modulus, 241, 269
stress, 269
strain, 241, 269

Side-sway, 180, 193
Sine function, 7
Site coefficient, 617
Skeleton curve (see Stiffness formulation)
Slip rate, 625
Slope, bending, 240-241, 308

shear, 240-241, 308
Soil:

profiles, 380
stiffness, 71

Spectral distribution factor (see Factor)
Spectrum (spectra):

acceleration, 36
composite response, 410
composite torsional, 411, 412

spectral quantity (value), 412
composite translational, 412

spectral quantity (value), 412
design, 367

elastic, 375
inelastic, 375
(see Housner's average design spectra)
(see Newmark elastic and
inelastic design spectra)

normalized, 369, 371
ordinates (see Ordinates, spectral)
principal component, 362

intermediate, 369
main, 369
minor, 369

pseudo, 36, 365-368
response, 21, 36, 362-363, 366-367,

368-369
rock, 625

hard, 625
shock, 21, 35, 67
site dependent, 378

[Spectrum (spectra)]
torsional response, 383, 389, 390
UBC design, 378
velocity response, 36, 64, 393

Spring constant, 237
SSRS (square-root-of-the-sum-of-the-squares

method (or root-mean-square method))
(see Modal combination method)

Stability criterion, 351
coefficient, 640

Stability, conditional, 357
unconditional, 357

Stability, numerical, 350
State vector, 129, 133, 135, 149
Static deflection, 1
Steel, alloy, yielding stress, 562

structural, stress-strain relationship, 528
Step function method, 32
Stiffness formulation matrix (see also Physical

interpretation; fundamental structural
mechanics)

branch curve, 572-575, 578
direct element, 583
geometric, 583 (see also Matrix, geometric)
out-of-plane, 455
skeleton curve, 565-570, 575
unsymmetric, 72

String stiffness, geometric, 583
matrix, 306, 587
model (see P-A effect)

Structure, flexible, 632
isolated, 633
nonisolated, 633

Structural joint/node, model, 417
node, 462
optimization, 640
redundancy, 614

Sturm sequence method, 95-98
Substitution, backward, forward, 82
Superposition technique, 28
Sweeping cycle, first, 90-92

second, 93-94
Systems, bearing-wall, building-frame,

dual, 617

Tall buildings, 499
Taylor series, 335-341, 358
Time-history response (using numerical

integration), 514, 515, 523
analysis, 515, 523, 678, 687
nonlinear, 632

Time-dependence, 131
Timoshenko beam, 240, 244, 309, 313

bending moment and shear, 243
compared to Bernoulli-Euler theory, 252
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[Timoshenko beam]
equation, 240, 252
fixed-end forces, 246
member's geometric matrix, 305 (see also

Matrix, geometric)
member's mass matrix, 272 (see also Mass

consistent)
shear coefficient, 241
tapered and prismatic, 317

Torsion, 621, 632, 654, 658
accidental, 621, 676
primary, 621
for uniform force, 200

Torsional response spectra (see Spectra)
Torsional member:

consistent mass method, 268-270
dynamic stiffness method, 229-230

Transformation technique, 465
Transformed section method, 444
Transmissibility, 38, 40
Triangular distributed wind forces, 511
Truss(es), 216, 220

dynamic stiffness matrix for, 218-221
vierendeel, 276

Two d.o.f. system, 49, 105, 126, 135
Two-force member (see also Truss(es)), 265

Unbalanced force technique, 539
Uncoupled equation, 58, 63-64
Underdamping (see also Damping, subcritical),

10, 130

Vector, displacement, 55, 583
complex, normalization of, 132
force, 276, 581
generalized response, 58
incremental joint, 579
influence coefficient, 390
length, 56
real trial, 138-139
rotating, 131

[Vector, displacement]
state (see State-vector)
sum, 7

Vibration, bending (flexural), 161, 224, 234, 240,
270

coupling, 224, 234
rigid-frame, behavior, 192

forced, 14, 60, 63-64
forced damped, 29
forced undamped, 14
free, 2, 14, 51, 162, 193
free damped, 14
free undamped, 14
longitudinal, 213, 224-227
pseudo-coupling, 234-236
steady-state, 15, 65, 180, 185, 198, 240, 276
steady-state forced damped, 30
torsional (see also Torsional member), 229,

234
transient, 15, 30
uncoupled (uncoupling), 224, 225
with elastic media, 214, 215

Virtual displacement (see Displacement, virtual)
Virtual load concept, 581
Virtual work, 276

Wilson-6 method, 332-333, 346, 351, 356-358
in relation to amplitude decay, 358
in relation to general numerical

integration, 334
in relation to linear acceleration method,

332-333
in relation to numerical stability and error, 350
in relation to period elongation, 358

Worst-case response analysis (see Response
analysis, maximum)

Yield limit
backtracking (nonlinear state), 539-545
overshooting (linear state), 539-546

Yield, state(s) of, 536, 538-539, 552
Young's modulus, 562
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